




NATURAL philosophy) 



'^onbon 

MACMILLAN AND CO. 



PUBLISHERS TO THE UNIVERSITY OF 


®xfovti 



darcnbon S^ttxtn 


^ TREATISE 

ON 

NATURAL PHILOSOPHY 


BY 

SIR WILLIAM THOMSON, LL.D., D.C.L., F.R.S., 

l>ROFKHSOR OF NATURAL PHIIX>SOrHV IN THE UNIV’ERSITV OF OLASOOW, 

ANI> 

PETER GUTHRIE TAIT, M.A., 

PROFESSOR OP NATURAL PHILOSOPHY IN THE UNIVERSITY OF EOINBUROH, 
FORMERLY FELLOWS OF ST. PETBR’S COLLEGE, CAMBRIOGE. 


VOL. I. 


AT THE CLARENHON PRESS 
M.DCCC.LXVII 


IThe rights of reproduction and trantdaHon csne r« serv td,J 



eoinburqh: t. constable^ 

PRINTER TO THE QUEEN, AND TO THE UNIVERSITY. 



PREFACE. 


Les causes primordiales ne nous sont point connues ; mala elles sont a88i:^ettie8 
a dcs lots simples ct coustantes, que Ton pent d^couvrir par Tobservatlon, et dont 
r^tude est I’objet do la pbilosopbie uaturelle. — Fourier. 


The term Natural Philosophy was used by Newton, and is 
still used in British Universities, to denote the investigation of 
laws in the. material world, and the deduction of results not 
directly observed. Observation, classification, and description 
of phenomena necessarily precede Natural Philosophy in every 
department of natural science. The earlier stage is, in some 
* branches, commonly called Natural History ; and it might with 
equal propriety be so called in all others. 

Our object is twofold : to give a tolerably complete account 
of what is now known of Natural Philosophy, in language 
adapted to the non-mathematical reader ; and to furnish, to 
those who have the privilege which high mathematical acquire- 
ments confer, a connected outline of the analytical processes 
by which the greater part of that knowledge has been extended 
into regions as yet unexplored by experiment. 

In the present volume, the mathematical development 
(printed in smaller type) necessarily occupies considerably 
more space than the experimental and descriptive portion. 

We commence with a chapter on Motion^ a subject totally 
independent of the existence of Matter and Force, In this 
we are naturally led to the consideration of the curvature and 
tortuosity of curves, the curvature of surfaces, and various other 
purely geometrical subjects. 

The Laws of Motion, the Law of Chravitation and of Electric 
and Magnetic Attractions, Hooke* a Law, and other fundamental* 
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principles derived directly from experiment, lead by mathe- 
matical processes to interesting and useful results, for the 
testii^g of which our most delicate experimental methods are 
as yet totally insufficient. A large part of our first volimie 
is devoted to these deductions ; which, though not immediately 
proved by exi)eriment, are as certainly true as the elementary 
laws from which mathematical analysis has evolved them. 

The analytical processes which we have employed are, as a 
rule, such as lead most directly to the results aimed at, and are 
therefore in great part unsuited to the general reader. A smaller 
book, embodying much of the non-mathematical portion of the 
present one, and so much of the developments as can be easily 
obtained by the help of elementary geometry and algebra, will 
speedily appear, a portion of it being already in type. 

We adopt the suggestion of Ampere, and use the term 
Kinematics for the purely geometrical science of motion in 
the abstract. Keeping in view the j)roprieties of language, and 
following the example of the most logical writers, we employ 
the term Dynamics in its true sense as the science which treats 
of the action of force, whether it maintains relative rest, or pro- 
duces acceleration of relative motion. The two corres^Jonding 
divisions of Dynamics are thus conveniently entitled Statics 
and Kinetics. 

One object which we have constantly kept in view is the 
grand principle of the Conservation of Energy. According to 
modern experimental results, especially those of Joule, Energy 
is as real and as indestructible as Matter. It is satisfactory 
to find that Newton anticipated, so far as the state of experi- 
mental science in his time permitted him, this magnificent 
modern generalization. 

We desire it to be remarked that in much of our work, 
where we may appear to have rashly and needlessly interfered 
with methods and systems of proof in the present day gener- 
ally accepted, we take the position of Restorers, and not of 
' Innovators. 
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In our introductory chapter on Kinemeltics, the considera- 
tion of Harmonic Motion naturally leads us to Fourier^s 
Theorerriy one of the most important of all analytical results 
as regards usefulness in physical science. In the Appendices 
to that chapter we have introduced an extension of Green*s 
Theorem, and a short treatise on the remarkable functions 
known as Laplace^s Coefficients, There can be but one opinion 
as to the beauty and utility of this analysis of Laplace ; but 
the manner in which it has been hitherto presented has seemed 
repulsive to the ablest mathematicians, and difficult to ordin- 
ary mathematical students. In the simplified and symmetrical 
form in which we give it, it will be found quite within the reach 
of readers moderately familiar with modern mathematical 
methods. 

In the second chapter we give Hewton’s Laws of Motion in 
his own words, and with some of his own commentaries — every 
attempt that has yet been made to suj)ersede them having 
ended in utter failure. Perhax3S nothing so simple, and at 
the same time so comprehensive, has ever been given as the 
foundation of a system in any of the sciences. The dynamical 
use of the Oeneralized Coordinates of Lagrange, and the Vary- 
ing Action of Hamilton, with kindred matter, complete the 
cha];)ter. 

The third chapter, Experience, briefly treats of Observa- 
tion and Experiment as the basis of Natural Philosophy. 

The fourth chapter deals with the fundamental Units, and 
the chief Instruments used for the measurement of Time, Space, 
and Force. 

Thus closes the First Division of the work, which is strictly 
preliminary. 

The Second Division is devoted to Abstract Dynamics (com- 
monly of late years, but not well, called Mechanics). Its" 
object is briefly e:fcplained in the introductory (fifth) chapter, 
and the rest of the present volume is devoted to Statica 

Chapter vi., after a short notice of the Statics of a Particlg, 
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enters into considerable detail on the important subject of 
Attraction. In Chapter vn.* the Statics of Solids and Fluids 
is treated with special detail in various important branches; 
such ^3 the Deformation of Elastic Solids, the Statical Theory 
of the Tides, and the Figure and Rigidity of the Earth. 

In the next volume. Division ii. will be completed by 
chapters on the Kinetics of a Particle, and the Kinetics of 
Solids and Fluids. The Vibrations of Solids, and Wave-motion 
in general, will be fully treated. This volume will probably 
also contain Division iii., which is to deal with Properties of 
Matter. 

We believe that the mathematical reader will especially 
profit by a perusal of the large type portion of this volume ; as 
he will thus be forced to think out for himself what he has 
been too often accustomed to reach by a mere mechanical 
application of analysis. Nothing can be more fatal to progress 
than a too confident reliance on mathematical symbols ; for the 
student is only too apt to take the easier course, and consider 
the formula and not the fact as the physical reality. 

A great deal of apparently purposeless matter has been in- 
troduced into the present volume, but it will be found to have 
a direct bearing on portions of the remaining three. The 
necessity of thus anticipating the wants of future volumes has 
been one of the main reasons for the delay in the publication 
of the present instalment, the printing having gone on at 
irregular intervals since Npvember 1862. 

The present volume has been printed by T. Constable, Esq., 
Printer to the Queen, and to the University of Edinburgh ; 
and, as a specimen of mathematical printing, can scarcely be 
surpassed. The volume w'as not far from completion when 
we were informed that the Delegates of the Clarendon Press 
were desirous of publishing the work as one of theii* educa- 
tional series. , This gave us much pleasure, as it appeared likely 
to assist us in one of our main objects, the introduction into 
University study and examinations of something like a com- 
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plete course of Natural Philosophy. ThS three remaining 
volumes will, of course, be printed at Oxford. 

Those illustrations in which accuracy was considered essential 
have been photographed on the wood-block by E. W. Dallas, 
Esq., E.RS.E., from large drawings carefully executed by our- 
selves, or by Mr. D. Macfaklane, Assistant to the Professor 
of Natural Philosophy in the University of Glasgow ; and all 
have been engraved by Mr. J. Adam with a skill which leaves 
nothing to be desired. 

W. THOMSON. 

P. G. TAIT, 

July 1867. 


ERRATA. 


[The following are all we have noticed, but there can hardly fall to be a good many more. 
We shall be much obliged by being informed of any that may happen to be detected. ] 

Paqk 

41, line 7, after tide, insert in the equilibrium theory (§ 811). 

,, line 8, yor at open coast stations, reae? of this theory. 

115, line 5 from foot, for Chap, ii., read Vol. ir. 

131, upper marginal, for Freedon, read Freedom. 

143, line 7 from foot, for equations, read equation. 

4 . 

,, line 2 from foot, for degrees, read orders. • 

150, equation (40), in denominators, after (s+1) and (s+2), insert .1 and .1.2. 

,, line 7 from foot, after -i- , insert , if » — s is odd. 

T 

152, line 5 from foot, for valuation, read evaluation. 

159, end of line 2, for difj read d^*; and end of line 11, for r, read r'. 

,, equation (60), same correction as for page 150, equation (40). 

„ lines 10 and 11 from foot, for previous notation, reetd notation of (40). 

„ equation (61), in numerator and denominator of first factor, for {% — I) and i, 
read (.< — J) and s. ^ . 

160, equation (65), before 2s + t — a, insert 
212, line 8 from foot, after momentum, insert as. 

„ last line, transpose comma from motion to than. 
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Page 

213, lines 10 and 25, /©^gravity, read inertia. 

228, line 1, for (c), read (e). * 

236, equation (16), for read ^dd, 

„ „ (16), for tyfrt read tO. 

237, in first member of equation (22), delete vincula. 

238, line 23, for , read ^ ; and/or ^ , rooii ^ • 

,, last line, ybr read mxXxdt. 

• • 

239, lino after (26), for yp and <^, reodi yr and <f>. 

240, in equation (31), for dTj read DjT. 

243, line 3 from foot, after expression, insert , as distinguisbed from those ob- 
tainable by differentiation of (34), which are now denoted simply by 
dA . 
dyf^' dip " 

286, second line of § 352, for rectineal, read rectilineal. 

304, 7th line of small type, for a, read the, 

323, line 12, after 720 n.c., insert : but (§ 830) an error has been found in this 
calculation, and the corrected result renders it probable that the time of 

the earth’s rotation is longer by — now than at that date. 

** 2,700,000 


335, line 7 from foot, for Q- 


p , etc., read , etc. 


357, line 3, for -f- 


a" 


read 




372, line 7 of case 1, for case, read cone. 

377, line 7, for to, read to be. 

401, line 8 from foot, for gravity, read inertia. 
443, line 6, for axes, read axis. 

582, line 2 from foot, for vanishes, read vanish. 
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PEELIMINAEY NOTIONS. 


CHAPTER I.- KINEMATICS. 

1 . Theue are many properties of motion, displacement, and 
deformation, which may be considered' altogether independently 
of such physical ideas as force, mass, elasticity, temperature, 
magnetism, electricity. The preliminary consideration of such 
•properties in the abstract is of very great use for Natural Philo- 
sophy, and we devote to it, accordingly, the whole of this our 
first chapter ; which will form, as it were, the Geometry of our 
subject, embracing what can be observed or concluded with 
regard to actual motions, as long as the ca^sc is not sought. 

2 « In this category we shall first take up the free motion of 
a point, then the motion of a point attached to an inextensible 
cord, then the motions and displacements of rigid systems — and 
finally, the deformations of surfaces and of solid or fluid masses. 
Incidentally, we shall be led to introduce a good deal of ele- 
mentaiy geometrical matter connected with the curvature of 
lines and surfaces. 

3 . When a point moves from one position to another it must Motion of a 
evidently describe a continv/ms line, which may be curved or 
straight, or even made up of portions of curved and straight 
lines meeting each other at any angles. If the motion be that 
of a maUricd particle, however, there can be no such abrupt 
changes of direction, since (as we shall afterwards see) this 
would imply the action of an infinite force. It is useful to 
consider at the outset various theorems connected with the 
geometrical notion of the path described by a moving point, 

A 
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and these we shall now take up, deferring the consideration of 
Velocity to a future section, as being more closely connected 
with physical ideas. 

4 . The direction of motion of a moving point is at each in - 
stant the tangent drawn to its path, if the path be a curve, 
or the path itself if a straight line. 

5 . If the path be not straight the direction of motion changes 
from point to point, and the rate of this change, per unit of 
length of the curve, is called the curvature. To exemplify this, 
suppose two tangents drawn to a circle, and radii to the points 
of contact. The angle between the tangents is the change of 
direction required, and the rate of change is evidently to be 
measured by the relation between this angle and the length of 
the circular arc. Now, if 6 be the angle, s the arc, and p the 
radius, we see at once that (as the angle between the radii is 
equal to the angle between the tangents) 


pd = s, 

6 1 

and therefore — = — is the measure of the curvature. Hence 

the curvature of a circle is inversely as its radius, and is mea- 
sured, in terms of the proper unit of curvature, simply by the 
reciprocal of the radius. 

6 * Any small portion of a curve may be approximately taken 
as a circular arc, the approximation being closer and closer to 
the truth, as the assumed arc is smaller. The curvature is then 
the reciprocal of the radius of this circle. 


If SO be the angle between two tangents at points of a curve 
distant by an arc Ss, the definition of curvature gives us at once 

80 

its measure, the limit of ^ when 8s is diminished without limit ; 

os 


or, according to the notation of the dijQTerential calculus, 


ds 


But 


we have 


tan > 

dx 


if, the curve being a plane curve, we refer it to two rectangular 
axes OJT, OT, according to the Cartesian method, and if 0 denote 
the inclination of its tangent, at any point ‘a?, y, to OX, Hence 


- “-1 dy 

dx 
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and, by differentiation with reference to any independent variable. Curvature 
, • . of a plane 

we have 


curve. 


de 


_ _dx a^y- 


dy d^x 




9 


dj9 

ds 


dx^-{-dy^ 

Also, ^ds = {dx* -h dy^)^. 

Hence, if p denote the radius of curvature, so that 
- _ 1 dxd^y — dyd^x 

we conclude,— ^ g\8 • 

^p [dx^-\-dy^)^ 

Although it is generally convenient, in kincmatical and kinetic 
formulae, to regard time as the independent variable, and all the 
changing geometrical elements as functions of it, there are cases 
in which it is useful to regard the length of the arc or path de- 
scribed by a point as the independent variable. On this supposi- 
tion we have 

d (ds^)^d = 

f 

Hence denoting by the suffix to the letter d, the independent 
variable understood in the differentiation, we have 

dly ^ _ dlx _ {[dlyY + {dlxY}h 
dx 


dy 


(dx^ -|- dy^)^ 


} 


{dy^-{‘dx^)^ d]x ’ [dy*-^dx*)^ 

Multiplying the first and second terms of the numerator of the 

expression for -i- just given, by the first and second terms of this 

P 

equality, we have 

p ds^ ^ 

or, according to the usual short, although not quite complete, 
notation. 


P 




7 . If all points of the curve lie in one plane, it is called a Tortuous 
plane curve, and in the same way we speak of a plane poly- 
gon or broken line. If various points of the line do not 
lie in one plane, we have in one case what is called a curve 
of double curvature, in the other a gauche polygon. The 
term " curve of double curvature ” is a very bad one, and, 
though in very general use, is,^we hope, not ineradicable. 



Tortuous 

curve. 


Curvature 
and t<n*t.u- 
osity. 


4 PRELIMINARY NOTIONS. 

C 

The fact is, that there are not two curvatures, but only a cur- 
vature (as above defined),* of which the plane is continuously 
changing, or twisting, round the tangent line ; thus exhibiting 
a torsion. The course of such a curve is, in common language, 
well called tortuous and the measure of the corresponding- 
property is conveniently called Tortuositij. 

8 . The nature of this will be best miderstood by considering 
the curve as a polygon whose sides are indefinitely small. Any 
two consecutive sides, of course, lie in a plane — and in that 
plane the curvature is measured as above, but in a curve which 
is not plane the third side of the polygon will not be in the 
same plane with the first two, and, therefore, the new plane in 
which the curvature is to be measured is different from the old 
one. The plane of the curvature on each side of any* point of 
a tortuous curve is sometimes called the Osculating Plane of the 
curve at that point. As two successive positions of it contain 
the second side of the polygon above mentioned, it is evident 
that the osculating plane passes from one position to the next 
by revolving about the tangent to the curve. 

9 . Thus, as we proceed along such a curve, the curvature in 
general varies ; and, at the same time, the plane in which the 
curvature lies is turning about the tangent to the curve. 
The rate of torsion, or the tortuosity, is therefore to be mea- 
sured by the rate at which the osculating plane turns about 
the tangent, per unit length of the curve. 

To express the radius of curvature, the direction cosines of the 
osculating plane, and the tortuosity, of a curve not in one plane, 
in terms of Cartesian triple co-ordinates, let, as before, be the 
angle between the tangents at two points at a distance ^ from 
one another along the curve, and let h4> be the angle between 
the osculating planes at these points. Thus, denoting by p the 
radius of curvature, and t the tortuosity, we have 

1 = 

p (is 

(1<I^ 

^ ds' 

SO 

according to the regular notation for the limiting values of 
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I 

P 


and 


S<]> 


^ y when Bs is diminished without limit. Now, if /, m, n, 

l\ m\ n', be the direction cosines of two lines, 80 the angle be- 
tween them, and A, fi, v, the direction cosines of their plane, we 
have the elementary formulae, 

sin 80={(inn — nm'y-{-(nV — InY-^Qm' — mVy}^ 


. mn' — nm' 

A= — ; — ) etc. 


sin 8^ 

Now let /'= Z+aSs, m'= m+) 3 S 5 , w'= u + yS 6 ’, where 8s is any 
quantity whatever, and we have mn' — nm'=(my — nl3)8sj etc. 
TIcnce sin 8 ^= {{my — nf^Y (na — Zy)* -j- (//?-- 7 / 2 a)* } i 85 

my — nP 


and 


A=: 


{ (/// y — nP j + (?z a — Zy ) - -h ( /^ — may } i 


, etc. 


In the limit, we have 


sin 8^ 80 


8s 


8s 


, where 8s is indefinitely small. 


The formula may be applied first, to give the value of — 7 by 

P 

taking 


(lx (hi dz 

~ = ~ 7 n = -r 

as as as 


d.{±f) d,{jIjL) 


a 


ds 


ds 


7 = 


as 

ds 


the suffix denoting, as before, the independent variable, in this 
case, t. Thus we find, 

i + [_dxd{^)-dyd{^)]^ ] 4 


- J 


ds^- 


and then we have 


A= 


dyd{^)-dzd{^-) 


p~^d3^ 


7 etc. 


We may simplify these expressions by actually differentiating the 
dv 

fractions etc. Thus we have 
ds 

„ dx V dsd^x — dxd^s 

'^^'37 ’ 


rfs* 




Curvature 
and tortu- 
ORity. 


and thence 
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We have therefore 
p ds^ 


, etc. 

«- !//«« ’ 


»rfs 

The expression for ~ may be modified algelJraically to the fol- 

P 

lowing : — 

1 {ds^\j^d^xy^-^{d’^yY-\‘[d^zY^ — [dxd^x -yd^d^y -^-dzd^zY }i 

p ds’^ 

p ds^ 

which is useful as showing what the expression becomes when s 
is chosen as independent variable. 

To find the tortuosity, > we have only to apply the general 

ds 

equation above, with A, p, v substituted for m, w, and > 

dfV 

ds 


- for a, /3, y. Thus we have 


ds ds ^ ^ ds ds' ^ ds ^ds ^ 


where A,, /i, v denote the direction cosines of the osculating plane, 
given by the preceding formulae. 


10 . The integral curvature, or whole change of direction of an 
arc of a plane curve, is the angle through which the tangent 
has turned as we pass from one extremity to the other. The 
average curvature of any portion is its whole curvature divided 
by its length. Suppose a line, drawn from a fixed point, to 
move so as always to be parallel to the direction of motion of 
a point describing the curve, the angle through which this 
turns during the motion of the point exhibits what we have 
thus defined as the integral curvature. In estimating this, we 
must of course take the enlarged modern meaning of an angle, 
including angles greater than two right angles, and also nega- 
tive angles. Thus the integral curvature of any closed curve, 
whether everywhere concave to the interior or not, is four right 
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angles, provided it does not cut itself. That of a Lemniscate, 
or figure of 8 ^ is zero. That of the Epicycloid ^ is eight 
right angles ; and so on. 

11. The definition in last section may evidently be extended 
to a plane polygon, and the integral change of direction, or the 
angle between the first and last sides, is then the sum of its 
exterior angles, all the sides being produced each in the direc- 
tion in which the moving point describes it while passing 
round the figure. This is tnie whether the polygon be closed 
or not. If closed, then, as long as it is not crossed, this sum is 
four right angles, — an extension of the result in Euclid, where 
all re-entrant polygons are excluded. In the case of the star- 
shaped figure it is ten right angles, wanting the sum of the 

five acute angles of the figure ; and so on. 

12. The integral curvature and the average curvature of a 
cuiwe which is not plane, may be defined as -follows : — Let suc- 
cessive lines be drawn from a fixed point, parallel to tangents 
ht successive points of the curve. These lines will form a 
conical surface. Suppose this to be cut by a sphere of unit 
radius having its centre at the fixed point. The length of the 
curve of intersection measures the integral curvature of the 
given curve. The average curvature is, as in the case of a 
plane curve, the integral curvature divided by the length of the 
curve. 

13. Tw’O consecutive tangents lie in the osculating plane. 
This plane is therefore parallel to the tangent plane to the cone 
described in the preceding section. Thus the tortuosity may 
be measured by the help of the same spherical curve we have 
just used for defining integral curvature. We cannot as yet 
complete the explanation, as it depends on the theory of curves 
on surfaces, which will be treated afterwards. But we shall 
see that' if a plane roll on the sphere, so as always to touch it 
along the curve in question, and so that the instantaneous axis 
may always be at right angles to the curve, and tangential to 
the sphere, the integral cuivature of the curve of contact or 
trace of the rolling on the plane, is a proper measure of the 
whole torsion, or integral of tortuosity. Farther, we shall see 
that the curvature of this plane curve at any point, or, which is 
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the same, the projection of the curvature of the spherical curve 
on a tangent plane of the ‘spherical surface, is equal to the tor- 
tuosity divided hy the curvature of the given curve. 


1 . * • 

J^et — be the curvature and r the tortuosity of the given curve, 

P r 

and ds an element of its length. Then j - and j rdSj each in- 


tegral extended over any stated length, I, of the curve, are re- 
spectively the integral curvature and the integral tortuosity. 
The mean curvature and the mean tortuosity are respectively 


1 

7 



rds. 


Infinite tortuosity will be easily understood, by considering a 
helix, of inclination a, described on a right circular cylinder 

of radius r. The curvature in a circular section bein;; — j that 


of the helix is, of course, 


cos’-'a 


The tortuosity is 


sin a cos a 
r 


or tana x curvature. Hence, if a = . - the curvature and tor- 

' i 


tuosity arc equal. 

Let the curvature be denoted by — j so that cos* a = — , 

Let p remain finite, and let r diminish without limit. The step 

of the helix being 27rrtana = 27r\/pr (1 )i, is, in the limit, 

_ p 

27r hj pr, which is infinitely small. Thus the motion of a point in 

the curve, though infinitely nearly in a straight line (the. path 
being always at the infinitely small distance r from the fixed 
straight line, the axis of the cylinder), will have finite curvalwre 

1 1 1 7 * 

— The tortuosity, being — tana or-y^ (1 — will in the 
P P pr P 

limit be a mean proportional between the curvature of the circu- 
lar section of the cylinder and the finite curvature of the curve. 

The acceleration (or force) required to produce such a motion 
of a point (or nui,terial particle) will be afterwards investigated. 


14 . A chain, cord, or fine wire, or a fine fibre, filament, or 
hair, may suggest what is not to be found among natural or 
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artificial productions, a perfectly flexible and inextensible line. Flexible 
The elementary kinematics of this slibject require no investiga- 
tion. The mathematical condition to be expressed in any case 
of it is simply that tl\,e distance measured along the line from 
any one point to any other, remains constant, however the line 
be bent. 

15. The use of a cord in mechanism presents us wit^ many 
practical applications of this theory, which are in general ex- 
tremely simple ; although curious, and not always very easy, 
geometrical problems occur in connexion with it. We shall 
say nothing here about such cases as knots, knitting, weaving, 
etc., as being excessively difficult in their general development, 
and too simple in the ordinary cases to require explanation. 

16. In the mechanical tracing of curves, a flexible and inex- 
tensible cord is often supposed. Thus, in drawing an ellipse, 
the focal property of the curv^e shows us that by fixing the 
tmds of such a cord to the foci and keeping it stretched by a 
pencil, the latter will trace the curve. 

jtjiy a ruler moveable about one focus, and a string attached 
to a point in the ruler and to the other focus, the hyperbola 
may be described by the help of its analogous focal property ; 
and so on. 

17. But the consideration of evolutes is of some importance Evoiute. 
in ^latural Philosophy, especially in certain optical questions, 

and wc shall therefore devote a section or two to this applica- 
tion of kinematics. 

Def, If a flexible and inextensible string be fixed at one 
point of a plane curve, and stretched along the curve, and be 
then unwound in the plane of the curve, its extremity will de- 
scribe an Involute of the curve. The original curve, considered 
with reference to the other, is called the Evoiute. 

18. It will be observed that we speak of an involute, and of 
the evoiute, of a curve. In fact, as will be easily seen, a curve 
can have but one evoiute, but it has an infinite number of in- 
volutes. For all that we have to do to vary an involute, is to 
change the point of the curve from which the tracing point 
starts, or consider the involute described by each point of the 
string, and these will, in general, be different curves. But the 
following section shows that there is but one evoiute. 
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Evolute. 19 . Let AB be any curve, PQ a portion of an involute, pP, 
qQ positions of the free paft of the string. It will be seen at 

once that these must be tangents 
to the arc AB at p and q. Also (see 
a subsequent section), the string at 
any stage, as^P, ultimately revolves 
about Hence jpP is normal to the 
curve PQ. And thus the evolute of PQ is a definite curve, viz., 
the envelope of the normals drawn at every point of PQ, or, 
which is the same thing, the locus of the centres of curvature of 
the curve PQ. And we may merely mention, as an obvious 
result of the mode of tracing, that the arc q'p is equal to the 
difference of g^Q and pP, or that the arc pA is equal to pP. 

Velocity. 20 . The rate of motion of a point is called its Velocity, It 
will evidently be greater or less as the space passed over in a 
given time is greater or less : and it may be uniform ^ i.e., the 
same at every instant ; or it may be variable. 

Unifonn velocity is measured by the sj)ace passed over in 
unit of time, and is, in general, expressed in feet per second ; 
if very great, as in the case of light, it may be measured in 
miles per second. It is to be observed, that time is here used 
in the abstract sense of a uniformly increasing quantity — what 
in the differential calculus is called an independent variable. 
Its physical definition is given in the next chapter. 

21 . Thus, if V be the velocity of a point moving uniformly, 
it describes a space of v feet each second, and therefore vt feet^ 
in t seconds, t being any number whatever. Putting s for 
the space described, we have 

s = vt. 

The unit of velocity is thus that of a point which describes 
unit of space in unit of time. 

22. It is well to observe here, that since, by our formula, we 

have generally _ s 

and since nothing has been said as to the magnitudes of s and 
t, we may take these as small as we choose. Thus we get the 
same remit whether we derive v from the space described in a 
million seconds^ or from that described in a millionth of a second. 

. This idea is very useful, as it will give confidence in the result 
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of a subsequent section, where a variable velocity has to be velocity, 
measured, and where we find ourselves obliged to approximate 
to its value by considering the space described in an interval 
so short, that during its lapse the velocity does not sensibly 
alter in value. 

23. When the point does not move uniformly, the velocity 
is variable, or different at different successive instants ; but we 
define the average velocity during any time as the space de- 
scribed in that time, divided by the time. Or again, we 
define the exact velocity at any instant as the space which the 
point would have described in one second, if for such a period 
it kept its value unchanged. That there is at every instant a 
definite value of the velocity of any moving body, is evident to 
all, and is matter of eveiyday conversation. Thus, a railway 
train, after starting, gradually increases its speed, and we see no 
absurdity in saying that at a particular instant it moves at 

.the rate of ten or of fifty miles an hour, — although, in the 
course of an hour, it may not have moved a mile altogether. 
Indeed, we may suppose that, at any instant during the motion, 
the steam is so adjusted as to keep the train running for some 
time at a perfectly uniform velocity. This would be the velo- 
city which the train had at the instant in question. Without 
supposing any such definite adjustment of the driving power 
to be made, we can evidently obtain an approximation to this 
instantaneous velocity by considering the motion for so short a 
time, that during it the actual variation of speed may be small 
enough to be neglected. 

24. In fact, if be the velocity at either beginning or end, 
or at any instant of the interval, and s the space actually de- 


scribed in time t, the equation v = — 


is more and more nearly 


true, as the velocity is more nearly uniform during the interval 
t ; so that if we take t as xVth of a second, and find to be the 

correspondmg space described , — ^ or lOsj, is an approximation 

nr 

to the velocity at any instant of ^ ; if we take, for t, xroth of a 


second, being the corresponding space, or lOO^g is a 
closer approximation ; and so on. Hence the set of values — 
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Velocity. Space described in one second, 

Ten times the space descHbed in the first tenth of a second, 

A hundred „ „ ,, hundredth „ 

and so on, give nearer and nearer approximations to the velocity 
at the beginning of the first second. The whole foundation of 
the differential calculus is, in fact, contained in this simple 
question, What is the rate at which this space described in- 
creases ?” i,e., AVhat is the velocity of the moving point ? 


Let a point which has described a space s in time t proceed 
to describe an additional space 8s in time 8/, and let Vi be the 
greatest, and the least, velocity which it has during the interval 
8t, Then, evidently, 

8s Vi8fj 8s > 


t.e., 


8s 8s 

'CVi, 


8t 


8t 


i’a- 


But as 8t diminishes, the values of v, and become more and 
more nearly equal, and in the limit, each is equal to the velocity 
at time L Hence ds 


Resolution 25 . The above definition of velocity is equally applicable 
ot velocity. poiut movc in a straight or curved line ; but, since 

in the latter case the direction of motion continually changes, 
the mere amount of the velocity is not sufficient completely to 
describe the motion, and we must have in every such case 
additional data to remove the uncertainty. 

In such cases as this (we may explain once for all) the 
method commonly employed, whether we deal with velocities, 
or as we shall do farther on with accelerations and forces, con- 
sists mainly in studying, not the velocity, acceleration, or force, 
directly, but its resolved parts parallel to any three assumed 
directions at right angles to each other. Thus, for a train mov- 
ing up an incline in a NE direction, we may have given the 
whole velocity and the steepness of the incline, or we may express 
the same ideas thus — the train is moving simultaneously north- 
ward, eastward, and upward — and the motion as to amount and 
direction will be completely known if we know separately the 
northward, eastward, and upward velocities — ^these being called 
the components of the whole velocity in the three mutually per- 
pendicular directions N, E, and up. 
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In general the velocity of a point at y, is (as we have 
seen) * , or, whieh is the same, {{^) + (-^)*+ 


dt 

dx 


dt 


dt 


Now -^-= (suppose) is the rate at which x increases, or the 

ill 

velocity parallel to the axis of a?, and so of the other two. Hence 
if a, /?, y be the angles which the direction of motion makes with 
the axes, dx 


cos a= 


dx dt Vui 

ds (Is ^ 

dt 


Hence cos a, and therefore 


26 . A velocity in any direction may be resolved in, and per- 
pendicular to, any other direction. The first component is 
formed by multiplying the velocity by the cosine of the angle 
between the two directions — the second by using as factor the 
sine of the same angle. Or, it may be resolved into compon- 
ents in any three rectangular directions, each component 
being formed by multiplying the whole velocity by the cosine 
of the angle between its direction and that of the component. 


It is useful to remark that if the axes of x, y, z are not rectan- 
dx dy dz 
dT^ ~dt^ Ht 


gular, 


will still be the velocities pai’allel to the axes, 


but we shall no longer have 

^ dt^ ^ dt^ ^ ^ dt^ ^ ^ dt^ 

Wo leave as an exercise for the student the determination of the 
correct expression for the whole velocity in terms of its com- 
ponents. 


If we resolve the velocity along a line whose inclinations to the 
axes are A, /*, v, and which makes an angle 0 with the direction 
of motion, we find the two expressions below (which must of course 
be equal) according as we resolve v directly or by its components, 

fCOS^= t^ajCOsA -|-ryCOS/*-|“? aCOSi'. 

Substitute in this equation the values of r*, Vy, v, already given, 
§ 26, and we have the well-known geometrical theorem for the 
angle between two straight lines which make given angles with 
the axes, 

cos^ = cosacos A+cos)8cos/i + cosycosv. 

From the above expression we see at once that 


Resolution 
of velocity. 
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Composi- 
tion of 
velocities. 



27 . The velocity resolved in any direction is the sum of the 
resolved parts (in that direction) of the three rectangular com- 
ponents of the whole velocity. And, if we consider motion in 
one plane, this is still true, only we have but two rectangular 
components. These propositions are virtually equivalent to the 
following obvious geometrical construction : — 

To compound any two velocities as OA, OB in the figure ; 

from A draw A G parallel and equal 
to OB. Join 00 : — then OG is the 
resultant velocity in magnitude and 
direction. 

OG is evidently the diagonal of 
the parallelogram two of whose sides 
are OA, OB. 

Hence the resultant of velocities represented by the sides of 
any closed polygon whatever, whether in one plane or not, taken 
all in the same order, is zero. 

Hence also the resultant of velocities represented by all the 
sides of a polygon but one, taken in order, is represented by 
that one taken in the opposite direction. 

When there are two velocities or three velocities in two or 
in three rectangular directions, the resultant is the square root 
of the sum of their squares — and the cosines of the inclination 
of its direction to the given directions are the ratios of the com- 
ponents to the resultant. 

It is easy to see that as 8s in the limit may be resolved into 8r 
and r8dj where r and 6 are polar co-ordinates of a plane curve, 

~ and r ^ are the resolved parts of the velocity along, and per- 

\At%f 

pendicular to, the radius vector. We may obtain the same result 
thus, a: = r cos 0, sin 0. 

XT doc dr ^ • i^dO dy dr . n X 

Hence ~= cos0— rsinc^ — , sm^-|-rcos6>-:r • 

dt dt dt dt dt dt 

But by § 26 the whole velocity along r is 

dr 

i.e.y by the above values, — . Similarly the transverse velocity is 

CLv 

^ cosO — ^sin^, or r 
dt dt dt 
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28 . The velocity of a point is said to be accelerated or re- 
tarded according as it increases or •diminishes, but the word 
acceleration is generally used in either sense, on the understand- 
ing that we may regard its quantity as either positive or nega- 
tive. Acceleration of velocity may of course be either uniform 
or variable. It is said to be uniform when the point receives 
equal increments of velocity in equal times, and is then mea- 
sured by the actual increase of velocity per unit of time. If we 
choose as the unit of acceleration that which adds a unit of 
velocity per unit of time to the velocity of a point, an accelera- 
tion measured by a will add a units of velocity in unit of 
time — and, therefore, at units of velocity in t units of time. 
Hence if V be the change in the velocity during the interval t, 

V — at. 


29 . Acceleration is variable when the ^point's velocity does 
not receive equal increments in successive equal periods of 
time. It is then measured by the increment of velocity, which 
would have been generated in a unit of time had the acceleration 
remained throughout that unit the same as at its commence- 
ment. The average acceleration during any time is the whole 
velocity gained during that time, divided by the time. 


Let V be the velocity at time its change in the interval 6/, 
and a 2 the greatest and least values of the acceleration during 
the interval ^t. Then, evidently, 

Sy -c 8y > UgS/, 

Sy 5y 

As is taken smaller and smaller, the values of Uj and a, approxi- 
mate infinitely to each other, and to that of a the required ac- 
celeration at time t. Hence 

dv 

-r- = a. 

dt 

It is useful to observe that we may also write (by changing the 
independent variable) 

dv <h dv 

^ ds dt ^ ds 

• ds d^s • 

Since y=— , we have a^ — , and it is evident from similar 
at at* 


reasoning that the accelerations parallel to the axes are 

d^x 




= . etc. 


dt* 


Acceleration. 
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Acceleration. 


d^s 

But it is to be carefully observed that ? is not the complete re- 
sultant of a^., tty, ag\ for we have not in general 

* 

The direction cosines of the tangent 'to the path at any point 
Xy yy z arc 1 dx \ dy 1 dz 

V (it ^ V dt ^ V dt 

Those of the line of resultant acceleration are 

1 d“X 1 d-y 1 d-z 
y dF ' ~f dP ' ~f dl^ ' 

where, for brevity, we denote by f the resultant acceleration. 
Hence the direction cosines of the plane of these two lines are 

dyd‘z—dzd^y 

{ [dyd‘Z — dzd'-yY -b {dzdrx — dxd^z) {dxd'^y — dyd'^x) } i ’ ^ 

These (§ 9) sho\Y that this plane is the osculating plane of the 
curve. Again, if 0 denote the angle between those two lines, we 
have 

{ {dyd'^z — dzd^yY + [dzd^^x—dxd'^zY + [dxd^y—dyd^xY }1 , 
_ ^ , 

or, according to the expression for the curvature (§ 9), 

ds^ V* 


sm0= 


pvfdt^ Jp 


Hence 




/sin0=-- . 


. . /I 1 ,dxd^x . dyd^y . dzd'^z. dsd^s d^s 

Again, +- ^ =_^ . 


Hence 


d^s 

/cos^=-y- , and therefore, 

Uv 


Resolution 30. The whole acceleration in any direction is the snni of 
t£n of aS****' the components (in that direction) of the accelerations parallel 
ceierattona. rectangular axes — each component acceleration 

being found by the same rule as component velocities, that is, 
by multiplying by the cosine of the angle between the direction 
of the acceleration and the line along which it is to be resolved. 

81. When a point moves in a curve the whole acceleration 
may be resolved into two parts, one in the direction of the 
motion and equal to the acceleration of the velocity — the other 
towards the centre of curvature (perpendicular therefore to the 
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direction of motion), whose magnitude is proportional to the ReiH^oii 
square of the velocity and also to the curvature of the path. 

The former of these chtoges the velocity, the other affects only 
the form of the path, or the direction of motion. Hence if a 
moving point be subject to an acceleration, constant or not, 
whose direction is continually perpendicular to the direction of 
motion, the velocity will not be altered — and the only eftect 
of the acceleration will be to make the point move in a curve 
whose curvature is proportional to the acceleration at each 
instant. 

82 . In other words, if a point move in a curve, whether with 
a uniform or a varying velocity, its change of direction is to be 
regarded as constituting an acceleration towards the centre of 
curvature, equal in amount to the square of the velocity divided 
by the radius of curvature. The whole acceleration will, in 
every case, be the resultant, of the acceleration thus measuring 
change of direction, and the acceleration of actual velocity along 
the curve. 

We may take another mode of resolving a<^celeration for a 
plane curve, which is sometimes useful ; along, and perpendicul^ 
to, the radius-vector. By a method similar to that employed in 
§ 27, we easily finjJ for the component along the radius- vector 

and for that perpendicular to the radius-vector 

1 d f ^dO ^ 
r dt 

38 . If for any case of motion of a point we have given the Determina- 
whole velocity and its direction, or simply the components motion ftom 
of the velocity in three rectangular directions, at any time, Sty V^ei- 
or, as is most commonly the case, for any 'position, the de- 
termination of the form of the path described, and other cir- 
cumstances of the motion, is a question of pure mathematics, 
and in all cases is capable, if not of an exact solution, at all 
events of Sr solution to any degree of approximation that may 
be desired. 

The same is true if the total acceleratiojq and its direction at 
every instant, or simply its rectangular components, be given; 
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i^terniina- provided the velocity a»d direction* of motion, as well as the 
position, of the point at ady one instant, be given. 

given velo- ^ 

cityoraccel* ^ * 

oration. I’or we have in the first case 


dx ^ 
dt 


Va,=:tf coaa, etc., 


three simultaneous equations which can contain only x, y, 2?, and 
t, and which therefore suffice when integrated to determine a;, y, 
and z in terms of i. By eliminating t among these equations, we 
obtain two equations among a?, y, and z — each of which represents 
a surface on which lies the path described, and whose intersec- 
tion therefore completely determines it. 

In the second case we have 


d'^x 

~dX^ 


a^, etc., 


to which equations the same remarks apply, except that here 
each has to be twice integrated. 

The arbitrary constants introduced by integration are deter- 
mined at once if we know the co-ordinates, and the components of 
the velocity, of the point at a given epoch. 


Exauijilcs of 
velocity. 


34 . From the principles already laid down, a gieat many in- 
teresting results may be deduced, of whicli we enunciate a few 
of the most important. 

a. If the velocity of a moving point be uniform, and if its 
direction revolve uniformly in a plane, the path described is a 
circle. 

h. If a point moves in a plane, and if its component velocity 
parallel to each of two rectangular axes is proportional to 
its distance from that axis, the path is a conic section whose 
principal diameters coincide with those axes ; and the accele- 
ration is directed to or from the origin at every instant. 

c. If the components of the velocity parallel to ‘each axis be 
equimultiples of the distances from the other axis, the path is 
a straight line passinig through the origin. 

d. When the velocity is uniform, but in direction revolv- 
ing uniformly in a right circular cone, the motion of the 
point is in a circular helix whose axis is parallel to that of 
the cone. 
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(a.) Let a be tbe vel^ty, and a t|||e angle through which its 
direction turns in unit of time ; then, by properly choosing the axes, 
we have . 


dx 

dt 


sina^, 


dt 


=a<50sa^, 


Exampleti of 
velocity. 


whence 



(x-4)‘+(y-5)*=^ . 


dx dy 

= uy, — ^ =s vx 
dt dt 


Tj d^x d^y 

Hence — 4 


^ —ifxvxy and the whole acceleration is 

til til 

towards or from 0. 

Cl7/ V CXj 

Also -/-= , from which — va?* = (7, a conic section re- 

dx fA y 

fen*ed to its principal axes. 

dx dy 

=s UX. —Z =i 


(c.) 


dt 


■t^y, 


dx dy 

x'^ y 

or y^Cx, 


35 . a. When a point moves uniformly, in a circle of radius ®ceieratioi/ 
with velocity F, the whole acceleration is directed towards the 


P'2 

centre, and has the constant value 


See § 31. 


K With uniform acceleration in the direction of motion, a 
point describes spaces proportional to th^ squares of the times 
elapsed since the commencement of the motion. 

In this case the space descriJbed in any interval is that which 
would be described in the same time by a point moving uni- 
formly with a velocity equal to that at the middle of the 
interval In other words, the average velocity (when the ac- 
celeration is uniform) is, during any interval, the arithm^ical 
mean of the. initial and final velocities. This is the case of a 
stone falling vei*tically. 


For if the acceleration be parallel to Xy we have 

d*x , - dx - , 

=a, therefore -^=sr=s:a^, and x^fatK 


dt* 


dv 


And we may write the equation (§ 29) u^ssa, whence —sscwr. 


dx 


2 
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If at time the ye]|^oity was V, ^ese equations become at once 


F» 


r=F+a<, a?=F/+ia^®, and — =— +aar. 

40 40 


And initial velocity =s F 

final „ ssV+at 
Arithmetical mean = V+^at 

_a? 

whence the second part of the above statement. 


c. When there is uniform acceleration in a constant direction, 
the path described is a parabola, whose axis is parallel to that 

direction. This is the case of a projectile moving in vacuo. 

♦ 

.For if the axis of y be parallel to the acceleration a, and if the 
plane of xy be that of motion at any time, 



and therefore the motion is wholly in the plane of xy. 
Then 


^=0 ^= a - 
<*» ’ dt* ’ 


and if 


dx^ 


dt 


s=const.s=s £7, we get at once 


a 


d^y_ 


Vx 


^ U 

if y=0, and ^ when a;=sOf The equation may be written 


(y+-^)=(»+— ) » 


a 


a, parabola of which the axis is parallel to y^ whose parameter is 


2a 


, and whose vertex is at the point whose co-ordinates are 


ar= — 


UV 


y y= — 


YL 

2a 


d As an illustration of acceleration in a tortuous curve, we 
take the case of § 13, or of § 34, d 

Let a point move in a circle of radius r ^th uniform angular 
velocity cu (about the centre), and let this circle move perpen- 
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*dicular to its plane witff. velocity VJ The point describes a 
helix on a Cylinder of radius r, and the inclination a is given by 


, V 
tanass — ^ 
roi 


The curvature of the path is — — — or 

^ r K*+r*w* F*+r*(«)* 


and the 


<0 


F* 


Fo) 




tortuosity ~ =r.-^ 

J F F*4"^*<^* F*+i 

The acceleration is rco*, directed perpendicularly towards the 

axis of the cylinder. — Call this A. 

A A 


Curvature = 


Tortuosity = 


V^+Ar 


FH 


A» 


( 0 ^ 


V (0 


\^Ar V^+Ar 


Let A be finite, r indefinitely small, and therefore ca indefinitely 
great. 

Curviture (in the limit) : ^ 


Tortuosity ( 


V 2 

ia 


» ) — Y 

Thus, if we have a material particle moving in the manner speci- 
fied, and if we consider the force (see Chap, ii.) required to 
produce the acceleration, we find that a finite force perpendic^ar 
to the line of motion, and whose direction revolves with an 
infinitely great angular velocity, maintains constant infinitely 
small deflection (in a direction opposite to its own) from the line 
of undisturbed motion, curvature, and infinite tortuosity. 

c. When the acceleration is peipendicular to a given plane and 
proportional to the distance from it, the path is a plane curve, 
which is the harmonic curve if the acceleration he towards the 
plane, and a more or less fore-shortened catenary if from the 
plane. 

As in case c, _=^ss;2:s=0, if the axis of z be perpendicular 

(jLv CLZ 

to the acceleration and to the direction of motion at any instant* 
Also, if we choose the origin in the plane 
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Ezftmples of 
acceleration. 


Acceleration 
directed to a 
fixed centre. 


dx 


dt 


Hence 
and 

This gives, if is negative, 


=F const = a (suppose ) 


dx^ a* ft® 


/y% 

y=Pcos(-^+ G), the harmonic curve, or curve of sines. 


If ft be positive. 


y=P€^ + Qe*; 

and by shifting the origin along the axis of x this can be put in 
the form 

X X 

y = R (e^ + € ), 

which is the catenary if 2i?=ft, otherwise it** is the catenary 
stretched or fore-shprtened in the direction of y. 


36 . a. When the acceleration is directed to a fixed point, the 
path is in a plane passing through tliat point ; and in this 
plane the areas traced out by the radius-vector are proportional 
to the times employed. This includes the case of a satellite 
or planet revolving about its primary. 

Evidently there is no acceleration perpendicular to the plane 
containing the fixed and moving points and the direction of 
raertion of the second at any instant ; and, there being no velo- 
city perpendicular to this plane at starting, there is there- 
fore none throughout the motion ; thus the point moves in the 
plane. And had there been no acceleration, the point would 
have described a straight line with uniform velocity, so that in 
this case the areas described by the radius-vector would have 
been proportional to the time. Also, the area actually described 
in any instant depends on the length of the fadius- vector 
and the yelocity perpendicular to it, and is shown below to 
be unaffected by an acceleration parallel to the radius-vector. 
Hence the second part of the proposition. 


We have 

dt^ r dt* r 



the fixed point being the origin, and P being some function of 
Xj z; in nature a function of r only. 
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Hence 


d^y d^x ^ 


which give on integration 
.dz 


y 


,^y -r h^y. 


1/ <^-r 

y~^ — ^8* 


dt " dt ” dt dt dt dt 

Hence at once CiX+Oiy-{-C^z^Qy or the motion is in a plane 
through the origin. Take this as the plane of xy^ then we have 
only the one equation * 


X 


dy dx 


dt 


y— =^Ci=h (suppose). 

CIC 


In polar co-ordinates this is 


A=r»~=2— 
dt dt 


if A be the area intercepted by the curve, a fixed radius- vector, 
and the radius- vector of the moving point. Hence the area 'in- 
creases uniformly with the time. 


b. In the same case the velocity at any point is inversely as 
the perpendicular from the fixed "point upon the tangent to the 
path, the momentaiy direction of motion. 

For evidently the product of this perpendicular and the 
velocity gives double the area described in oue second about 
the fixed point. 


Or thus — if p be the perpendicular on the tangent 


and therefore 


— y—-- , 
^ ds ^ ds 


ds dy dx ^ 

^~dt=^dt-y-dx=^- 


If we refer the motion to co-ordinates in its own plane, we have 
only the equations 

d^x_^ Px d^y ^ Py 
r ’ ^ V 

dO 

whence, as before, r* 

dt 

If, by the lielp of this last equation we eliminate t from 
d^oc *Px 

— , substituting polar for rectangular co-ordinates,, we 

arrive at the polar differential equation to the path. 


AcoeleraUon 
directed to ft 
fixed centre. 
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Acoeleration 
dimotedtoa 
fixed centre. 


Hodograph. 


For variety, we may derive it from the formulae of § 32. 
They give =h. 


Putting ~=w, we have 

i.do* p ,de 

But -sr =hu^-^ =-h^, therefore = 

1 dO 3 

Also --(-^) =^h*u^j the substitution of which values gives us 

U Ctrl 

jP 

the equation required. The integral of this 


d^u 

W 


the equation re(|uired. The integral of this 


equation involves two arbitrary constants besides A, and the 

* remaining constant belonging to the two differential equations 
of the second order above is to be introduced on the farther in- 
tegration of dO 

~di~~ ^ 

when the value of u in terms of d is substituted from the equation 
to the path. 

Other examples of these principles will be met with in the 
chapters on kinetics. 

37 . If, from any fixed point, Jjnes be drawn at every instant 
representing in magnitude and direction the velocity of a point 
describing any path in any manner, the extremities of these 
lines form a curve which is called the Hodograph The inven- 
tion of this construction is due to Sir W. R Hamilton, and the 
most beautiful of the many remarkable theorems to which it 
leads is this : The Hodograph for the motion of a planet or 
comet is always a circle, whatever he the form and dimensions of 
the orbit 

Since the radius-vector of the hodograph represents the 
velocity at each instant, it is evident (§ 27) that an elementary 
arc represents the acceleration, and thus a finite arc represents 
the whole acceleration of the moving point^uring the corre- 
sponding time ; and it is evident also that the tangent to the 
hodograph is^ parallel to the direction of the acceleration of 
the moving point in the corresponding position of its orbit 
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If Xj z be the eo-ordinates of the moving point, ( those Hpdogt»pu. 
of the* corresponding point of the hodograph, then evidently 

j,_dx 

dt dt' ^ dt ’ 

and therefore ^ 

^d£ _ dq _ dj 

d^x d*y d^z 
dV^ 

or the tangent to the hodograph is parallel to the acceleration in 
the orbit. Also if o* be the arc of the hodograph 



or the velocity in the hodograph is equal to the rate of acceleration 
in the orbit. 


In the case of a planet or comet, the acceleration is 
directed towards the sun's centre. Hence (§ 36, &.) the velocity 
.is inversely as the perpendicular from thalt point upon the 
tangent to the orbit. Tlie orbit we assume to be a conic 
section, whose focus is the sun's centre. But we know 
that the intersection of the perpendicular with the tangent 
lies in the circle whose diameter is the major axis, if the 
orbit be an ellipse or hyperbolae ; in the tangent to the vertex 
if a parabola. Measure off on the perpendicular a third pro- 
portional to its own length and any constant line ; this portion 
will thus represent the velocity in magnitude and in a direction 
perpendicular to its own — so that the locus of the new points 
in each perpendicular will be the hodograph turned through a 
right angle. But we see by geometry that the locus of these 
points is always a circle. Hence the proposition in § 37. 
The hodograph surrounds its origin if the' orbit be an ellipse, 
passes through it if a parabola, and the origin is without the 
hodograph if the orbit is a hyperbola. 


For a projectile unresisted by the air, it will be shown in 
Kinetics tiiat wl'have the equations (assumed in § 35, c). 

if the axis of y be taken vertically upiKrarda 
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Hodogrttph. 


Appltcations 
of the hodo- 
graph. 


Hence for the hodograph 

dt 


0 


di] __ 
dt 




* 


or and the hodograph is a vertical straight 

line along which the describing point moves uniformly. 

Also it will be shown in Kinetics that the equations of motion 
of a planet or comet in the plane of its orbit are 

d^x__fix d'^y ^it,y 
dt^ r* ^ df^ r* * 


where 

Hence, as in § 86, 


and therefore 


r*=a?* 



dx 




dy dx 
dt^ h r* 





Hence 

Similarly 



Hence for the hodograph 
the circle as before stated. 


We may merely mention that the equation to the orbit will be 

found at once by eliminating and among the three first 

dt dt 

integrals (1), (2), (3) above. We thus get 

—h+At/—Bx=:-jr, . 

a conic section of which the origin is a focus. 

89 . The^ntensity of heat and light emanating from a point, 
or from an uniformly radiating spherical surface, diminishes 
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with increasing distance according to the same law as gravita- A^^^tioiui 
tion. Hence the amount of heat *and light, which a planet graph. ^ ^ 
receives from the sun during any interval, is proportional to 
the whole acceleration during that interval, i.e., to the corre- 
sponding arc of the hodograph. From this it is easy to see, for 
example, that if a comet move in a parabola, the amount of heat 
it receives from the sun in any interval is proportional to the 
angle through which its direction ‘of motion turns during that 
interval. There is a corresponding theorem for a planet mov- 
ing in an ellipse, but somewhat more complicated. 

40. If two ^ints move, each with a definite uniform velocity, cun^es of 
one in a given cuiwe, the other at every instant directing its ^'*”“**' 
course towards the first describes a path which is called a 
Curve of Pursuits The idea is said to have been suggested by * 
the old rule of steering a privateer always directly for the 
vessel pursued. (Bouguer, M^m, de VAcad, 1732.) It is the 
curve described by a dog running to its master. 
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The simplest cases are of couise those in which the first point 
moves in a straight line, and of these there are three, for the velo- 
city of the first point may be greater than, equal to, or less than, 
that of the second. The figures in the preceding page represent 
the curves in these cases, the velocities of the pursuer being 1, 
and ^ of those of the pursued, respectively. In the second and 
third cases the second point can never overtake the first, and 
consequently the line of motion of the first is an asymptote. 
In the first case the second point overtakes the first, and 
the curve at that point touches the line of motion of the first. 
The remainder of the curve satisfies a modified form of state- 
ment of the original question, and is called the Curve of Flight. 


We will merely form the differential equation of the curve, and 
give its integrated form, leaving the work to the student. 

Suppose Ox to be the line of motion of the first point, whose 
vel^ity is r, AP the curve of pursuit, in which the velocity is w, 

then the tangent at P always passes 
through Q, the instantaneous position 
of the first point. It will be evident, 
on a moment’s consideration, that the 
curve AP must have a tangent perpen- 
dicular to Ox, Take this as the axis of 
y, and let OA = a. Then, if OQ = 
AP = Sj and if a?, g be the co-ordinates 

u V 

because Ay O and P, Q are pairs of simultaneous positions of the 
two points, This gives 



V 

— ss=zess=x- 
u 




From this we find, unless c = 1, 


dx 

dy 


2(a?+ 


ae , . 

*— 1 1 ) ’ 




and if e 3= 1, 

the only case in which we do not get an algebraic curve. The 
axis of X is easily seen to be an asymptote if e 1* 


41 . Wken a point moves in any manner, the line joining it 
with a fixed point generally chan^ges its direction. If, for 
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simplicity, we consider the motion as confined to a plane Angular 
passing through the fixed point, th6 angle which the joining 
line makes with a fixed line: in the plane is continually alter- 
ing, and its rate of alteration at any instant is called the 
Angular Velocity of the first point about the Second. If 
uniform, it is of course measured by the angle described in 
unit of time ; if variable, by the angle which would have been 
described in unit of time if the angular velocity at the instant 
in question were maintained constant for so long. In this 
respect, the process is precisely similar to that which we have 
already explained for the measurement of velocity and accelera- 
tion. 

Unit of angular velocity is that of a point which^^describes, 
or would describe, unit angle about a fixed point in unit of 
time. The usual unit angle is (as explained in treatises on 
plane trigonometry) that which subtends at th8 centre of a 
circle an arc whose length is equal to the radius; b^g an 

^ angle of ^ = 67°-29578... = 67" 1 7' 44"-8 n^ly. 

42 . The rate of increase or diminution of the angular velocity AnguiaAc- 
when variable is called the angular accelerationy and is measured ® • 
in the same way and by the same unit. 


By methods precisely similar to those employed for linear velo- 
city and acceleration we see that if 6 be the angle-vector of a 
point moving in a plane — the 


Angular velocity is a> 


dO 


and the 


Angular acceleration is . 

dt dl* dO 

dO 

Since (§ 27) is the velocity perpendicular to the radius- vector, 

dt 

we see that 


The angular velocity of a point in a plane is found "by divid- 
ing the velocity perpendicular to the radius-vector by the length 
of the radius-vector.* 

48 . , When one point describes uniformly a circle about an- Angular 
other, the time of describing a complete circumference being 
we have the angle 29r described uniformly in T; and, therefore, 
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the angular velocity is -jr \ Even when the angular velocity 
is not uniform, as in a planet’s motion, it is useful to intro- 
duce the quantity -jr > which is then called the mean angular 
velocity. 

When a point moves uniformly in a straight line its angular 
velocity evidently diminishes as it recedes from the point about 
which the angles are measured. 


The polar equation of a straight line is 

r=a sec^. 

But the length of the line between the limiting angles 0 and 9 
is a tsLuO, and this increases with uniform velocity v. Hence 

d f . ^ndO r* d9 

r=_(atan^)=asec®^-— = • 

dr ^ dt a dt 

dS^ CIO • • 

Hence -3 -= — , and is therefore inversely as the square of the 
dt r* 

radius- vector. 

Similarly for the angular acceleration, we have by a second 
differentiation, 

d^9 , o . nf dO ^ 

-i-2tan^(— ) =0, 


dr 


d^O 


2c[v^ ^ * 

— — ) , and ultimately varies inversely as the 


’ dt* 

third power of the radius- vector. 


44. We may also talk of the angular velocity of a moving 
plane with respect to a fixed one, as the rate of increase of the 
angle contained by them — but unless their line of intersection 
remain fixed, or at all events parallel to itself, a somewhat 
more laboured statement is required to give definite informa- 
tion. This will be supplied in a subsequent section. 

45. All motion that we are, or can be, acquainted with, is 
Relative merely. We can calculate from astronomical data for 
any instant the direction in which, and the velocity with which, 
we are moving on account of the earth’s diurnal rotation. We 
may compound this with the equally calculable velocity of the 
earth in its orbit. This resultant again we may compound with 
the (roughly known) velocity of the sun reJativbly to the so- 
called fixed stars; but, even if all these elements were accu- 
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rately known, it could not be said that we had attained any 
idea of an absolute velocity ; for it is only the sun’s relative 
motion among the stars that we can observe ; and, in all pro- 
bability, sun and stars are moving on (it may be with incon- 
ceivable rapidity) relatively to other bodies in space. We 
must therefore consider how, from the actual motions of a 
set of points, we may find their relative motions with regard 
to any one of them ; and how, having given the relative mo- 
tions of all but one with regard to the latter, and the actual 
motion of the latter, we may find the actual motions of all. 
The question is very easily answered. Consider for a moment a 
number of passengers walking on the deck of a steamer. Their 
relative motions with regard to the deck are what we immedi- 
ately observe, but if we compound with these the velocity of 
the steamer itself we get evidently their actual motion rela- 
tively to the eailih. Again, in order to get the relative motion 
of all with regard to the deck, we abstract from the motion of 
* the steamer altogether — that is, we alter the velocity of each 
by compounding it with the actual velocity of the vessel taken 
in a reversed direction. 

Hence to find the relative motions of any set of points with 
regard to one of their number, imagine, impressed upon each in 
composition with its own velocity, a velocity equal and opposite 
to the velocity of that one ; it will be reduced to rest, and the 
motions of the others will be the same with regard to it as 
before. 

Thus, to take a very simple example, two trains are 
running in opposite directions, say north and south, one with 
a velocity of fifty, the other of thirty, miles an hour. The 
relative velocity of the second with regard to the irst is to 
be found by impressing on both a southward velocity of 
fifty miles an hour; the effect of this being to brine the 
first to rest, and to give the second a southward vemcity 
of eighty miles an hour, which is the required relative 
. motiom 

Or, given one train moving north at the rate of thirty miles 
an hour, and aaiother relatively to it moving south at the rate 
of twenty-five miles an hour, the actual motion of t^e second is 
thirty miles north, and twenty-five south, per hour, t.e., five 


Relative 

motion. 
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miles north. It is needless to multiply such examples, as they 
must occur to every one. * 

46 . Exactly the same remarks apply to relative as compared 
with absolute acceleration, as indeed we may see at once, since 
accelerations are in all cases resolved and compounded by the 
same law as velocities. 


If a?, y, Zy and x, y, 2^ be the co-ordinates of two pdints referred 
to axes regarded as fixed ; and f their relative co-ordinates . 
— we have 

and, differentiating, 

d$ dod dx .. 

di . dt dt ^ 

which give the relative, in terms of the absolute velocities, and . 

d^^ d^x' d^x . 

dt^ dt^ di^ 

proving our assertion about relative and absolute accelerations. 

The corresponding expressions in polar co-ordinates in a plane* 
arc somewhat complicated, and by no means convenient. The 
student can easily write them down for himself. 


47 . The following proposition in relative motion is of con- 
siderable importance : — 

Any two moving points describe similar paths about each 
other, or relatively to any point which divides in a constant 
ratio the line joining them. 

Let A and B be any simultaneous positions of the points. 


QA O'A 

Take 0 ov G' in AB such that the ratio gg or has a con- 
stant value. Then as the form of 


® the relative path depends only upon 

the length and direction of the line joining the two points at 
any ftstant, it is obvious that these will be the same for A 
with regard to B, as for B with regard to A, saving only the 
inversion of the direction of the joining, line. Hence J?s path 
about A, is A’s about B turned through two right angles. And 
with regard to 0 and (?' it is evident that the directions remain 
the same, wliile the lengths are altered in a given ratio ; but 
this is the definition of similar curvea 
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48 . As a good example of relative motion, let us con- 
sider that of the two points involved* in our definition of the 
curve of pursuit, § 40. Since, to find the relative position 
and motion of the pursuer with regard to the pursued, we must 
impress on both a velocity equal and opposite to that of the 
latter, we see at once that the problem becomes the same as the 
following. A boat crossing a stream is impelled by the oars 
with uniform velocity relatively to the water, and always to- 
wards a fixed point in the opposite bank ; but it is also carried 
down stream at a uniform rate ; determine the path described 
and the time of crossing. Here, as in the former problem, 
there are three cases, figured below. In the first, the boat, 
moving faster than the current, reaches the desired point ; in 
the second, the velocities of boat and stream being equal, the 
boat gets across only after an 
infinite time — describing a 
parabola — but does not land 
at the desired point, which 
i§ indeed the focus of the 
parabola, while the landing 
point is the vertex. In the 
third case, its proper velocity 
being less than that of the 
water, it never reaches the 
other bank, and is carried in- 
definitely down stream. The comparison of the figures in § 40 
with those in the present section cannot fail to be instructive. 
They are drawn to the same scale, and for the same relative 
velocities. The horizontal lines represent the farther bank of 
the ri ver, and the vertical l^es the path of the boat ♦if there 
were no current. 

We leave the solution of this question as an exercise, merely 
noting that the equation of the curve is 

a?, 

in one or other of the three cases, according as e is >, =, or 1. 

When 6=1 this becomes 

— the paraj^ola. 

C 



Belativ»^ 

motion. 
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which is finite only for e <1, because of course a negative value 
is inadmissible. 


49 . Another excellent example of tlie transformation of rela- 
tive into absolute motion is afforded by the family of cycloids. 
We shall in a future section consider their mechanical descrip- 
tion, by the rolling of a circle on a fixed straight line or circle. 
In the meantime, we take a different form of enunciation, 
which, however, leads to precisely the same result. 

Find the actual path of a point which revolves uniformly in 
a circle about another point — the latte.r, moving uniformly in a 
straight line or circle in the same plane. 

Take the former case first : let a be the radius of the relative 
circular orbit, and a> the angular velocity in it, v being the velo- 
city of its centre along the straight line. 

The relative co-ordinates of the point in the circle are a cos a>/ 
and a sin w/, and the actual co-ordinates of the centre are 
and 0. Hence for the actual path 

^z=:vt-\-a coHiaf j 


Hence siiY^ an equation which, by giving 

different values to v and w, may be made to represent the cycloid 
itself, or either form of trochoid. See § 92. 

For the epicycloids, let b be the radius of the circle which B 
describes about A, <Oi the angular velocity ; a the radius of A*s 
path, 0 ) the angular velocity. 

Also at time teO, let B be in the radius 
OA of A's path. Then at time if A\ B' 
be the positibns, we see at once that 

Aa.l'=W, BVA^<o,t. 

Hence, taking OA as axis of a?, 



co8(i>^+^ co8o>it, y=asiii(o/+ft sincoi/, 

which, by the elimination of t, give an algebraic equation between 
a? and y whenever ta and «, are commensurable. 

Thus, for = 2<o, suppose (at = and we have 

x=a cos cos 2^, sin sin2^, 
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or, by an easy reduction, Relative 

(x^+y^-b*Y=a'‘{{x+by+y'}. ‘ 

Put x—h for 0 ?, 2 .e., change the origin to a distance AB to the 
left of 0, the equation becomes 

a\x^ = (x^ “py* — 25a:)*, 
or, in polar co-ordinates, 

a^±=i{r — 25 cos ^)*, r =i= 05+25 cos 
and when 25= a, r=a (l+cos0), the cardioid. (See § 94.) 

50. As an additional illustration of this part of our subject, Resultant 

n « 1 -1 motion, 

we may define as follows : — 

If one point A executes any motion whatever with reference 
to^ a second point B ; ii B executes any other motion with re- 
ference to a third point G; and so on — ^the first is said to 
execute, with reference to the last, a movement which is the 
resultant of these several movements. 


The relative position, velocity, and acceleration are in such 
a case the geometrical resultants of tlie various components 
combined according to preceding rules. 

51. The following practical methods of effecting such a 
combination in the simply case of the movements of two points 
are useful in scientific illustrations and in certain mechanical 
arrangements. Let two moving points be joined by an elastic 
string ; the middle point of this string will evidently execute 
a movement which is half the resultant of the motions of the 
two points. But for drawing, or engraving, or for other mecha- 
nical applications, the following method is preferable : — 

OF and ED are rods of equal length moving freely round a 
pivot at P, which passes through the middle point of each — 

CA, ADy EBy and BFy are rpds of half the 
length of the two former, and so pivoted 
to them as to form a pair of equal rhombi 
GDy EFy whose angles can be altered at q 
will. Whatever motions, whether in a 
plane, or in space of three dimensions, be 
given to A and B, P will evidently be 
subjected to half their resultant. 

52. Amongst the most important classes of ittotions which Harmonic 
.we have to consider in Natural Philosophy, there is one, namely 
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Harmonic Motion^ wliich is of such immense use, not only in 
ordinary kinetics, but in the theories of sound, light, heat, etc., 
that we make no apology for entering here into considerable 
detail regarding it. 

53, When a point Q moves uniformly in a circle, the 

perpendicular QP drawn from its position 
at any instant to a fixed diameter A A' of 
the circle, intersects the diameter in a 
point P, whose position changes by a 
simple harmonic motion. 

Thus, if a planet or satellite, or one of 
the constituents of a double star, be sup- 
posed to move uniformly in a circular 
orbit about its primary, and be viewed from a very distant posi- 
tion in the plane of its orbit, it will appear to move backwards 
and forwards in a straight line with a simple harmonic motion. 
Tliis is nearly the case with such bodies* as the satellites of 
Jupiter when seen from the earth. ^ 

Physically, the interest of such motions consists in the fact 
of their being approximately those of the simplest vibrations of 
sounding bodies, such as a tuning-fork or pianoforte wire ; 
wjience their name ; and of the various media in which waves 
of sound,, light, heat, etc., are propagated. 

54. The Amplitude of a simple harmonic motion is the 
range on one side or the other of the middle point of the course, 
i.e.y OA or OA' in the figure. 


An arc of the circle referred to, measured from any fixed 
point to the uniformly moving point Q, is the Argument of the 
harmonic motion. 

The distance of a point, performing a simple harmonic 
motion, from the middle of its course or range, is a simple 
harmonic function of the time. The argument of this func- 
tion is what we have defined as the argument of the motion. 

The Epoch in a simple harmonic motion is the interval of 
time whicli elapses from the era of reckoning till the moving 
point first comes to its greatest elongation in tlie direction 
reckoned as positive, from its mean position or the middle of 
its range. Epoch in angular measure is the angle described on 
the circle of reference in the period of time defined as the epoch. 
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The Period of a simple harmonic motion is the time which simple 
elapses from any instant until the moving point again moves motion. 
in the same direction through the same position. 

■ The Phase of a simple harmonic motion at any instant is 
the fraction of the whole period which has elapsed since the 
moving point last passed through its middle position in the 
positive direction. 

55. Those common kinds of mechanism, for producing recti- simple 

T 1 , ,. . • 1 • 1 1 harmonic 

lineal irom circular motion, or vice versa, in wlucl\ a crank motion in 
moving in a circle works in a straight slot belonging to a body 
which can only move in a straight line, fulfil strictly the defini- 
tion of a simple harmonic motion in the part of which the mo- 
tion is rectilineal, if the motion of the rotating part is uniform. 

The motion of the treadle in a spinning-wheel approximates 
to the same condition when the wheel moves uniformly ; the 
approximation being the closer, the smaller is the angular 
motion of the treadle and of the connecting string. It is also 
approximated to more or less closely in the motion of the piston 
of a steam-engine connected, by any of the several methods 
in use, with the crank, provided always the rotatory motion 
of the crank be uniform. . 

56. The velocity of a point executing a simple harmonic velocity 
motion is a simple harmonic function of the time, a quarter of a motion, 
period earlier in phase than the displacement, and having its 
maximum value equal to the velocity in the circular motion by 
which the given function is defined. 

For, in the fig. of § 53, if V be the velocity in the circle, it 
may be represented by OQ in a direction perpendicular to its 
own, and therefore by OP and PQ in directions perpendicular 
to those lines. That is, the velocity of P in the simple har- 

V 

rnonic motion is g qPQ; which, when P is at 0, becomes V. 

57. The acceleration of a point executing a simple harmonic Acceleration 
motion is at any time simply proportional to the displacement motion, 
from the middle point, but in opposite direction, or always 
towards the middle point. Its maximum value is that with 

which a velocity equal to that of the circular motion would 
be acquired in the time in which an arc equal to the radius 
is described. 
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For, in the fig. of § 53, the acceleration of Q (by § 35, a) is -q^ 

along QO. Supposing, for a moment, QO to represent the 
magnitude of this acceleration, we may resolve it in QP, PO. 
The acceleration of P is therefore represented on the same 

F* PO 

scale by PO. Its magnitude is 

which is proportional to PO^ and has at A its maximum value, 
]/« 

an acceleration under which the velocity V would be 

acquired in the time as stated. 

Let a be the amplitude, c the epoch, and T the period, of a 
simple harmonic motion. Then if s be the displacement from 
middle position at time t, we have 


0- 


tt r 1 ‘.l 1 . 27ra . /HttI 

Hence, for velocity, we have v= ~jz=z — sin 

Hence F, the maximum value, is — , as above stated (§ 66). 
Again, for acceleration, 


dv 

dt 


47r®a p c»- x 

(tp — e)= — «• (isee § 5( .) 


\ rp 

Lastly, for the maximum value of the acceleration, 

47r*a F 

-pT- p ’ 

T 

where, it may be remarked, — is the time of describing an arc 

27r 

equal to radius in the relative circular motion. 


58 . Any two simple harmonic motions in one line, and of 
one period, give, when compounded, a single simple har- 
monic motion ; of the same period ; of amplitude equal to the 
diagonal of a parallelogram described on lengths equal to their 
amplitudes measured on lines meeting at an angle equal to 
their difference of epochs ; and of epoch differing from their 
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epochs by angles equal to those which this diagonal makes compMrnon 
with the two sides of the parallelo- ^ • .. inoneiW 

gram. Let F and P' be two points 
executing simple harmonic motions of 
one period, and in one line B'BGA A\ 

Let Q and Q' be the uniformly mov- 
ing points in the relative circles. 

On CQ and OQ' describe a parallelo- 
gram SQGQ ' ; and 'through S draw 
SR perpendicular to B'A' produced. 

We have obviously P'R=GP (be 
ing projections of the equal and pa - 
rallel lines Q'S, GQ, on GR). Hence 

GR= GP GP^ ; and tlierefore the point R executes the re - 
sultant of the motions of P and P' But GS, the diagonal of 
the parallelogram, is constant, and therefore the resultant 
motion is simp](i harmonic, of amplitude GS, and of epoch 
exceeding that of the motion of P, and falling short of that 
’ of the motion of P\ by the angles QGS and SGQ' respectively. 

* An analytical proof of the same proposition is useful, being 
as follows : — 

,27rt . , ,27rt , 

a cos( Y — ^ cos(-^ — € ) 

= (a cosc+a'cosc") cos^^^+(/7 sinc-f-o^sine') sin^^=?’ cos(^^^ -r-^) 


where 

and 


r= {(« cos€-f-a'cos €')*-{- (a sin €-|-a'sin€')*}i 


/ • / 
sine 


^ ^ a sin € 4- 

tan 6 = — 7 , 

a cos€ + a cos€ 


59 . The construction described in the preceding section ex- 
hibits the resultant of two simple harmonic motions, whether of 
the same period or not. Only, if they are not of the same period, 
the diagonal of the parallelogram will not be constant, but will 
diminish from a maximum value, the sum of the component 
amplitudes, which it has at the instant when the phases of the 
component motions agree ; to a minimum, the difference of those 
amplitudes, which is its value when the phases differ by half 
a period. Its direction, which always must be nearer to the 
greater than lb the less of the two radii constituting the sides 
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compMiuou of the parallelogram, will oscillate on each side of the greater 
in one line! radius to a maximum deviation amounting on either side to the 
angle whose sine is the less radius divided by tlie greater, and 
reached when the less radius deviates more tlian this by a 
quarter circumference from the greater. The full period of this 
oscillation is the time in which either radius gains a full turn 
on the other. The resultant motion is therefore not simple 
harmonic, but is, as it were, simple harmonic with periodically 
increasing and diminishing amplitude, and with periodical 
acceleration and retardation of phase. This view is most 
appropriate for the case in which the periods of the two com 
ponent motions are nearly equal, but the amplitude of one of 
them much greater than that of the other. 


To express the resultant motion, let s be the displacement at 
time t; and let a be the greater of the two component half- 
amplitudes. 


5=:a cos(w^— €)-|-a'cos(n'^— c') 

=acos(72^ — €)*-|-rt'cos(7i^ — c+<^) 

= («-l-a'cos<^) cos( 72 ^— c)— aVin<;() sin(w^— €), 
if <f>z=z{n't—€') — e); 

or, finally, s = rcos(w^ — ^+^)) 

if r=(a* + 2aa cos</)-f-a'‘*)i 

and tan 

a-\-a cos 9 

The maximum value of tan^ in the last of these equations is 

TT Cl * ' 

found by making d)=--4-siir— > and is equal to 7-— 7-^1 > 

^ ^ 2 a ^ (a*— a 


and hence the maximum value of 0 itself is sin • The geo- 
metrical methods indicated above (§ 58 ) lead to this conclusion 
by the following very simple construction. 


To find the time and the amount of the maximum accelera- 
tion or retardation of phase, let GA be the greater half-ampli- 
tude. From .d as centre, with .djB the less half amplitude as 
radius, describe a circle. CB touching this circle is the gene- 
rating radius of the most deviated resultant. Hence CBA is a 


right angle ; and 


sin BOA = 


AB 

CA 
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60. A most interesting application of this case of the composi- Examples of 
tion of harmonic motions is to the lunar and solar tides ; which, of s. 
except in tidal rivers, or long channels, or deep bays, follow 

each veiy nearly the simple harmonic law, and produce, as the 
actual result, a variation of level equal to the sum of varia- 
tions that would be produced by the two causes separately. 

The amount of the lunar tide is about 2*1 times that of the 
solar. Hence the spring tides at open coast stations are 3*1, 
and the neap tides only 1*1, each reckoned in terms of the 
solar tide ; and at spring and neap tides the hour of high 
water is that of the lunar tide alone. The greatest deviation of 
the actual tide from the phases (high, low, or mean water) of 
the lunar tide alone, is about *95 of a lunar hour, that is, *98 
of a solar hour (being the same part of 12 lunar hours that 

28° 26', or the angle whose sine is is of 360°). This 

maximum deviation will be in advance or in arrear according 
as the crown of the solar tide precedes or follows the crowiF 
' of the lunar tide ; and it will be exactly reached when the 
interval of phase between the two component tides is 3*95 
lunar hours. That is to say, there will be maximum advance 
of the time of high water 4^ days after, and maximum re- . 
tardation the same number of days before, spring tides. 

61. We may consider next the case of equal amplitudes in 
the two given motions. If their periods are equal, their re- 
sultant is a simple harmonic motion, whose phase is at every 
instant the mean of their phases, and whose amplitude is equal 
to twice the amplitude of either multiplied by the cosine of 
half the difference of their phase. The resultant is of course 
nothing when their phases differ by half the period, and is a 
motion of double amplitude and of phase the same as theirs 
when they are of the same phase. 

When their periods are very nearly, but not quite, equal 
(their amplitudes being still supposed equal), the motion passes 
very slowly from the former (zero, or no motion at all) to 
the latter, and back, in a time equal to that in which the faster 
has gone once oftener through its period than the slower has. 

In practice we meet with many excellent examples of this 
case, which T^ill, however, be more conveniently treated of 
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Examples of 
composition 
ofS. H. M. 
in one line. 


Graphical 
representa- 
tion of H. 
motions in 
one line. 


• when we come to apply kinetic principles to various subjects 
in practical mechanics, acoustics, and physical optics ; such as 
the marching of troops over a suspension bridge, the s^unpathy 
of pendulums or tuning-forks, etc. 

62 . We may exliibit, graphically, the various preceding 
cases of single or compound simple harmonic motions in one 
line by curves in which the abscissae represent intervals of 
time, and the ordinates the corresponding distances of the 
moving point from its mean position. In the case of a single 
simple harmonic motion, the corresponding curve would be 
that described by the point P in § 53, if, while Q maintained 
its uniform circular motion, the circle were to move with uni- 
form velocity in any direction perpendicular to OA. This con 
struction gives the harmonic curve, or curve of sines, in which 
the ordinates are proportional to the sines of the abscissa?, the 
straight line in which 0 moves being the axis of abscissa?. It 
is the simplest possible form assumed by a vibrating string. 

"^When the hannonic motion is complex, but in one line, as 
is the case for any point in a violin-, harp-, or pianoforte- string 
(differing, as these do, from one anoth(‘r in their motions on 
account of the different modes of excitation used), a similar 
construction may be made. Investigation regarding complex 
harmonic functions has led to results of the highest importance, 
having their most general expression in Fotirier's Theorem, to 
which we will presently devote several pages. We give below 
graphic representations of the composition of two simple har 
monic motions in one line, of equal amplitudes and of periods 
which are as 1:2 and as 2:3, for differences of epoch corre- 
sponding to 0, 1, 2, etc., sixteenths of a circumference. In each 
case the epoch of the component of greater period is a quarter 
circumference. In the first, second, third, etc., of each series 
respectively, the epoch of the component of shorter period is 
less than a quarter period by 0, 1, 2, etc., sixteenths of a 
circumference. The successive horizontal lines are the axes of 
abscissse of the successive cuiwes ; the vertical line to the left 
of each series being the common axis of ordinates. In each 
of the first set the slower motion goes through one complete 
period, in the second it goes through twp periods. 
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1:2 

(Octave) 


WTT, 


y=«in a;-|-sin (2a?+ «-) 

O 


2:3 

(Fifth) 

WTT 

^=sin 2x + sin (3x 4- -^) 

o 


Graphical re- 
preseutatiou 
of harmonic 
motions in 
one line. 


Both, from 37=0 to and for w=:0, 1, 2, 15, in succession. 
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8. H. mo- 
tions in 
different 
directions. 


These, and similar cases, when the periodic times are not com- 
mensurable, will be again ‘treated of under Acoustics. 

63 . We have next to consider the composition of simple 
harmonic motions in different directions. In the first place, 
we see that any number of simple harmonic motions of one 
period, and of the same phase, superimposed, produce a single 
simple harmonic motion of the same phase. For, the displace 
ment at any instant being, according to the j)rinciple of the 
composition of motions, the geometrical resultant (see above, 
§ 50) of the displacements due to the component motions sepa- 
rately, these component displacements in the case supposed, 
all vary in simple x)roportion to one another, and are in con • 
stan^ directions. Hence the ri*sultant displacement will vary 
in simple proportion to each of them, and will be in a constant 
direction. 


But if, while their periods are the same, the phases of 
the several component motions do not agree, the resultant 
motion will generally be elliptic, with equal areas described in 
equal times by the radius-vector from the centre ; although in 
particular cases it may be uniform circular, or, on the other 
hand, rectilineal and simple harmonic. 

64 . To prove this, we may first consider the case, in 
which we have two equal simple harmonic motions given, and 
these in perpendicular lines, and differing in phase by a 
quarter period. Their resultant is a unifoim circular motion. 

For, let BA, B'A' be their ranges; and 
from O, their common middle point as 
/ centre describe a circle through AA'BB'. 

The given motion of P in BA will be 

r ^ (§ 53) defined by the motion of a pdint 

y Q round the circumference of this circle ; 
^ and the same point, if moving in the 

direction indicated by the arrow, will 
give a simple harmonic motion of P', in B'A', a quarter of 
a period behind that of the motion of P in BA. But, 
since A'OA, QPO, and QP'O are right angles, the figure 
QP'OP is a parallelogram, and therefore Q is in the positibii 
of the displacement compounded of OP ^d OP'. Hence two 
equal simple harmonic motions in perpendicular lines, of phases 
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differing by a quarter period, are equivalent to a uniform s. h. mo- 
circular motion of radius equal to tlie maximum displacement different 
pf either singly, and in the direction from the positive end 
of the range of the component in advance of the other towards 
the positive end of the range of this latter. 

65 . Now, orthogonal projections of simple harmonic motions 
are clearly simple harmonic with unchanged phase. Hence, if 
we project the case of § 64 on any plane, we get motion in an 
ellipse, of which the projections of the two component ranges 
are conjugate diameters, and in which the radius** vector from the 
centre describes equal areas (being the projections of the areas 
described by the radius of the circle) in equal times. But the 
plane and position of ‘the circle of which this projection is 
taken may clearly be found so as to fulfil the condition of 
having the projections of the ranges^coincident with any two 
given mutually bisecting lines. Hence any two given simple 
harmonic motions, et(ual or unequal in range, and oblique or 
at right angles to one another in direction, provided only they 
differ by a quarter period in phase, produce elliptic motion, 
having their ranges for conjugate axes, and describing, by the 
radius -vector from the centre, equal areas in equal times. 

66. Returning to the composition of any number of equal 
simple harmonic motions in lines in all directions and of all 
phases : each component simple harmonic motion may be de- 
terminately resolved into two in the same line, differing in 
phase by a quarter period, and one of them having any given 
epoch. We may therefore reduce the given motions to two 
sets, diftering in'pliase by a quarter period, those of one set 
agreeing in phase with any one of the given, or with any other 
simple harmonic motion we please to choose (i.e., having their 
epoch anything we please). . 

All of each set may (§ 58) be compounded into one simple 
harmonic motion of the same j)hase, of determinate amplitude, 
ill a determinate line ; and thus the whole system is reduced to 
two simple fully determined harmonic motions differing from 
one another in phase by a quarter period. 

Now the resultant of two simple harmonic motions, one a 
quarter of a period in advance of the other, in different lines, 
has been proved to be motion in an ellipse of which the ranges 
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S. H. mo- 
tions in 
different 
directions. 


of the component motions are conjugate axes, and in which 
equal areas are described *by the radius-vector from the centre 
in equal times. Hence the proposition of § 63. 


Let a?i=:Zia cos(a)/--€i) 

y^zzzm^a cos(a>/ — Ci) 

Zi^^n^a cos(ta/-^€i) 

be the Cartesian specification of the first of the given motions ; 
and so with varied suffixes for the others ; 

/, w?, n denoting the direction cosines, 
a ,, „ half amplitude, 

€ ,, ,, epoch, 

th? proper suffix being attached to each letter to apply it to each 
case, and o denoting the common relative angular velocity. The 
resultant motion, specified by y, z without suffixes, is 

X = ccr( 0 )/ — €j cos (o/ii)/, rti cos €i 4- sin co^S/jaisin , 



^i=etc. ; .2=etc. ; 

or, as we may write them for brevity, 

0? = P cos o>/ + P ' si n 
y = Q cos (at -|- Q' sin (at 
z==R cos 0)^4"-^ sin (at 




where 


P=2/iaiCos€i , P'=!S/iaisin€j' 
Q=:SmiaiCOS€i , Q'=2y/iiiaisin€,' 
/2=;2)/«iaiCOS€i , i2'=2/Tia,sin€i' 


( 3 ) 


The resultant motion thus specified, in terms of six component 
simple harmonic motions, may be reduced to two by compounding 
P, Q, R, and P, Q', R, in the elementary way. Thus if 


A=— u=-, v=* 
f'=(P'2+Q'«+P'»)i 
V . Q' 

^ = T’ C ’ ' 


( 4 > 


R' 


the required motion will be the resultant of ^cosoi^ in the line 
(X, ft, r), and sinw^ in the line (A', ft', v). It is therefore motion 
in an ellipse, of which and in those directions are conjugate 
diameters ; radius* vector from centre tracing equal areas in equal 

times ; and period being 


(a 
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67. We miist^next take the case of the composition of simple h. motion^ 
harmonic motions of different kinds and in different lines. In kinds and 
general, whether these lines he in one plane or not, the line of ifnes. " 
motion returns into itself if the periods are commensurable ; and 
if not, not. This is evident without proof. 


If a be the amplitude, c the epoch, and n the angular velocity 
in the relative circular motion, for a component in a line whose 
direction cosines are A., /x, v — and if f be the co-ordinates in 
the resultant motion 


COs(7ii/ €i), T/rzrS./Aja, COs(Wi^ €,), 

COii{7l^t €i). 

Now it is evident that at time the values of 19 , f will recur 
as soon as w,7^, etc., are multiples of 27r, that is, when T 


is the least common multiple of 


27r 

n, 


27r 

• /Za 


etc. 


If there be such a common multiple, the trigonometrical 
functions may be eliminated, and the equations (or equation, if 
tlic motion is in one plane) to the path are algebraic. If not, 
they are transcendental. 


68. From the above we see generally that the composition 
of any number of simple harmonic motions in any directions 
and of any periods, may l)e effected by compounding, according 
to previously explained methods, their resolved parts in each 
of any three rectangular directions, and then compounding the 
final resultants in these directions. 

69. By far the most interesting case, and by far the simj3lest, s, h. mo- 

is that of two simple harmonic motions of any periods, whose reSan^iar^ 
directions must of course be in one plane. direction*. 

Mechanical methods of obtaining such combinations will be 
afterwards described, as well as cases of their occurrence in 
Optics and Acoustics. 

We may suppose, for simplicity, the two component motions 
to take i)lace in perpendicular directions. Also, as we can only 
have a re-entering curve when their periods are commensurable, 
it will be advisable to commence with such a case. 

The following figures represent the paths produced by, the 
combination of simple harmonic motions of equal amplitude 
in two rectangular directions, the periods of the components 
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8. H. mo* 
tions in two 
rectangular 
directions. 


Composition 
of two uni- 
form circular 
motions. 


being as 1:2, and the epochs differing successively by 0, 1, 2, 
etc., sixteenths of a circuihference. 







In the case of epochs equal, or 
differing by a multiple of tt, the 
curve is a portion of a parabola, and 
is gone over twice in opposite direc- 
tions by the moving point in each complete period. 

For the case figured above, 

a:=«cos(2nf — e), y=acosnf. 

Hence a?=a{cos2«^cos c+sin2nfsin c} 

_ 1) cos * + 2 sin «} 

which for any giveU value of € is the equation to the correspond- 
ing curve. Thus for €=0, 

X __2y® 


-1, or y* = -^(x-f*2a), the parabola as above. 

For€=^ we have — =2“V^ 1 — or a*a 72 = 4 v^(a® — v®), 
4 a a a® \ if n 

the equation to the 5th and 13th of the above curves. 

In general cos (w^+c), y=a cos (wjf -f-Ci), 

from which t is to be eliminated if possible. 


70. Another very important case is that of two groups of 
two simple harmonic motions in one plane, such that the re- 
sultant of each group is uniform circular motion. 

If their periods are equal, we have a case belonging to those 
already treated (§ 63), and conclude that the resultant is, ha 
general, motion in an ellipse, equal areas being described in 
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equal times about the centre. As particular cases we may 
have simple harmonic, or uniform circular, motion. 

If the circular motions are in the same direction, the result- 
ant is evidently circular motion in the same direction. This is 
the case of the motion of S in § 58, and requires no further 
comment, as its amplitude, epoch, etc., are seen at once from 
the figure. 

71. If the periods of the two are very nearly equal, the re- 
sultant motion will be at any moment very nearly the circular 
motion given by the preceding construction. Or we may re- 
gard it as rigorously a motion in a circle with a varying radius 
decreasing from a maximum value, the sum of the radii of the 
two component motions, to a minimum, their difference, and 
increasing again, alternately ; the direction of the resultant 
radius oscillating on each side of that of the greater component 
(as in corresponding case, § 59, above). Hence the angular 
velocity of the resultant motion is periodically variable. In 
the case of equal radii, next considered, it is constant. 

72. When the radii of the two component motions are 
equal, we have the very interesting and important case figured 
below. 



Here the resultant radius bisects the angle between the com- 
ponent radii. The resultant angular velocity is the arithmetical 
mean of its components. We will explain in a future section 
how this epitrochoid is traced by the rolling of one circle on 
another. (The particular case above delineated is that of a 
non-reentrant curve.) 

D 


Compoaition 
of two uni- 
form circular 
motions. 
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Composition 73. Let the uniform circular motions be in opposite direc- 

oftwonni- . -i i i i *1 

form circular tions j then, if the periods are equal, we may easily see, as 
mo ions. § 66, that the resultant is in general elliptic motion, 

including the particular cases of uniform circular, and simple 


harmonic, motion. 

If the periods are very nearly equal, the resultant will be 
easily found, as in the case of § 59. 

74. If the radii of the component motions are equal, we 
have cases of very great importance in modern physics, one of 
which is figured below (like the preceding, a non-reentrant 
curve). 



This is intimately connected with the explanation of two sets 
of important phenomena, — the rotation of the plane of polariza- 
tion of light, by quartz and certain fluids on the one hand, and 
by transparent bodies under magnetic forces on the other. It is 
a case of the hypotrochoid, and its corresponding mode of de- 
scription will be described in a future section. It will also 
appear in kinetics as the path of a pendulum-bob which con- 
tains a gyroscope in rapid rotation. 

Fourier’s 75. Before leaving for a time the subject of the composition 
of harmonic motions, we must, as promised in § 62, devote 
some pages to the consideration of Fourier’s Theorem, which is 
not only one of the most beautiful results of modern analysis, 
but may be said to furnish an indispensable instrument in the 
treatment of nearly every recondite question in modern physics. 
To mention only sonorous vibrations, the propagation of electric 
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signals along a telegraph wire, and the conduction of heat Fourier’* 
by the earth’s crust, as subjects in their generality intractable 
without it, is to give but a feeble idea of its importance. 

The following seems to be the most intelligible form in which 
it can be presented to the general reader : — 

Theorem. — A cornjplex harmonic function^ with a constant 
term addcdy is the prosper expression, in mathematical language, 
for any arbitrary periodic function ; and consequently can ex~ 
press any function whatever between definite values of the variable. 

76 . Any arbitrary periodic function whatever being given, 
the amplitudes and epochs of the terms of a complex harmonic 
function which sliall be equal to it for every value of the in- 


dependent variable, may be investigated by the “ method of 
indeterminate co -efficients.” Such an investigation is suffi- 
cient as a solution of the problem, — to tind a complex harmonic 
function expressing a given arbitrary periodic function, — when 
once we are assured that problem is possible ; and when 
we have this assurance, it proves that the resolution is deter- 


minate ; that is to say, that no other complex harmonic function 
than the one we have found can satisfy the conditions. 

77 . We might give the analytical ])roof of the theorem by 
the process mentioned in last section, but it appears to us that 
the nature of the expression will be made more intelligible by 
an investigation from a different point of view. 


Let Fi^x') be Jiuy periodical function, of period p. That is to 
say, let F[x) be any function fulfilling the condition 

F{x^ip)^F{x) ( 1 ) 

where i denotes any positive or negative integer. Consider the 


integral 


r' F{x)dx 

J c' 


where a, c, c' denote any three given quantities. Its value is 

less than F(z) I - ^ , and greater than F(z) I — , if z 

® ^ ^Jo‘a^+x^ ' 

and z denote the values of x, either equal to or intermediate 
between the limits c and c', for which F{x) is greatest and least 
respectively. Hut 


f ^ y =-i- (tan — — tan ~) 
Je'a^4-x^ a ^ a a' 
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Ftrarfer’s 

Theorem. 


and therefore 


fcF{x)adx . (tan-£— tan- ‘^) 

J ca^+x^ a a 


and „ ^F{z') (tan ——tan — ) 

' ' ' a a 

Hence if .4 be the greatest of all the values of F(x)f and B the 


( 3 ) 


least, 


and 


J c a 


F(x)adx 


^+x^ “^2 


4 (^-tan- !j) 

~iC 




(4) 




Also, similarly, 


J.<o a^+aj® '' a. 2 ' 


and 


>^(tan>^+|.) 


J1 


(5) 


Adding the first members of (3), (4), and (5), and comparing 
with the corresponding sums of thq second members, we find 

r _tan-^)+^(^-tan-l^+tan-^) 

J.OC a®+a?® ^ a ^ a a' 


and 


•jP(2:')(tan — —tan — )-|-i^(7r— tan — -|-tan — ) 


-iC 


-iC 


— iC 


( 6 ) 




But, by (1), 

Now if wc denote — 1 by v, 

1 


^ / J: — 

>\7?-4-7. n m) 




a^-^{x-\"ipY 2av^x-\-ip — av x-\‘ip-{-av 

and therefore, taking the terms corresponding to positive and 
equal negative values of i together, and the terms for 2 = 0 sepa- 
rately, we have 

tisOO / 1 \ ^ ^ 'it=00 X . CtV 

■“ i=i ,-sp> — (a; — avy 


2 tsOO / !■ \ __ ^ f ^ 

i«.oo ' a® -}- (x-i-tpy ' 2av^ 


37 — av 


1 . ^i=oo I 


TT f — av) 

= 7 : — cot 

2apv '' p 


ir{x-\-av ) , 

Ip ' 


2apv 


tr . 2irav 
sm 


w . 27rav 

sm 

apv p 


jrav „ irx 2irav 
cos* cos® — cos- 


P 


P 


2vx 
cos — *-■ 

P 
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TT 


2fra 2«ra 

g ~ 


2xa 


5 p — 2cos — — (-5 ^ ' 




Hence^ 

r^F 
J -a, a 


ry/ \ T S^ra 2Ta < 

F(x)<fa _ «• — - — 




ap 


2jra 


27rii? 


2fra 


( 8 ). 


g i> —2 003 : 1 : 1 : 1 + g 
0 p 

2irxv 


Next, denoting temporarily, for brevity, 5 ^ , by (, and 


putting 
we have 


2!Ta 

e ^ =e 


( 9 ). 


2fra 




^ l_e(f+^i)4.ei 


P 


e 




1— e“ 


{l+«(f+r‘)+e"(f‘+r‘)+e*(^’+r*)+ etc.} 


^ « Stto: . ^ . 47ra? , _ GTra: 

= (1 -[- 2e cos 1- 2e® cos 1- 2c* cos 1- etc. ) 

1 — c* ' P P P 

Hence, according to (8) and (9), 

f — [V(x)rfa;(l+2ecos— +2<3 »cos— + etc.) (10) 

y.coa*+a?2 apj 0 p p / \ / 

Hence, by (6), we infer that 

F(z)(isLn — — tafT — taiT — + tan” — )>► 

Ct CL CL Cl 

and F(z'') (taiT*-^ — taiT ~) (ir— tarT ~ + tan” —)•< 

CL a CL CL 

— jf^ F{x)dx{l’\-2e cos etc.). 

Now let c'= — c, and a?=^' — 

C being a variable, and ^ constant, so far as the integration is' 
concerned ; and let F(x) = <l>(x + ^ ) = <^(f ')> 
and therefore 

F(z')=<l>($+z% 


Fourier's 

Theorem. 



Fourier’s 

'r]beorem. 
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it lid 


The preceding pair of inequalities becomes 

a 

a 


<^(^-|- 2 ^). 2 tan (tt — 2 tan 

</>{^-f-i:').2tair — -j-/?(7r — 2 taiT— ) 


(H) 


where denotes any periodical function whatever, of period p. 
Now let c be a very small fraction of p. In the limit, where 
c is infinitely small, the greatest and least values of for 

values of between and ^ — c will be infinitely nearly equal 
to one another and to <^(^) ; that is to say, 

Next, let a be an infinitely small fraction of c. In the limit 


-,r 


tan = — 

a 2 


‘Jsra 


and <» = 5 =1. 

# 

Hence the comparison (11) becomes in the limit an equation 
which, if we divide both members by tt, gives 


) 


This is the celebrated theorem discovered by Fourier * for the 
development of an arbitrary periodic function in a series of simple 
harmonic terras. A formula included in it as a particular case 
had been given previously by Lagrange.* 

If, for cos take its value cos?^^^ cos^-— ^ + sin — sin 


p P P 

and introduce the following notation : — 


P 


P 




P 

. 2z7r^ 

un — - 

P 

we reduce (12) to this form : — 

»(=oo ^ 


(13) 




4(^)='4o+2i=>i 




P - — X p 

^ Theorie Analyiique de la Chaleur. Paris, 1822. ^ 

s Andena Mdmires de V AoaMmie de Turin, Tome ili. p. 126. 
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which is the general expression of an arbitrary function in terms Fourier's 
of a series of cosines and of sines. Or if we take Theorem. 


we have 


and tan€i= 


2i7r^ 


A, 


4>(i)=A, + Xi27P.COB 


(15) 

(16) 


which is the general expression in a series of single simple har- 
monic terms of the successive multiple periods. 

To prevent misconception, it should be remarked that each of Convergency 
the equations and comparisons (2), (7), (8), (10), and (11) is a series, 
true arithmetical expression, and that it may be verified by actual 
calculation of the numbers, for any particular case ; provided only 
that F'ix) has no infinite value in its period. Hence, with this 
exception, (12) or either of its equivalents, (14), (16), is a true 
arithmetical expression ; and the series which it involves is there- 
fore convergent. Hence we may with perfect rigour conclude 
that even the extreme case in which the arbitrary function ex- 
periences an abrupt finite change in its value when the inde- 
pendent variable, increasing continuously, passes through some 
particular value or values, is included in the general theorem. In 
such a case, if any value be given to the independent variable dif- 
fering however little from one which corresponds to an abrupt 
change in the value of the function, the series must, as we may in- 
fer from the preceding investigation, converge and give a definite 
value for the function. But if exactly the critical value is assigned 
to the independent variable, the series cannot converge to any 
definite value. The consideration of the limiting values shown in 
the comparison (11), does away with all difficulty in understand- 
ing how the series (12) gives definite values having a finite differ- 
ence, for two particular values of the independent variable on the 
^wo sides of a critical value, but differing infinitely little from 
one another. 


If the differential co-efficient 


^(l) 


is finite for every value of 


^ within the period, it too is arithmetically expressible by a series 
of harmonic terms, which cannot be other than the series ob- 
tained by differentiating the series for <!>{$). Hence 


27r.^i^oo. p 


«.), ( 17 ) 


and this series is convergent ; and we may therefore conclude that 
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Convergency 
of Fotmert 
series. 


the series for <^(^) is more convergent than a harmonic series 
with l; h h h etc., 


for its co-efficicnts. If 




has no infinite values within the 


period, we may differentiate both members of (17) and still have 
an equation arithmetically true ; and so on. We conclude that 
if the differential co-eificient of <!>($) has no infinite values, 
the harmonic series for must converge more rapidly than a 
harmonic series with 



for its CO- efficients. 




etc., 


Displace-' 
ment of a 
rigid body. 


Displace- 
ments of a 
piano figure 
In its plane. 


78. We now pass to the consideration of the displacement 
of a rigid body or group of points whose relative positions are 
unalterable. The simplest case we can consider is that of the 
motion of a plane figure in its own plane, and this, as far as 
kinematics is concerned, is entirely summed up in the result 
of the next section. 

79. If a plane figure be displaced in any way in its own 
plane, there is always (with an exception treated in § 81) one 
point of it common to any two positions ; that is, it may be 
moved from any one position to any other by rotation in its 
own plane about one point held fixed. 

To prove this, \Qt A, B be any two points of the plane figure 
in its first position. A', B' the positions of the^^same two after 

' a displacement. The lines AA^BB'^wiiA 
not be parallel, except in one case to be 
presently considered. Hence the line 
equidistant from A and A' will meet that 
equidistant from B and B^ in some*point 
0. Join OA, OB, 0A\ OB'. Then, evi- 
dently, because OA' = OA, OB' ==: OB, 
and A'B' ^AB, the triangles OA'B' and 
OAB are equal and similar. Hence 0 is similarly situated 
with regard to A'B' and AB, and is therefore one and the same 
point of the plane figure in its two positions. If, for the sake 
of illustration, we actually trace the triangle OAB upon the 
plane, it becomes OA'B' in the second position of the figure. 

80. If from the equal angles A' OB', A OB of these similar 
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triangles we take the common part A^OB, we have the remain- Displace- 

® ••II naents of a 

ing angles AOA , BOB equal, and each of them is clearly figure 
equal to the angle through which the figure must have turned 
round the point 0 to bring it from the first to the second 
position. 

The preceding simple construction therefore enables us not 
only to demonstrate the general proposition, § 79, but also to 
determine from the two positions of one line AB, A'B' of 
the figure the common centre and the amount of the angle of 
rotation. 

81. The lines equidistant from A and A\ and from B and 
B\ are parallel if AB is parallel to A'B' ; and therefore the 
construction fails, the point 0 being 
infinitely distant, and the theorem 
becomes nugatory. In this case the 
motion is in fact a simple translation 
of the figure in its own plane without 

rotation — since, AB being parallel and equal to A^B, we have 
A A' parallel and equal to BB' ; and instead of there being 
one point of the figure common to both positions, the lines 
joining the successive positions of every point in the figure are 
equal and parallel. 

82. It is not necessary to suppose the figure to be a mere 
fiat disc or plane — for the preceding statements apply to any 
one of a set of parallel planes in a rigid body, moving in any 
way subject to the condition that the points of any one plane 
in it remain always in a fixed plane in space. 

83. There is yet a case in which the construction in § 79 
is nugatory — that is when AA' is parallel to BB, but AB in- 
tersects AB. In this case, however, 
it is easy to see at once that this 
point of intersection is the point 0 
required, although the former method 
would not have enabled us to find 
it. 

84. ^Very many interesting applications of this principle Examples 
may be made, of whiph, however, few belong strictly to ourmentL^oS 
subject, and we shall therefore give only an example or two. ***‘^“®‘ 
Thus we know that if a line of given length AB move with 
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Examples 
of displace- 
ment In one 
plane. 


Composi- 
tion of rota- 
tions about 
parallel axes. 



its extremities always in two fixed lines OA, OB, any point in 

it as P describes an ellipse. It is 
required to find the direction of 
motion of P at any instant, i,e., to 
di|iw a tangent to the ellipse. BA 
will pass to its next position by 
rotating about the point Q; found 
by the method of § 79 by drawing 
perpendiculars to OA and OB at A 
and B. Hence P for the instant 
revolves about Q, and thus its direction of motion, or the tan- 
gent to the ellipse, is perpendicular to QP, Also AB m its 
motio j always touches a curve (called in geometry its envelop) ; 
and the same principle enables us to find the point of the en- 
velop which lies in AB, for the motion of that point must 
evidently be ultimately (that is for a very small displacement) 
along A B, and the only point which so moves is the intersec- 
tion of AB, with the perpendicular to it from Q, Thus our con- 
struction would enable us to trace the envelop by points. 

85 . Again, suppose AB to be the beam of a stationary 
engine having a reciprocating motion about A, and by a link BD 

BO turning a crank CD about 0. 

Determine the relation be- 
tween the angular velocities of 
AB and CD in any position. 
Evidently the instantaneous 
direction of motion of B is 
transverse to AB, and of B transverse to CD — hence if AB, 
CD produced meet in 0, the motion of BD is for an instant 
as if it turned about 0. From this it may easily be seen that 

if the angular velocity of AB be to, that of CD is to. 



A similar process is of course applicable to any combination 
of machinery, and we shall find it very convenient when we 
come to consider various dynamical problems connected with 
virtual velocities. 

86 . Since in general any movement.of a plane figure in its 
plane may be considered as a rotation about one point, it is 
evident that two such rotations may in general be compounded 
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into one ; and therefore, of course, the same may be done with composi- 
any number of rotations. Thus let A and B be the points of tions about 
the figure about which in succession the rotations are to take 
place. By rotation about 5 is brought say to B\ and by a 
rotation about B\ A is broughl^to A\ The construction of 
§ 79 gives us at once the point 0 and the amount of rotation 
about it which singly gives the same effect as those about A 
and B in succession. But there is one case of exception, viz., 
when the rotations about A and B are 
of equal amount and in opposite direc- 
tions. In this case A'B' is evidently 
parallel to AB, and therefore the com- 
pound result is a translation only. 

That is, if a body revolve in succession through equal angles, 
but in opposite directions about two parallel axes, it finally 
takes a position to which it could have been brought by a 
siipple translation perpendicular to the lines of the body in its 
initial or final position, which were successively made axes of 
rotation ; and inclined to their plane at an angle equal to half 
the siq)plement of the common angle of rotation. 

87. Hence to compound into an equivalent rotation a rota- composition 
tion and a translation, the latter being effected parallel to the and transja- 
plane of the former, we may decompose the translation into plane, 
two rotations of equal amount and opposite direction, compound 
one of them with the given rotation by § 86, and then com- 
pound the other with the resultant rotation by the same process. 

Or we may adopt the following 
far simpler method. Let OA be pr 
the translation common to all 
points in the plane, and let BOG Qt 

be the angle of rotation about ^ 

0. So being drawn so that OA bisects the exterior angle 
GOB'. Evidently there is a point B' in BO produced, such 
that jB'O', the space through which the rotation carries it, is 
equal and opposite to OA. This point retains its former posi- 
tion after the performance of the compound operation ; so that 
a rotation and a translation in one plane can be compounded 
into an equal rotation about a different axis. 
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Composition 
of rotations 
and transla- 
tions in one 
plane. 


Omisision of 
the second 
and higher 
orders of 
small quan- 
tities. 


Superposi- 
tion of small 
motions. 


In general if the origin be taken as the point about which 
rotation takes place in the plane of xy^ and if it be through an 
angle a point whose co-ordinates were originally will have 
them changed to 

^=xcos0 — ysin^j vj==x8m 0-^y cos6, 
or, if the rotation be very small, 

^=x~y0, Tj=:y-j-xe. 

88. In considering the composition of angular velocities 
about different axes, and other similar cases, we may deal 
with infinitely small displacements only ; and it results at 
once from the principles of the differential calculus, that if 
these displacements be of the order of small quantities, 
any point whose displacement is of the second order of small 
quantities is to be considered as rigorously at rest. Hence, 
for instance, if a body revolve through an angle of the first 
order of small quantities about an axis belonging to the bgdy 
which during the revolution is displaced through an angle or 
space, also of the first order, the displacement of any point of 
the body is rigorously what it would have been had the axis 
been fixed during the rotation about it, and its own displace- 
ment made either before or after this rotation. Hence in any 
case of motion of a rigid system the angular velocities about 
a system of axes moving with the system are the same at any 
instant as those about a system fixed in space, provided only 
that the latter coincide at the instant in question with the 
moveable ones. 

89. From similar considerations follows also the general 
principle of Superposition of small motions. It asserts that if 
several causes act simultaneously on the same particle or rigid 
body, and if the effect produced by each is of the first order of 
small quantities, the joint effect will be obtained if we consider 
the causes to act successively, each taking the point or system in 
the position in which the preceding one left it. It is evident 
at once that this is an immediate deduction from the fact that 
the second order of small quantities may be with rigorous 
accuracy neglected. This, principle is of very great use, as 
we shall find in the sequel ; its applications are of constant 
occurrence. 
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A plane figure has given angular velocities about given axes Superpoai- 
perpendicular to its plane, find the resultant. 

Let there be an angular velocity cd about an ‘axis at the 
point h. 

The consequent motion of the point x, y in the time is, as 
as we have just seen (§ 87), 

— (y — 6)c»)8/ parallel to x. and (x — a)i3iht parallel to y. 

Hence, by the superposition of small motions, the whole motion 
parallel to x is 

— (y2a) — 


and that parallel to y 

(a?2o> — 

Hence the point whose co-ordinates are 




.r= — and y = .v^ 

2a> ^ 2a> 


is at rest, and the resultant axis passes through it. Any other 
point T] moves through spaces 

— — 26o))8^, (£2ci> — 2aa))S^. 

But if the whole had turned about a?, y with velocity H, we should 
have had for the displacements of rj 

— (v — — x)Q8l 

Comparing, we find 12= 2a). 

Hence if the sum of the angular velocities be zero, there is no 
rotation, and indeed the above formulae show that there is then 
merely translation 

'2(b(o)8t parallel to a?, and — 2(a(i>)8t parallel to y. 

These formulae suffice for the consideration of any problem on 
the subject. 


90. Any motion whatever of a plane figure in its own plane Boiling of 

CUITVQ OXX 

might he produced by the rolling of a curve fixed to the figure cun-e. 
upon a curve fixed in the plane. 

For we may consider the whole motion as made up of suc- 
cessive elementary displacements, each of which corresponds, as 
we have seen, to an elementary rotation about some point in 
the plane. Let Oi, 0 ^, O3, etc., be the successive points of the 
figure about which the rotations take place, 01,03,03, etc., the 
positions of these points on the plam when each is the instan- 
taneous centre of rotation. Then the figure rotates about 0 i 
(or Oji, which coincides with it) till Oj coincides with O3, then 
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Bolling of about the latter till Oo coincides with Oo, and so on. Hence, if 

curvB on ^ 

curve. we joiu Oj, O2, O.3, etc., in the plane of the figure, and O2, O3, 
etc., in the fixed plane, the motion will be the same as if the 
polygon O1O2O3 etc., rolled upon the fixed polygon OiO^o^ etc. 
By supposing the successive displacements small enough, the 
sides of these polygons gradually diminish, and the polygons 
finally become continuous curves. Hence the theorem. 

From this it immediately follows, that any displacement of a 
rigid solid, which is in directions wholly perpendicular to a 
fixed line, may be produced by the rolling of a cylinder fixe^ 
in the solid on another cylinder fixed in space, the axes of the 
cylinders being parallel to the fixed line. 

91 . As an interesting example of this theorem, let us recur 
to the case of § 84 : — A circle may evidently be circumscribed 
about OBQA ; and it must be of invariable magnitude, since 
in it a chord of given length AB subtends a given angle 0 
at the circumference. Also OQ is a diameter of this circle, 
and is therefore constant. Hence, as Q is momentarily at rest, 
the motion of the circle circumscribing OBQA is one of internal 
rolling on a circle of double its diameter. Hence if a circle roll 
internally on another of twice its diameter, any point in its cir- 
cumference describes a diameter of the fixed circle, any other 
point in its plane an ellipse. This is precisely the same pro- 
position as that of § 70, although the ways of arriving at it are 
very different. As it presents us with a particular case of 
the Hypocycloid, it warns us to return to the consideration 
of these and kindred curves which give good instances of kine- 
matical theorems, but which besides are of great use in physics 
generally. 

Cycloids and 92 . When a circle rolls upon a straight line, a point in its 

Trochoids, circumference describes a Cycloid, an internal point describes a 

Prolate, an external one a Curtate, Cycloid. The two latter 
varieties are sometimes called Trochoids. 

The general form of these curves will be seen in the annexed 
figures ; and in what follows we shall confine our remarks to 
the cycloid itself, as of immensely greater consequence than 
the others. The ndxt section contains a simple investigation 
of those properties of the cycloid which are most useful in our 
subject. 
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Cycloidfi and 
Trochoids. 



93 . Let -45 be a diameter of the generating (or rolling) cydofd^^ 

circle, BC the line on which it rolls. The points A and B 
describe similar and equal cycloids, BP 
of which AQG and BS are por- 
tions. If PQR be any subsequent 
position of the generating circle, 

Q and S the new positions of A 

and 5, QP8 is of course a right 
angle. If, therefore, QB be drawn ^ 
parallel to P8, PR is a diameter 
of the rolling circle. Produce QR 
to T, making RT = QR = P8. 

Evidently the curve ATy which is the locus of T, is similar and 
equal to 55, and is therefore a cyrioid silnilar and equal to 
AG, But QR is perpendicular to PQy and is therefore the in- 
stantaneous direction of motion of Qy or is the tangent to the 
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Properties of cycloid A QG. Similarly, PS is perpendicular to the cycloid 
th. cycloid. therefore TQ to AT T. Hence (§ 19 ) 

AQC is the evolute of AT, and arc AQ=^ QT= 2 QR, 
gpicycioids. 94 . When the circle rolls upon another circle, the curve 
Scolds, described by a point in its circumference is called an Epicycloid, 
or a Hypocyloid, as the rolling circle is without or within the 
fixed circle ; and when the tracing point is not in the circum- 
ference, we have Epitrochoids and Hypotrochoids. Of the 
latter we have already met with examples, § 70, 91, and others 



will be presently mentioned. Of thfe 
former, we have in the first of the ap- 
pended figures the case of a circle roll- 
ing externally on another of equal size. 
The curve in this case is called the Cardioid 

(§ 49 ). 



In the second, a circle rolls ex- 
ternally on another of twice its 
radius. The epicycloid so de - 
scribed is of importance in optics, 
and will, with others, be referred 
to when we consider the subject of 
Caustics by reflexion. 


In the third, we have a hypo- 
cycloid traced by the rolling of one 
circle internally on another of four 
times its radius. 

The curve figured in § 72 is an 
epitrochoid described by a point in 
the ]3lane of a large circular disc 
which rolls upon a circular cylinder 
of small diameter, so that the point 
passes through the axis of the 
cylinder. 

That of § 74 is a hypotrochoid described by a point in the 
plane of a circle which rolls internally on another of rather 
more than twice its^^diameter, the tracing point passing through 
the centre of the fixed circle. Had the diameters of the circles 
been exactly as 1 : 2, § 73 or § 91 shows us that this curve would 
have been reduced to a single straight line. 
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cy^oido , etc. 


oids, 


The general equations of this class of curves are 
x=^(a+h) cos 0 — eh cos 

^=(a+6)sin^ — c5sin^^^^^, 

where a is the radius of the fixed, b of the rolling circle ; and eh 
is the distance of the tracing point from the centre of the latter. 

95 . If a rigid solid body move in any way whatever, sub- Motionabout 
ject only to the condition that one of its points remains fixed, **^*®*^*"*”^" 
thqre is always (without exception) one line of it through this 
point common to the body in any two positions. 

Consider a spherical surface within the body, with its 
centre at the fixed point 0. All points of this sphere attached 
to the body will move on a sphere fixed in space. Hence the 
construction of § 79 may be made, only with great circles 
instead of straight lines ; and the same reasoning will apply to 
prove that the point 0 thus obtained is common to the body 
in its two positions. Hence every point of the body in the 
line OOy joining 0 with the fixed point, must be common to it 
in the two positions. Hence the body may pass from any one 
position to any other by a definite amount of rotation about a 
definite axis. And hence, also, successive or simultaneous rota- composition 
tions about any number of axes through the fixed point may be 
compounded into one such rotation. 

Let OA, OB^ be two axes abtut which a body moves with composition 


A 



angular velocities co, cdi. 

Let the unit sphere be described with 
centre O, and cut these in A, B. Con- 
sider any other point P on the sphere. 

Then we may (§ 89) treat the displace- 
ments of P during an infinitely small 
interval hi as successive. 

The displacements of P are in the 
tangent plane at P, and so is therefore their resultant'. They are 
respectively perpendicular at P to the arcs AP, PP, their magni- 
tudes are <o sin APS^ and (a, sin BPht^ and their directions contain 

an angle ^APB» 

Take a point I in AP, such that cosin A/=s<oi sinP/. This 
point is at rest since its displacements are equal and opposite. 
Also, if 12 be the angular velocity about 0/, the displacements 

£ 


of angular 
velocities. 
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MoRon about 
a fixed iK>int. 


of B must be equal, whether rotation take place about 01 or OA. 
Hence sin IB = a)*’sin AB, 

As a verification, let us consider the motion of P. Join PI. 

Then sin AP/__sin PAI ^ sin A/^sinPP ^ (Ui 
sin BPi~ sin PBI sin sin AP <o 


which is the ratio of the displacements of P. Hence evidently 
the whole displacement of P is perpendicular to P/, and is due 
to a single rotation about 01. 


Its magnitude is wsin AP • 


. ^ D sin A PB sin PBI « . 

=a)SinAP 

sin PBI sin IPB 


sin IPB 

ft) sin AP 


sin TP 


sin IPU, 


This is the result which would be given by a rotation during U 
about 0/, the angular velocity being 


n sinAP sinAP 


as before. 


Parallelo- 
gram of 
angular 
velocities. 


The above formulae show that if lengths proportional to the 
respective angular velocities about them be measured off on 
the component and resultant axes, the lines so determined will 
be the sides and diagonal of a parallelogram. 

The following method of treating the subject is useful in 
connexion with the ordinary methods of co-ordinate geometry. 
It contains also, as will be seen, an independent demonstration 
of the parallelogram of angular velocities : — 

Angular velocities ft)i, 4 <t) 2 , about the axes of a?, y, and z re- 
spectively, produce in time displacements of the point at a?, z 
(§§ 87, 89), 

((o^z — ft)sy)5^ II a?, (o)sX — <oiz)8i |j (ft>,y — (i)2£c)8t || z. 

Hence points for which 


ft), (Og ft)s 


are not displ^ed. These are therefore the equations of the axis. 

Now the ;^rpendioular from a point a?, y, z to this line is, by 
co-ordinate geometry. 


4- tt) + (<»»^ — 

_ whole displacement of a?, y, z 

Vft)i • -p ft),* -j- 
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The actual displacement of a?, z is therefore the same aS would Motion about 

have been produced in time by a single angular velocity, ^ 

12 = + + about the axis determined by the above 

equations. 

Thus simultaneous rotations about any number of axes meeting 
in a point may be easily compounded. Let a> be the angular 
velocity about one of them whose direction-cosines are /, n; 

12, A, V those of the resultant. 

A12=2(2a)), /Al2=2(m(o), vl2=2(wt«>) 
and 12* = 2*(/o))4-2*(fn(o)-f-2^(nft)), 

whence the values of A, /a, v follow. 


96. Hence the single angular velocity equivalent to three composition 

, . . , 1 n of angular 

CO- existent angular velocities about three mutually perpen- velocities 

Ti *1 *1 11 T * about axes 

dicular axes, is determined in magnitude, and tlie direction of 
its axis is found, as follows : — The square of the resultant 
angular velocity is the sum of the squares of its components, 
and the ratios of the three components to the resultant are the 
direction-cosines of the axis. 

Hence also, an angular velocity about any line may be re- 
solved into three about any set of rectangular lines, the resolu- 
tion in each case being (like that of simple velocities) effected 
by multiplying by the cosine of the angle between the directions. 

Also, a rotation may be represented by a line in the direction of 
its axis, whose length is proportional to the angular velocity^ibout 
it, and such axes are to be compounded as linear velocities are. 

Hence, just as in § 31 a uniform acceleration, acting per- 
pendicularly to the direction of motion of a point, produces a 
change in the direction of motion, but does not influence the 
velocity ; so, if a body be rotating about an axis, and be sub- 
jected to an action tending to produce rotation abojit a per- 
pendicular axis, the result will be a change of direction of the 
axis about which the body revolves, but no change in the 
angular velocity, 

97. We give next a few useful theorems relating to the compoAition 

^ succbbhIvo 

composition of successive finite rotations. finite rota- 

If a pyramid or cone of any form roll on a similar pyramid 
(the image in a plane mirror of the first position of the first) all 
round, it clearly comes back to its primitive position. This (as 
all . rolling of cones) is exhibited best by taking the intersection 
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Composition of each with a spherical surface. Thus we see that if a spheri- 
finite rota- cal polygou tums about its angular points in succession, always 
keeping on the spherical surface, and if the angle through which 
it turns about each point is twice the supplement of the angle 
of the polygon, or, which will come to the same thing, if it be 
in the other direction, but equal to twice the angle itself of the 
polygon, it will be brought to its original position. 

The polar theorem (see § 134, below) to the above is, that a 
body, after successive rotations, represented by the doubles of 
the successive sides of a spherical polygon taken in order, is 
restored to its original position. 

98. Another theorem is the following : — 

If a pyramid rolls over all its sides on a plane, it leaves its 
track behind it as one plane angle, equal to the sum of the 
plane angles at its vertex. 

Otherwise, in a spherical surface, a spherical polygon having 
rolled over all its sides along a great circle, is found in the 
same position as if the side first lying along that circle had 
been simply shifted along it through an arc equal to the poly- 
gon’s periphery. The polar theorem is, if a body be made to 
take successive rotations, represented by the sides of a spherical 
polygon taken in order ; it will finally remain as if it had re- 
volved about the axis through the first angular point of the 
polygon through an angle equal to the spherical excess (§ 134) 
or area of the polygon. 

99. The investigation of § 90 also applies to this case ; and it 
Rouing is thus easy to show that the most general motion of a spherical 

COI108 ^ ^ 

figure on a fixed spherical surface is obtained by the rolling of 
a curve fixed in the figure on a curve fixed on the sphere. 
Hence at each instant the line joining C and 0 contains a 
set of points of the body which are momentarily at rest, the 
most general motion of a rigid body of which one point is fixed 
consists in the rolling of a cone fixed in the body upon a cone 
fixed in space — the vertices of both being at the fixed point. 

To complete our kinematical investigation of the motion 
Joj^venrota- of a body of which one point is fixed, we require a solution of 
the following problem : — From the given angular velocities of 
the body about three rectangular axes attached to it, to de- 
termine the position of the body in space after a given time. 
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Kefer the body to axes OX, OY, OJZ passing through the 
fixed point 0, and such as, at a given epoch, coincided with 
the axes OA, OB, OG, which move with the body. Fromtions. 
the given angular velocities about OA, OB, OG, we know^ § 95, 
the position of the instantaneous axis 01 with reference to 
the body at every instant. Hence wo know the conical surface 
in the body which rolls on the cone fixed in space. The 
data are sufficient also for the determination of this other 
cone ; and these cones being known, and the portions of them 
which are in contact at any given instant, the motion is com- 
pletely determined. 

If A, ft, V be the direction-cosines of 01 referred to OA, OB, 

00, o)i, cDa, <«>8 the angular velocities, and s their resultant, 

a>i tOa 0)3*- 

by § 95. These two equations in general contain t, by the elimi- 
nation of which we get the equation of the cone fixed in the body. 

For the cone fixed in space : if cr be the radius of curvatme of 
itfi tracq on the unit sphere, p that of the rolling trace, we see, by 
§ 96, or by § 105 below, that if s be the length of the arc of either 
trace from a common initial point, 

ds © 

p<rdt sin (siiT^p-l-sin'V) 

vs 

p‘s /1 — — p* 

which, BB 8, p and © are known in terms of t, gives o* in terms of t, 
or of 8, as we please— that is, the equation to the trace of the 
fixed cone. 

A less symmetrical method is, however, often more con- 
venient in applications to particular problems. If, for instance, 
the position of the body be determined at any instant by the 


angle XZG, by the .supplement of ZGA, and by the arc ZG, 
all on the unit sphere, the equations which connect the rate of 
change of these quantities with the angular velocities about 
the three axes are very easily obtained by the help of principles 
already explained. 

To understand the meaning of these angular co-ordinates, 
suppose A, B, G initially to coincide with X, F, Z respectively. 
Then let the body rotate about OZ through the angle XZG. 
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Motionabout Next let it rotate aboyt the new position of OB through an 
a fixed point, equal to the arc ZG, And lastly, let it rotate about the 

new position of OC through an angle equal to the supplement 
of ZCA. It will be in the position specified by these three 
angles. 


Let XZC^^y and ZC=0, we have, by consider- 

ing in succession the instantaneous motions of C along and per- 
pendicular to ZGj and the motion of AB in its own plane, 


dt 


=to)i sin cos <^, 


sin 6 = 0)2 sin d> — o), cos <f), 

dt ^ 


and 



General 
motion of a 
rigid body. 


101 . We shall next consider the most general possible motion 

of a rigid body of which no point is fixed — and first we must 
prove the following theorem. There is one set of parallel 
planes in a rigid body which are parallel to each other in any 
two positions of the body. The parallel lines of the body per- 
pendicular to these planes are of course parallel to each other 
in the two positions. ♦ 

Let C and C' be any point of the body in its first and second 
positions. Move the body without rotation from its second 
position to a third in which the point at G' in the second posi- 
tion shall occupy its original position (7. The preceding de- 
monstration shows that there is a line GO common to the body 
in its first and third positions. Hence a line G^O' of the body 
in its second position is parallel to the same line GO in the first 
position. This of course clearly applies to every line of the 
body parallel to GO, and the planes perpendicular to these lines 
also remain parallel 

102. Let 8 denote a plane of the body, the two positions of 
which are parallel Move the body from its first position, 
without rotation, in a direction perpendicular to 8, till 8 comes 
into the plane of its second position. Then to get the body 
into its actual position, such a motion as is treated in § 79 is 
farther required. But by § 79 this may be effected by rota- 
tion about a certain axis perpendicular to the plane 8, unless 
the motion required belongs to the exceptional case of pure 
translation. Hence [this case excepted] the body may be 
brought froln the first position to the second by translation 
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through a determinate distance perpendicular to a given plane, General 
and rotation through a determinate angle about a determinate SI^d^S)dy* 
axis perpendicular to that plane. This is precisely the motion 
of a screw in its nut. 

103. In the excepted case the whole motion consists of two 
translations, which can of course be compounded into a single 
one ; and thus, in this case, there is no rotation at all, or every 
plane of it fulfils the specified condition for aS of § 102. 

104. Eeturning to the motion of a rigid body with one point 
fixed, let us consider the case in which the guiding cones, §99, 
are both circular. The motion in this case may be called Pre- 
cessional Rotation, 

The plane through the instantaneous axis and the axis of the 
fixed cone passes through the axis of the rolling cone. This plane 
turns round the axis of the fixed cone with an angular velocity 
S2 (see § 105 below), which must clearly bear a constant ratio 
to the angular velocity g) of the rigid body about its instan- 
taneous axis. 

105. The motion of the plane containing these axes is called 
the precession in any such case. Wliat we have denoted by 

is the angular velocity of the precession, or, as it is sometimes 
called, the rate of precession. 

The angular motions «, /2 are to one another inversely as 
the distances of a point in the axis of the rolling cone from the 
instantaneous axis and from the axis of the fixed cone. 

For, let OA be the axis of the fixed cone, OB that of the 
rolling cone, and 01 the instantaneous axis. From any point 
P in OB draw PN perpendicular to 0/, ^ 
and PQ perpendicular to OA. Then we j 

perceive that P moves always in the n/ 

circle whose centre is Q, radius PQ, / \ b 

and plane perpendicular to 0-4. Hence ^ 

the actual velocity of the point P is 

SIQP. But, by the principles explained 

above, § 99, the velocity of P is the ^ 

same as that of a point moving in a circle whose centre is 

N, plane perpendicular to ON, and radius NP which, as this 

radius revolves with angular velocity is (oNP. Hence 

/2QP = G>iVP, or (o : J2 ::QP :NP. 
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Precessional 

Rotation. 


I. Convex 
cone rolling 
on convex. 


11. Convex 
cone rolling 
inside con- 
cave. 


111. Concave 
cone rolling 
outside con- 
vex. 


Cases of pre- 

cessional 

rotation. 


Let a be the semivertical angle of the fixed, jS of the rolling, 
cone. Each of these may be supposed for simplicity to be 
acute, and their sum or difference less than a right angle — 
though, of course, the formulae so obtained are (like all trigono- 
metrical results) applicable to every possible case. We have 
the following three cases : — 



106 , If, as illustrated by the first of these diagrams, the case 
is one of a convex cone rolling on a convex cone, the precessional 
motion, viewed on an hemispherical surface having A for its 
pole and 0 for its centre, is in a similar direction to that of the 
angular rotation about the instantaneous axis. This we shall 
QdHAjpositiv^ precessional rotation. It is the case of a common 
spinning-top (peery), spinning on a very fine point which re- 
mains at rest in a hollow or hole bored by itself ; not sleeping 
upright, nor nodding, but sweeping its axis round in a cone 
whose axis is vertical In Case m. we have likewise 'positive 
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precession. A good example of this occurs in the case of a ciwes of pre- 
coin spinning on a table when its plaile is nearly horizontal. roSwon. 

107. Case II., that of a convex cone rolling inside a concave 
one, gives an example of mgative precessipn, as when viewed 
as before on the hemispherical surface the direction of angular 
rotation of the instantaneous axis is opposite to that of the 
rolling cone. This is the case of a symmetrical cup (or figure 
of revolution) supported on a point, and stable when balanced, 
i,e,y having its centre of gravity below the pivot; when in- 
clined and set spinning non-nutationally. Eor instance, if a 
Troughton’s top be placed on its pivot in any inclined position, 
and then spun off with very great angular velocity about its 
axis of figure, the nutation will be insensible ; but there will 
be slow precession. 

To this case also belongs the precessional motion of the earth's Precession 
axis ; for which the angle a = 23° 27' 28", while /8 = 0"*00867. noxes.^^'^* 
Or, if the second diagram represent a portion of the earth's sur- 
face round the pole, the arc A/= 8,552,000 feet, and therefore 
the circumference of the circle in which / moves = 52,240,000 


feet ; and BI =0*88 foot. The period of the rotation a> is the 
sidereal day ; that of is 25,868 years. 

108. Very interesting examples of Cases i. and ill. are fur Free rotation 
nished by projectiles of different forms rotating about any axis. wneticaSy 
Thus the gyrations of an oval body or a rod or bar flung into about an 
the air, belong to Class i. (the body having one axis of less 
moment of inertia than the other two, equal) ; and the seem- 
ingly irregular evolutions of an ill-thrown quoit belong to Class 

III. (the quoit having one axis of greater moment of inertia than 
the other two, equal). 

109. In various illustrations and arrangements of apparatus Comniunica- 
useful in Natural Philosophy, as well as in mechanics, it is £? vSocity 

equally be- 

required to connect two bodies, so that when either turns about tween in- 
a certain axis, the other shall turn with an equal angular 
velocity about another axis in the same plane with the former, 
but inclined to it at any angle. This is accomplished in 
mechanism by means of equal and similar bevelled wheels, 
or rolling cones ; when the mutual inclination of two axes is 
given. It is approximately accomplished by means of Hooke's 
joint, when the two axes are nearly in the same line, but are 
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Flexible but 

untwistable 

cord.. 


Universal 
flexure joint. 


Elastic uni- 
versal flexure 
joint. 


Moving bodj’ 
attached to a 
fixed object 
by a univer- 
sal flexure 
joint. 


required to be free to vary in their mutual inclination. A 
chain of an infinitely gifeat number of Hookers joints may be 
imagined as constituting a perfectly flexible, untwistable cord, 
which, if its end-links are rigidly attached to the two bodies, 
connects them so as to fulfil the condition rigorously without 
the restriction that the two axes remain in one plane. If we 
imagine an infinitely short length of such a chain (still, how- 
ever, having an infinitely great number of links) to have its 
ends attached to two bodies, it will fulfil rigorously the con- 
dition stated, and at the same time keep a definite point of one 
body infinitely near a definite point of the other; that is to 
say, it will accomplish precisely for every angle of inclination 
what Hooke’s joint does approximately for small inclinations. 

The same is dynamically accomplished with perfect accuracy 
for every angle, by a short, naturally straight, elastic wire of truly 
circular section, provided the forces giving rise to any resistance 
to equality of angular velocity between the two bodies are in- 
finitely small. In many practical cases this mode of connexion 
is useful, and permits very little deviation from the conditions of 
a true universal flexure joint. It is used, for instance, in the sus- 
pension of the gyroscopic pendulum (§ 7 4) with perfect success. 

Of two bodies connected by a universal flexure joint, let one 

be held fixed. The motioif of the other, as 
long as the angle of inclination of the axes 
remains constant, will be exactly that figured 
in Case i., § 105, above, when the angles a and 
y8 are equal. The supplement of the angle 
A OB is the mutual inclination of the axes ; 
and the angle AOB itself is bisected by the 
instantaneous axis of the moving body. The 
annexed diagram shows a case of this motion, 
in which the mutual inclination, 6, of the axes is acute. Ac- 
cording to the formulae of Case i., § 105, we have 

G) sin a = 12 sin 2a, 

6 



or 


G) = 212 cos a = 2/2 sin 


where o> is the angular velocity of the moving body about its 
instantaneous axis, OJ, and 12 is the angular velocity of its pre- 
cession ; that is to say, the angular velocity of the plane through 
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the fixed axis AA\ and the moving axis OB of the moving Two degrees 

- - o of freedoms 

body. 

Besides this motion, the moving body may clearly have any thus^sus- ^ 
angular velocity whatever about an axis through 0 perpen- 
dicular to the plane AOBy which, compounded with g > round 
0/, gives the resultant angular velocity and instantaneous axis. 


Two co-ordinates, Q = A! OB ^ and measured in a plane per- 
pendicular to i40, from a fixed plane of reference to the plane 
AOB^ clearly specify the position of the moveable body in this 
case. 


110 . Suppose a rigid body bounded by any curved surface to 

be touched at any point by another such body. Any motion one rigid 

body toucli- 

01 one on the other must be of one or more of the forms mg another. 
diding, rolling^ or sjpinning. The consideration of the first is 
so simple as to require no comment. 

Any motion in which the point of contact has no velocity 
must be rolling or spinning separately, or combined. 

Let one of the bodies rotate about successive instantaneous 
axes, all lying in the common tangent plane at the point of in- 
stantaneous contact, and each passing through this point — the 
other body being fixed. Tliis motion is what we call rolling, 
or simple rolling,^f the moveable body on the fixed. 

On the other hand, let the instantaneous axis of the mov- 
ing body be the common normal at the point of contact. 

This is pure spinning, and does not change the point of 
contact. 

Let it move, so that the instantaneous axis, still passing 
through the point of contact, is neither in, nor perpendicular 
to, the tangent plane. This motion is combined rolling and 
spinning. 

Let 0 ) be the angular veloci^, a the inclination of the instan- 
taneous axis to the normal, then <a sin a and cu cos a are the angu- 
lar velocities of the rolling and spinning respectively. 

111 . When a body rolls and spins on another body, the Traces of 
trace of either on the other is the curved or straight line along 
which it ])a8 been successively touched. If the instantaneous 

axis is in a normal plane to the traces, the rolling is called Direct 
direct If not direct, the rolling may be resolved into a direct 
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General 
motion of 
one rigid 
body touch- 
ing another. 


Curve rolling 
on curve. 


rolling, and a rotation round the tangent line to the traces. 
Imagine the traces constructed of rigid matter, and all the rest 
of each body removed. We may repeat the former motion with 
these curves alone. The difference of the circumstances now 
supposed will only be experienced if we vary the direction of 
the instantaneous axis. In the former case, if we do this we 
introduce more or less of spinning, and we alter the trace on 
each body ; in the latter, we have always the same moveable 
curve rolling oh the same fixed curve ; with, in addition, any 
arbitrary velocity of twisting round the common tangent. The 
consideration of this case is very instructive, with regard to the 
general problem. 

112. It may be roughly imitated in practice by two stiff 
wires bent into the forms of the given curves, and prevented 
from crossing each other by a short piece of elastic tube clasp- 
ing them together. 

First let them be both plane curves, and kept in one plane. 
We have then pure rolling, as of one cylinder on another. 


Let p be the radius of curvature of the rolling, o- of the. fixed, 
cylinder ; o) the angular velocity of the former, V the linear velo- 


0 ^ 



city of the point of contact. We have 


(T' 


For, in the figure, suppose P to be at any time the 
point of contact, and Q and p the points which are 

to be in contact after an interval dt / 0, 0' the 

« — 

centres of curvature; POp^B, FO'Q=^<l>. 

Then PQ3=i^ = space described by point of 
contact. In symbols p^z=z(rO=z Vdt. 

Also, before O'Q, and OP can coincide in direc> 
tion, the former must evidently turn through an 
angle . 

Therefore and by eliminating 6 

and and dividing by dt^ we get the above result. 

It is to be understood here, that as the radii of curvature have 
been considered positive here when both surfaces are convex, 
the negative sign must be introduced for either radius when the 
corresponding curve is concave. 

Hence the angular velocity of the rolling curve is in this 
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case equal to the product of the linear velocity of the point of Angular 
contact by the sum or difference of lihe curvatures, according romS^^n a 
as the curves are both convex, or one concave and the other 
convex. 

118 . When the curves are both plane, but in different Plane curves 
planes, the plane in which the rolling takes place divides the plane! 
angle between the plane of one of the curves, and that of the 
other produced through the common tangent line, into parts 
whose sines are inversely as the curvatures in them respec- 
tively ; and the angular velocity is equal to the linear velocity 
of the point of contact multiplied by the difference of the pro- 
jections of the two curvatures on this plane. 


For, let PQ, Pp be equal arcs of the two curves as before, and 
let PR be taken in the common tangent (e.e., the intersection of 
the planes of the curves) equal to either. Then QP, pR are 
ultimately perpendicular to PP. 

PR^ 


Hence 


pP= 

QR= 


2or 

PR^ 

2p 



Also, QPp=a, the angle between the planes of the curves. 
We have ^ „ PR*. 1,1 2 . 

^ 4 (rp ' 

Therefore if w be the velocity of rotation as before, 



cos a 
crp 


Also the instantaneous axis is evidently perpendicular, and there- 
fore the plane of rotation parallel, to Qp. Whence the above. 
In the case of a=7r, this agrees with the result of § 112. 


A good example of this is the case of a coin spinning on a 
table (mixed rolling and spinning motion), as its plane becomes 
gradijally horizontal. In this case the curvatures become more 
and more nearly equal, and the angle between the planes of the 
curves smaller and smaller. Thus the resultant anguleir velo- 
city becomes exceedingly small, and the motion of the point 
of contact very great compared with it. 

114 . The preceding results are, of course, applicable to tor- 
tuous as well as to plane curves ; it is merely requisite to 
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Curve rolling 
on curve : 
two degrees 
of freedom. 

Curve roUing 
on surface : 
three degrees 
of freedom. 


Trace pre- 
scribed and 
no spinning 
permitted ; 


Two degrees 
of freedom. 


substitute the osculating plane of the formei* for the plane of 
the latter. 

115 . We come next to the case of* a curve rolling, with or 
without spinning, on a surface. 

It may, of course, roll on any curve traced on the surface. 
When this curve is given, the moving curve may, while rolling 
along it, revolve arbitrarily round the tangent. But the com- 
ponent instantaneous axis perpendicular to the common tangent, 
that is, the axis of the direct rolling of one curve on the other, 
is determinate, § 113. If this axis does not lie in the surface, 
there is spinning. Hence, when the trace on the surface is 
given, there are two independent variables in the motion ; the 
space traversed by the point of contact, and the angular velocity 
about the tangent line at that point. 

116 . If the trace is given, and it be prescribed as a condi- 
tion that there shall be no spinning, the angular position of the 
rolling curve round the tangent at the point of contact is deter- 
minate. For in this case the instantaneous axis must be in the 
tangent plane to the surface. Hence, if we resolve the rotation 
into components round the tangent line, and round an axis per - 
pendicular to it, the latter must be in the tangent plane. Thus 
the rolling, as of curve on curve, must be in a normal plane to 
the surface ; and therefore at starting the given curve must be 
so applied to its trace on the surface that the projections of the 
two curves on the tangent plane may be of equal curvature. 

The curve, as it rolls on, must continually revolve about the 
tangent line , to it at the point of contact with the surface, so as 
in every position to fulfil this condition. 


Let a denote the inclination of the plane of curvature of the 
trace to the normal to the surface at any point, a' the same for 

the plane of the rolling curve; i, i their curvatures. We 

P P 

reckon a as obtuse, and a' acute, when the two curves lie on 

opposite sides of the tangent plane. Then 

1 . , 1 . 

— ,sm a =— sin a, 

p P 

which fixes a' or the position of the rolling curve when the point 
of contact is given. 

Let (I) be the angular velocity of rolling about an axis perpen- 
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dicular to the tangent. » that about the tangent, and let F be the Angular veio 

® 1 city of direct 

linear velocity of the point of contact. Then, since -7 cos a and 

P 

— L cos a (each positive when the curves lie on opposite sides of 
P 

the tangent plane) are the projections of the two curvatures on a 
plane through the normal to the surface containing their common 
tangent, we have, by § 112, 

w= cos a' — — cos a), 

P P 

a being determined by the preceding equation. Lot t and r 
denote the tortuosities of the trace, and of the rolling curve, re- 
spectively. Then, first, if the curves were both plane, we see 
that one rolling on the other about an axis always perpendicular 
to their common tangent could never change the inclination of 
their planes. Hence, secondly, if they are both tortuous, such 
rolling will alter the inclination of their osculating planes by an 
indefinitely small amount (t — r)ds during rolling which shifts Angular veio- 
the point of contact over an arc ds. Now a is a known function tangent ** 
of s if the trace is given, and therefore so also is a'. But a — a 
is the inclination of the osculating planes, hence 

■V{-^ (r-r)}=a. 

117 . Next, for one surface rolling and spinning on another. Surface <>n 
First, if the trace on each is given, we have the case of § 113 
or § 115, one curve rolling on another, with this farther con- 
dition, that the former must revolve round the tangent to the 
two curves so as to keep the tangent planes of the two surfaces 
coincident. 

It is well to observe that when the points in contact, and Both traces 
the two traces, are given, the position of the moveable %urface one degree of 
is quite determinate, being found thus : — Place it in contact 
with the fixed surface, the given points together, and it 
about the common normal till the tangent lines to the traces 
coincide. 

Hence when both the traces are given the condition of no 
spinning cannot be imposed. During the rolling there must 
in general be spinning, such as to keep the tangents to the two 
traces coincident. The instantaneous axis of the rolling must 
also so change as to give not only the rolling along the trace, 
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Surface on but also the necessarv revolving about, the tangent line to bring 
the tangent planes always to coincide. 

degree of In this case, then, there is but one independent variable — 
the space passed over by the point of contact, and when the 
velocity of the point of contact is given, the resultant angular 
velocity, and the direction of the instantaneous axis of the roll- 
ing body are determinate. We have thus a sufficiently clear 
view of the general character of the motion in question, but it is 
right that we consider it more closely, as it introduces us very 
naturally to an important question, the measurement of the 
twist of a rod, wire, or narrow plate, a quantity wholly distinct 
from the tortuosity of its axis (§ 7). 

118. Suppose all of each surface cut away except an infinitely 
narrow strip, including the trace of the rolling. Then we have 
the rolling of one of these strips upon the other, each having 
at every point a definite curvature, tortuosity, and twist. 

Twist. 119. Suppose a fiat bar of small section to have been bent 

(the requisite amount of stretching and contraction of its edges 
being admissible) so that its axis assumes the form of any plane 
or tortuous curve. If it be unbent without twisting, i.e,y if the 
curvature of each element of the bar be removed by bending 
it through the requisite angle in the osculating plane, and it be 
found untwisted when thus rendered straight, it had no twist in 
its original form. This case is, of course, included in the general 
theory of twist, which is the subject of the following sections. 

Axis and 120 . A bent or straight rod of circular, or any other form 

lTftTI8VOl*80* ^ ^ 

of section being given, a line through the centres, or any 
other chosen points of its sections, may be called its axis. Mark 
a line on its side all along its length, such that it shall be a 
straight line parallel to the axis when the rod is unbent and 
untwisted. A line drawn from any point of the axis perpen- 
dicular to this side line of reference, is called the transverse of 
the rod at this point. 

The whole twist of any length of a straight rod is the angle 
between the transverses of its ends. The average twist is the 
integral twist divided by the length. The twist at any point 
is the average twist in an infinitely short length through this 
point ; in other words, it is the rate of rotation of its transverse 
per unit of length along it. 
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The twist of a curved, plane, or tortuous rod at any point is Twist, 
the rate of component rotation of its transverse round its tangent 
line, per unit of length along it. 

If t be the twist at any point, fids over any length is the in- 
tegral twist in this length. 

\21. Integral twist in a curved rod, although readily de- 
fined, as above,* in the language of the integral calculus, can- 
not-^be exhibited as the angle between any two lines readily 
const ructible. The following considerations show how it is to 
be reckoned, and lead to a geometrical construction exhibiting 
it in a spherical diagram, for a rod bent and twisted in any 
manner : — 

122. If the axis of the rod forms a plane curve lying in one Estimation 

• ^ of 

plane, the integral twist is clearly the difference between the twist : 
inclinations of the transverses at its ends to its plane. For in a plane 
if it be simply unbent, without altering the twist in any part, 
the inclination of each transverse to the plane in which its 
curvature lay will remajn unchanged ; and as the axis of the 
rod now has become a straight line in this plane, the mutual 
inclination of the transverses at any two points of it has become 
equal to the difference of their inclinations to the plane. 

123. No simple application of this rule can be made to a 
tortuous curve, in consequence of the change of the plane of 
curvature from point to point aloug it ; but, instead, we may 
proceed thus : — 

First, Let us suppose the plane of curvature of the axis of in » enrv® 

jt .. . , -lo* • /.I consisting of 

the wire to remain constant through finite portions of the curve, pi«ne por- 
and to change abruptly by finite angles from one such portion • 

to the next (a supposition which involves no angu- 
lar points, that is. to say, no infinite curvature, in 
the curve). Let planes parallel to the planes of 
curvature of three successive portions, PQ, QB, BS 
(not shown in the diagram), cut a unit spherical sur- 
face in the great circles GAG\ ACA', CE; and 
therefore, of course the radii of the sphere parallel 
to the tangents at the points Q and B of the curve 
where its curvature changes will cut its surface in 
A and C, the intersections of these circles. Let be the 

F 
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point in which the radius of the sphere parallel to the tangent 
at P cuts the surface ; «and let GH, AB, GD be parallels to the 
trajusverses of the bar drawn from the points P, Q/ R of its 
axis. Then (§ 122) the twist from P to Q is equal to the dif- 
ference of the angles HGA and BAG' ; and the twist from 
Q to R is equal to the difference between BAG and 
Hence the whole twist from P to P is equal to 

HGA’^BA&fBAC— DGA\ 
or, which is the same thing, 

A'GE+G'AG—{DGE—HGAy 

Continuing thus through any length of rod, made up of portions 
curved in different planes, we infer that the integral twist be- 
tween any two points of it is equal to the sum of the exterior 
angles in the spherical diagram, wanting the excess of the in- 
clination of the transverse at the second point to the plane of 
curvature at the second point above the inclination at the first 
point to the plane of curvature at the first point. The sum of 
those exterior angles is what is defined below as the “ change 
of direction in the spherical surface*' from one side of the 
polygon of great circles to the other ; and when the polygon is 
closed, and the sign includes all its exterior angles, it is (§134) 
equal to 27r wanting the area enclosed. The construction we 
have made obviously holds in the limiting case, when the 
lengths of the plane portions are infinitely small, and is therefore 
applicable to a wire forming a tortuous curve with continuously 
varying plane of curvature, for which it gives the following 
conclusion : — 

Parallel to the tangent to the axis of the bar, at a point 
moving along it, let a radius of a unit sphere be drawn, cutting 
the spherical surface in a curve (being the hodograph of a point 
moving with constant velocity along the bar). From points of 
this curve draw parallels to the transverses of the correspond- 
ing points of the bar. The excess of the change of direction 
(§ 135) from any point to another of the hodograph, above the 
increase of its inclination to the transverse, is equal to the 
twist in the corresponding part of the bar. 

The annexed diagram, showing the hodograph and the 
parallels to the transverses, illustrates this rule. Thus, for 
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instance, the excess ’of the change of direction in the spherical Esttmatfon 
surface along the hodograph from A to C, above DCS — J5J.rtwi«t^11rra 
is equal to the twist in the bar between the points of it to 
which A and C correspond. Or, 
again, if we consider a portion of 
the bar from any point of it, to 
another point at which the tangent 
to its axis is parallel to the ta^i- 
gent at its first point, we shall have 

a closed curve as the spherical hodograph ; and if A be the 
point of the hodograph corresponding to them, and AB and 
AB' the parallels to the transverses, the whole twist in the 
included part of the bar will be equal to the change of direction 
all round the hodograph, wanting the excess of the exterior 
angle above the angle BAT; that is to say, the whole 

twist will be equal to the excess of tjie angle BAD above 
the area enclosed by the hodograph. 

The principles of twist thus developed are of vital import- 
ance in the theory of rope-making, especially the construction 
and the dynamics of wire ropes and submarine cables, elastic 
bars, and spiral springs. 

124. Eeturning to the motion of one surface rolling and surface roii- 

, . ^ ® ing on sur* 

Spinning on another, the trace on each being given, we may 
consider that, of each, the curvature (§ 6), the tortuosity (§ 7), 
and the twist reckoned according to transverses in the tangent 
plane of the surface, are known ; and the subject is fully spe- 
cified in (§ 117) above. 

Let and be the ouiTatures of the traces on the rolling 
PP ... 

and fixed surfaces respectively ; a and a the inclinations of their 
planes of curvature to the normal to the tangent plane, reckoned 
as in § 116 ; t' and t their tortuosities ; t' and t their twists ; 
and V the velocity of the point of contact. All these being known, 
it is required to find : — • 

(0 the angular velocity of rotation about the transverse of the 
traces ; that is to say, the line in the tangent plane perpendicular 
to their tangent line, 

0 the angular velocity of rotation about the tangent line, and 
cr ,, „ of spinning. 
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ing on sur- 
face; both 
traces given. 


We have 


• 1 1 

0) = F* (“7 cos a cos a) 

P P 


zs 


= F(f~0='^{ 


ds 


(t— /)} 


and 


o*= F(i7sina' — i-sin a) 
P P 


Surface roll- 
ing on sur- 
face without 
spinning. 


125 . In the same case, suppose the trace on orie only of 
the surfaces to be given. We may evidently impose the con- 
dition of no spinning, and then the trace on the other is deter- 
minate. This case of motion is thoroughly examined in § 137, 
below. 

The condition is that the projections of the curvatures of the 
two traces on tl^ common tangent plane must coincide. 


If —7 and — be the curvatures of the rolling and stationary 

V T At 

surfaces in a normal section of each through the tangent line to 

the trace, and if a, a', p, p' have their late meanings, 
p'=r'cosa', p=rcosa (Meunier’s Theorem, below). 

But — 7sina'= — sin a, hence tan a' = — tana, the condition re- 
p p r 

quired. 

Examples of 126 . If a rod be bent along any curve on a spherical surface, 
sud twist so that a marked side line of reference on it lies all along in 
contact with the spherical surface, it acquires no twist in the 
operation. Por if it is laid so along any finite arc of a small 
circle it will clearly have no twist. And no twist is produced 
in continuing from any point along another small circle having 
a common tangent with the first at this point. 

If a rod be bent round a cylinder so that a line marked 
along one side of it may lie in contact with the cylinder, 
or if, what presents somewhat more readily the view now de- 
sired, we wind a straight ribband spirally on a cylinder, the 
axis of bending is p9.rallel to that of the cylinder, and therefore 
oblique to the axis of the rod or ribband. We may therefore 
resolve the instantaneous rotation which constitutes the bending 
at any instant into two components, one round a line perpen- 
dicular to the axis of the bar, which is pure bending, and the 
other round the axis of the bar, which is pure twist. 
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The twist at any point in a rod or ribband^ so wound on a cir- Examples of 


cular cylinder, and constituting a uniform helix, is 

cos a sin a 
r 

if r be the radius of the cylinder and a the inclination of the 
spiral. For if V be the velocity at which the bend proceeds 

along the previously straight wire or ribband, ^ ^ will be the 

r 

angular velocity of the instantaneous rotation round the line of 
bending (parallel to the axis), and therefore 

V cos a . j F cos a 
__ sin a and — — cos a 


tortuosit: 
and twis 


t 


are the angular velocities of twisting and of pure bending respec- 
tively. 

From the latter component we may infer that the curvature of 
the helix is 

cos 


a known result, which agrees with the expression used above 

(§ 13). 


127. The hodograph in this case is a small circle of 

the sphere. If the specified condition a^ to the mode of 
laying on of the rod on the cylinder is fulfilled, the trans- 
verses of the spiral rod will^be parallel at points along it sepa- 
rated by one or more whole turns. Hence the integral twist 
in a single turn is equal to the excess of four right angles 
above the spherical area enclosed by the hodograph. If a be 
the inclination of the spiral, Jtt — a will be the arc-radius of 
the hodograph, and therefore its area is — sin a). Hence 

the integral twist in a turn of the spiral is 27rsina, which 
agrees with the result previously obtained (§ 126). 

128. As a preliminar}^ to the further consideration of the curvature 
rolling of one surface on another, and as useful in various parts 

of our subject, we may now take up a few points connected 
with the curvature of surfaces. 

The tangent plane at any point of a surface may or may not 
cut it at that point. In the former case, the surface bends away 
from the tangent plane partly towards one side of it, and partly 
towards the other, and has thus, in some of its normal sections^ 
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a ^ 

curvatures oppositely directed to those in others. In the latter 
case, the surface on every side of the point bends away from 
the same side of its tangent plane, and the curvatures of all 
normal sections are similarly directed. Thus v/e may divide 
curved surfaces into Anticlastic and Synclastic, A saddle gives 
a good example of the former class ; a hall of the latter. Cur- 
vatures in opposite directions, with reference to the tangent 
plane, have of course different signs. The outer portion of an 
anchor-ring is synclastic, the inner anticlastic. 

129. Me%tnier*s Theorem . — The curvature of an oblique sec- 
tion of a surface is equal to that of the normal section through 
the same tangent line multiplied by the secant of the inclina- 
tion cf the planes of the sections. This is evident from the 
most elementary considerations regarding projections. 

130. Euler's Theorem . — There are at every point of a syn- 
clastic surface two normal sections, in one of which the cur- 
vature is a maximum, in the other a minimum ; and these are 
at right angles to each other. 

In an anticlastic surface there is maximum curvature (but 
in opposite directions) in the two normal sections whose planes 
bisect the angles between the lines in which the surface cuts 
its tangent plane. On account of the difference of sign, these 
may be considered as a maximum and a minimum. 


Sum of cur- 
vatures in 
normal sec- 
tions at right 
angles to 
each other. 


Generally the sum of the curvatures at a point, in any two 
normal planes at right angles to each other, is independent of 
the position of these planes. 


If the tangent plane be taken as that of a?, y, and the origin 
at the point of contact, the equation to the surface is evidently 
(unless the origin be a singular point) 

z^Ax^’\-2Bxy'\-Cy^+ etc. (1) 

The curvature of the normal section which passes through the 
point a?, yy z is (in the limit) 

1 __ 2z ^^Ax^^\-2Bxy-]-Cy^ 
r x^ -{-y^ a?* 4-^* 

If the section be inclined at an angle 6 to the plane of JTZ, this 
becomes 


~=2{A cos®0+2.5sin^cos^-J-Csm*^}. (2) 
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Honce, if — and — be curvatures in . normal sections at right Sum of cur- 

^ ^ vatures in 

angles to each other, 

1 1 

— I — =2(^ + (7)= constant, 
r s ^ ' 

(2) may be written 

i = {4( 1 + cos 20) + 25 sin 2^+ (?( : — cos 2^) } 


normal sec-. . 
tions at right 
angles to 
each other. 


= {-4+ (7+-^ — Ceos 20+25 sin 2^} 


or if 
that is 
we have 


A — C=5cos2a, 25=5 sin 2a, 


5=\/(-4 — C)2+45% and tan2a= 


25 


— =.4+ C+ i^A — C)®+45® cos 2 {B — a). 

The maximum and minimum curvatures are therefore those in Princij>ai 
normal planes at right angles to each other for which 0 = a and SStTons. 

TT 

0=a+ — , and are respectively 

A+C± -J{A — Cy+4tB'. 

Hence their product is ^{AC — 5^). 

If this be positive we have a synclastic, if negative an anticlastic, 
surface. If it be zero we have one curvature only, and the 
surface is cylindrical at the point considered. . It is demonstrated 
(§ 152, below) that if this condition is fulfilled at every point, 
the surface is “developable ” (§ 139, below). 

By (1) a plane parallel to the tangent plane and very near it 
cuts the surface in an ellipse, hyperbola, or two parallel straight 
lines (a variety of the parabola), in the throe cases respectively. 

This section, whose nature informs us as to whether the curva- 
ture be synclastic, anticlastic, or cylindrical, at any point, was 
called by Dupin the Indicatrix, 


131. LetP,y>be two points of a surface indefinitely near. Shortest line 
to each other, and let r be the radius of curvature of a normal on I* 
section passing through them. Then the radius of curvature 
of an oblique section through the same points, inclined to the 
former at an angle a, is (§ 129) rcosa. Also the length 
along the normal section, from P to j?, is less than that along 
the oblique section — since, a given chord cuts off an arc from 
,a circle, longer the less is the radius of that circle. 
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If a be tbe length of the chord P/?, we have 
Distance Fp along normal section =2rsiir — =«(l+2^y.a')> 






oblique section = a(l 4* *- 




24r2 cos-a 




Geodetio 

Lines. 


Spherical 

excess. 


Area of 

spherical 

polygon. 


132. Hence, if the shortest possible line be drawn from one 
point of a surface to another, its plane of curvature is every- 
where perpendicular to the surface. 

Such a curve is called a Geodetic line. And it is easy to see 
that it is the line in which a flexible and inextensible string 
would touch the surface if stretched between those points, the 
surface being supposed smooth. 

133. If an inflnitely narrow ribband be laid on a surface 
along a geodetic line, its twist i^ equal to the tortuosity of its 
axis at each point. We have seen (§ 125) that when one 
body rolls on another without spinning, the projections of the 
trace on the common tangent plane agree in curvature at the 
point of contact. Hence, if one of the surfaces be a plane, and 
the trace on the other be a geodetic line, the trace on the 
plane is a straight line. Conversely, if the trace on the plane 
be a straight line, that on the surface is a geodetic line. 

And, quite generally, if the given trace be a geodetic line, 
the other trace is also a geodetic line. 

134. The area of a spherical triangle is known to be pro- 
portional to the ‘‘ spherical excess,” i.e., the excess of the sum 
of its angles over two right angles, or the excess of four right 
angles over the sum of its exterior angles. The area of a 
spherical polygon whose n sides are portions of great circles 
— i.e., geodetic lines — is to that of the hemisphere as the excess 
of four right angles over the sum of its exterior angles is to 
four right angles. (We may call this the " spherical excess ” of 
the polygon.) 


For the area of a spherical triangle is known to be * 

— ir)r*. 

Divide the polygon into n such triangles, with a common 
vertex, the angles about which, of course, amount to 27r. 

Area = (sum of interior angles of triangles — nir)r^ 

=(27r+sum of interior angles of polygon — mr)r* 
sr(2ir — sum of exterior angles of polygdn)r*. 
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Given an open or closed spherical polygon, or line on the Reciprocal 
surface of a sphere composed of consecutive arcs of great circles, sphere.^” * 
Take either pole of the first of these arcs, and the corresponding 
poles of all the others (all the poles to be on the right hand, or 
all on the left, of a traveller advancing along the given great 
circle arcs in order). Draw great circle arcs from the first of 
these poles to the second, the second to the third, and so on in 
order. Another closed or open polygon, constituting what is 
called the polar diagram to the given polygon, is thus obtained. 

The arcs of the second polygon are evidently equal to the 
exterior angles in the first ; and the exterior angles of the 
second are equal to the sides of the first. Hence the relation 
between the two diagrams is reciprocal, or each is polar to the 
other. The polar figure to any continuous curv^e on a spherical 
surface is the locus of the ultimate intersections of great circles 


equatorial to points taken infinitely near each other along it. 

The area of a closed spherical figure is, consequently, ac- 
cording to what we have just seen, equal to the excess of 27 r 
above the periphery of its polar. 

135 . If a point move on a surface along a figure whose inte^yrai 
sides are geodetic lines, the sum of the exterior angles of this direcfion In 
polygon is defined to be the integral change of the direction in ^ 
the surface. 

In great circle sailing, unless a vessel sail on the equator, or 
on a meridian, her course, as indicated by points of the com- 
pass (true, not magnetic, for the latter change even on a meri- 
dian), perpetually changes. Yet just as we say her direction 
does not change if she sail in a meridian, or in the equator, so 
we ought to say her direction does not change if she moves in 
any great circle. J^ow, the great circle is the geodetic line on 
the sphere, and by extending these remarks to other curved 
surfaces, we see the connexion of the above definition with that 
in the case of a plane polygon (§ 10). 

Note , — ^We cannot define integral change of direction here by change of 
any angle directly constructible from the first and last tangents a sSrficS/” 
to the path, as was done (§ 10) in the case of a plane curve or 
polygon; but from §§ 125 and 133 we have the following 
statement ; — The whole change of direction in a curved surface, 
from one end to another of any arc of a curve traced on it, is 
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equal to the change of direction from ei^ to end of the trace of 
this arc on a plane by pdre rolling. 

136. Def. The excess of four right angles above the inte- 
gral change of direction from one side to the same side next 
time in going round a closed polygon of geodetic lines on a 
curved surface, is the integral curvature of the enclosed portion 
of surface. There is no such excess in the case of a polygon 
traced on a plane. We shall presently see that this corresponds 
exactly to what Gauss has called the curvatura integra. 

Def. (Gauss.) The curvatura integra of any given portion 
of a curved surface, is the area enclosed on a spherical surface 
of unit radius by a straight line drawn from its centre, parallel 
to a normal to the surface, the normal being carried round the 
boundary of the given portion. " 

The curve thus traced on the sphere is called the Horograph 
of the given portion of curved surface. 

The average curvature of any portion of a curved surface is 
the integral curvature divided by the area. The specific curva- 
ture of a curved surface at any point is the average curvature 
of an infinitely small area of it round that point. 

137. The excess of 27r above the change of direction, in a sur- 
face, of a point moving round any closed curve on it, is equal 
to the area of the horograph of the enclosed portion of surface. 

Let a tangent plane roll without spinning on the surface over 
every point of the bounding line. (Its instantaneous axis will 
always lie in it, and pass through the point of contact, but will 
not, as we have seen, be at right angles to the given bounding 
curve, except when the twist of a narrow ribband of the sur- 
face along this curve is nothing.) Considering the auxiliary 
sphere of unit radius, used in Gauss’s definition, and the moving 
line through its centre, we perceive that the motion of this line 
is, at each instant, in a plane perpendicular to the instan- 
taneous axis of the tangent plane to the given surface. The 
direction of motion of the point which cuts out the area on 
the spherical surface, is therefore perpendicular to this in- 
stantaneous axis. Hence, if we roll a tangent plane on the 
spherical surface also, making it keep time with the other, the 
trace on this tangent plane will be a curve always perpendicular 
to the instantaneous axis of each tangent plane. The change 
of direction, in the spherical surface, of the point moving round 
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and cutting out tl^ area, being equal to the change of direction 
in its own trace on its own tangent* plane (§ 135), is therefore 
equal to the change of direction of the instantaneous axis in the 
tangent plane to the given surface reckoned from a line fixed 
relatively to this plane. But having rolled all round, and being 
in position to roll round again, the instantaneous axis of the fresh 
start must be inclined to the trace at the same angle as in the 
beginning. Hence the change of direction of the instantaneous 
axis in either tangent plane is equal to the change of direction, in 
the given surface, of a point going all round the boundary of the 
given portion of it ; to which, therefore, the change of direction, in 
the spherical surface, of the point going all round the spherical area 
is equal. But, by the well-known theorem (§ 184) of the ‘‘ sphe- 
rical excess,” this change of direction subtracted from Stt leaves 
the spherical area. Hence the spherical area, defined according 
to Gauss as the curvaiura integra, is equal to Stt wanting the 
change of direction in going round the boundary. 

It will be perceived that when the two i*ollings we have con- 
sidered are each complete, each tangent plane will have come 
back to be parallel to its original position, but any fixed line in 
it will have changed direction through an angle equal to the 
equal changes of direction just considered. 

Note . — The two rolling tangent planes are at each instant 
parallel to one another, and a fixed line relatively to one drawn 
at any time parallel to a fixed line relatively to the other, re- 
mains parallel to the last-mentioned line. 

If, instead of the closed curve, we have a closed polygon of geo- 
detic lines on the given surface, the trace of the rolling of its tangent 
plane will be an unclosed rectilineal polygon. If each geodetic 
were a plane curve (which could only be if the given surface were 
•spherical), the instantaneous axis would be always perpendicular 
to the particular side of this polygon which is rolled on at the 
instant ; and, of course, the spherical area on the auxiliary sphere 
would be a similar polygon to the given one. But the given sur- 
face being other than spherical, there must be tortuosity in at least 
one geodetic of the closed polygon, and generally in all of them ; 
or, which is the same thing, twist in the corresponding ribbands 
of the surface. Hence the portion of the whole trace on the second 
rolling tangent plane which corresponds to any one side of the 
given geodetic polygon, must in general be a curve ; and as there 
will generally be finite angles in the second rolling corresponding 
to (but not equal to) those in the first, the trace of the second on 


Curvatura 
inUgrdt and 
horugrapb. 
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its tangent plane will be an unclosed polygon of curves. The 
trace the same rolling on the spherical surface in which it takes 
place will generally be a spherical polygon, not of great circle 
arcs, but of other curves. The sum of the exterior angles of this 
polygon, and of the changes of direction from one end to other 
of each of its sides, is the whole change of direction considered, 
and is, by the proper application of the theorem of § 134, equal 
to 2ir wanting the spherical area enclosed. 

Or again, if, instead of a geodetic polygon as the given curve, 
we have a polygon of curves, each fulfilling the condition that 
the normal to the surface through any point of it is parallel to a 
fixed plane ; one plane for the first curve, another for the 
second, and so on; then the figure on the auxiliary spherical 
surface will be a polygon of arcs of great circles ; its trace on its 
tangent plane will be an unclosed rectilineal polygon ; and the 
trace of the given curve on the tangent plane of the first rolling 
will bo an unclosed polygon of curves. The sum of changes of 
direction in these curves, and of exterior angles in passing from 
one to another of them, is of course equal to the change of direction 
in the given surface, in going round the given polygon of curves 
on it. The change of direction in the other will be simply the 
sum of the exterior angles of the spherical polygon, or of its recti- 
lineal trace. Remark that in this case the instantaneous axis of 
the first rolling, being always perpendicular to that plane to which 
the normals are all parallel, remains parallel to one line, fixed 
with reference to the tangent plane, during rolling along each 
curved side, and also remains parallel to a fixed line in space. 

Lastly, remark that although the whole change of direction of 
the trace in one tangent plane is equal to that in the trace on 
the other, when the rolling is completed round the given circuit ; 
the changes of direction in the two are generally unequal in any 
part of the circuit. They may be equal for particular parts 
of the circuit, viz., between those points, if any, at which the in- 
stantaneous axis is equally inclined to the direction of the trace 
on the first tangent plane. 

138. It appears from what precedes, that the same equality 
or identity subsists between “ whole curvature in a plane 
arc and the excess of tt above the angle between the terminal 
tangents, as between whole curvature and excess of 27 r above 
change of direction along the bounding line in the surface for 
any portion of a curved surface. 
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Or, according to Gauss, whereas the whole curvature in a Analogy be- 

. 1 1 T j T nil. tween lines 

plane arc is the angle between two lines parallel to the terminal and surfaces 

* ^ . as regards 

normals, the whole curvature of a portion of curve surface is curvature, 
the solid angle of a cone formed by drawing lines from a point 
parallel to all normals through its boundary. 


Again, average curvature in a plane curve is 


. change of direction 


length 


and specific curvature, or, as it is commonly called, curvature, 

, • . A -i change of direction in infinitely small length 

at any point of it = IS^h * 

Thus average curvature and specific curvature are for surfaces 

analogous to the corresponding terms for a plane curve. 

Lastly, in a plane arc of uniform curvature, i.e., in a circular 

change of direction 1 -i 

arc, ° length ~ p ’ easily proved (as below) 

that, in a surface throughout which the specific curvature is . 

.« Stt — change of direction integral curvature 1 , 

uniform, > or =- 7 , where 

area aiea pp 

p and p are the principal radii of curvature. Heuoe in a sur- 
face, whether of uniform or non-uniform specific curvature, the 

specific curvature at any point is equal to — 7* In geometry of 

PP 

three dimensions, pp (an area) is clearly analogous to p in a 
curve and plane. 


Consider a portion of a surface of any curvature, bounded 
by a given closed curve. Let there be a spherical surface, radius 
r, and C its centre. Through C draw a radius to the spherical 
surface ( 7 Q, parallel to the normal at any point P of S. If this be 
done for every point of the boundary also, the points so obtained 
enclose the spherical area used in Gauss’s definition. Now let 
there be an infinitely small rectangle on S, at P, having for its 
«ides arcs of angles ^ and on the normal sections of greatest 
and least curvature, and let their radii of curvature be denoted 
by p and p. The lengths of these sides will be pf and p'f' re- 
spectively. Its area will therefore be pp'CC* The correspond- 
ing figure at Q on the spherical surface will be bounded by arcs 
of equal angles, and, therefore, of lengths r( and rf respectively, 
and its area will be Hence if da- denote this area, the area Area of tije 

/ . horograpb. 

of the infinitely small portion of the given surface will be ^ — . 
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139. A perfectly flexible but inextensible surface is sug- 
gested, although not realized, by paper, thin sheet metal, ^r 
cloth, when the surface is plane ; and by sheaths of pods, seed 
vessels, or the like, when it is not capable of being stretched 
flat without tearing. The process of changing the form of a 
surface by bending is called “ developing!* But the term 

Developable Surface ” is commonly restricted to such inexten- 
sible surfaces as can be developed into a plane, or, in common 
language, smoothed flat.” 

140. The geometry or kinematics of this subject is a great 
contrast to that of the flexible line (§ 14), and, in its merest 
elements, presents ideas not very easily apprehended, and 
, subjects of investigation that have exercised, and perhaps even 
overtasked, the powers of some of the greatest mathematicians. 

141. Some care is required to form a correct conception of 
what is a perfectly flexible inextensible surface. First let us 
consider a plane sheet of paper. It is very flexible, and we 
can easily form the conception from it of a sheet of ideal 
matter perfectly flexible. It is very inextensible ; that is to 
say, it yields very little to any application of force tending to 
pull or stretch it in any direction, up to the strongest it can 
bear without tearing. It does, of course, stretch a little. It 
is easy to test that it stretches when under the influence of 
force, and that it contracts again when the force is removed, 
although not always to its original dimensions, as it may and 
generally does remain to some sensible extent permanently 
stretched. Also, flexure stretches one side and condenses the 
other temporarily ; and, to a less extent, permanently. Under 
elasticity we may return to this. In the meantime, in con- 
sidering illustrations of our kinematical propositions, it is 
necessary to anticipate such physical circumstances. 

142. Cloth woven in the simple, common way, very fine 
muslin for instance, illustrates a surface perfectly inextensible 
in two directions (those of the warp and the woof), but sus- 
ceptible of any amount of extension from 1 up to V2 along 
one* diagonal, with contraction from 1 to 0 (each degree of 



KINEMATICS. ' 96 

extension along one diagonal having a corresponding deter- surface 
minate degree of contraction along the other, the relation being in two direc- 
(e^ 4- = 2, where 1 : e Aid 1 : e' are the ratios of elongation, 

which will be contraction in the case in which e or is < 1) 
in the other. What precedes supposes that the weaving is 
square, in which case the diagonals remain at right angles 
to one another. Oblong weaving gives a less simple relation, 
though easily determinable. Cloth will hang very differently, 
according as its rectangles are square, or oblong to any degree 
of inequality. 

143. The flexure of a surface fulfilling any case of the 
geometrical condition just stated, presents an interesting sub- 
ject for investigation, which we are reluctantly obliged to 
forego. The moist paper drapery that Albert Durer used on 
his little lay figures must hang very differently from cloth. 

Perhaps the stiffness of the drapery in his pictures may be to 
some extent owing to the fact that he used the moist paper in 
preference to cloth on account of its superior flexibility, while 
unaware of the great distinction between them as regards 
extensibility. Fine muslin, prepared with starch or gum, is, 
during the process of drying, kept moving by a machine, which, 
by producing a to-and-fro relative angular motion of warp and 
woof, stretches and contracts the diagonals of its structure alter- 
nately, and thus prevents the parallelograms fiom becoming 
stiffened into rectangles. 

144. The flexure of an inextensible surface which can be Flexure of 
plane, is a subject which has been well worked by geometrical devdopabil"! 
investigators and writers, and, in its elements at least, presents 

little difficulty. The first elementary conception to be termed 

is, that such a surface (if perfectly flexible), taken plane in 
the first place, may be bent about any straight line ruled on 

it, so that the two plane parts may make any angle with one 
another. 

Such a line is called a generating line ” of the surface to be 
formed. 

Next, we may bend one of these plane parts about any other 
line which does not (within the limits of the sheet) intersect 
the former ; and so on. If these lines are infinite in number, 
and the angles of bending infinitely smaU, but such thaf; their 
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sum may be finite, we have our plane surface bent into a 
curved surface, which is* of course developable ” (§ 139). 

145. Lift a square of paper, fre§ from folds, creases, or 
ragged edges, gently by one corner, or otherwise, without 
crushing or forcing it, or very gently by two points. It will 
hang in a form which is very rigorously a developable surface ; 
for although it is not absolutely inextensible, yet the forces 
which tend to stretch or tear it, when it is treated as above 
described, are small enough to produce no sensible stretching. 
Indeed the greatest stretching it can experience without tear- 
ing, in any direction, is not such as can affect the form of the 
surface much when sharp flexures, singular points, etc., are 
kept clear of. 

146. Prisms and cylinders (when the lines of bending, § 144, 
are parallel, and finite in number with finite angles, or infinite 
in number with infinitely small angles), and pyramids and 
cones (the lines of bending meeting in a point if produced), are 
clearly included. 

147. If the generating lines, or line-edges of the angles of 
bending, are not parallel, they must meet, since they are in a 
plane when the surface is plane. If they do not meet all in one 
point, they must meet in several points : in general, let each 
one meet its predecessor and its successor in different points. 

148. There is still no difficulty in understanding the form of, 
say a square, or circle, of the plane surface when bent as explained 

above, provided it does not include any 
of these points of intersection. When the 
number is infinite, and the surface finitely 
curved, the developable lines will in gene- 
ral be tangents to a curve (the locus of the 
points of intersection when the number is 
infinite). This curve is called the edge 
of regression. The surface must clearly, 
when complete (according to mathematical 
ideas), consist of two sheets meeting in 
this edge of regression (just as a cone» consists of two sheets 
meeting in the vertex), because each tangent may be produced 
beyond the point of contact, instead of stopping at it, as in 
the annexed diagram. 
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149 . To construct a complete developable surface in two Pmcfeicai 

1 j n 1 n • construction 

sheets from its edge of regression — • of a deveiop- 

Lay one piece of peffectly flat, unwrinkled, smooth-cut 
paper on the top of another. Trace any curve on the upper, 
and let it have no point of inflec- 
tion, but eveiywhere finite curva- 
ture. Cut the paper quite away 
on the concave side. If the curve 
traced is closed, it must be cut open 
(see second diagram). 

The limits to the extent that may 
be left uncut away, are the tangents drawn outwards from the 
two ends, so that, in short, no portion of the paper through 
which a real tangent does not pass is to be left. 

Attach the two sheets together by very slight paper or 
muslin clamps gummed to them along the common curved 
edge. These must be so slight as not to interfere 
sensibly with the flexure of the two sheets. Take 
hold of one corner of one sheet and lift the whole. 

The two will open out into the two sheets of a 
developable surface, of which the curve, bending 
into a curve of double curvature, is the edge of 
regression. The tangent to the curve drawn in 
one direction from the point of contact, will 
always lie in one of the sheets, and its continuation on the 
other side in the other sheet. Of course a double-sheeted 
developable polyhedron can be constructed by this process, by 
starting from a polygon instead of a curve. 

150 . A flexible but perfectly inextensible surface, altered of 
in form in any way possible for it, must keep any line traced 
on it unchanged in length; and hence any two intersecting 
lines unchanged in mutual inclination. Hence, also, geodetic 
lines must remain geodetic lines. Hence the change of 
direction in a surface, of a point going round any portion, of 
it, must be the same, however this portion is bent. Hence 
(§ 136) the integral curvature remains the same in any and 
eveiy portion however the surface is bent. Hence (§ 138, 

Gauss's Thecyrem) the* product of the principal radii of curvature 
at each point remains unchanged. 
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151. The general statement of a converse proposition, ex- 
pressing the condition that two given areas of curved surfaces 
may be bent one to fit the other, involves essentially some 
mode of specifying corresponding points on the two. A full 
investigation of the circumstances would be out of place here. 

152. In one case, however, a statement in the simplest 
possible terms is applicable. Any two surfaces, in each of 
which the specific curvature is the same at all points, and 
equal to that of the other, may be bent one to fit the other. 
Thus any surface of uniform positive specific curvature 
wholly convex one side, and concave the other) may be bent 
to fit a sphere whose radius is a mean proportional between its 
principal radii of curvature at any point. A surface of uniform 
negative, or anticlastic, curvature would fit an imaginary sphere, 
but the interpretation of this is not understood in the present 
condition of science. But practically, of any two surfaces of uni- 
form anticlastic curvature, either may be bent to fit the other. 

153. It is to be remarked, that geodetic trigonometry on 
any surface of uniform positive, or synclastic curvature, is 
identical with spherical trigonometry. 




u 



where u are the lengths 


of three geodetic lines joining three points on the surface, and 
if By C denote the angles between the tangents to the geodetic 
lines at these points ; we have six quantities which agree perfectly 
with the three sides and the threat angles of a certain spherical 
triangle. A corresponding anticlastic trigonometry exists, although 
we are not aware that it has been worked out, for any surface of 
uniform anticlastic curvature. In a geodetic triangle on an anti- 
clastic surface, the sum of the three angles is of course less than 
three right angles, and the difference, or ^‘anticlastic defect” 
(like the “spherical excess”), is equal to the area divided by 
p X — p^ when p and — p' are positive. 


154. We have now to consider the very important kinema- 
tical conditions presented by the changes of volume or figure 
experienced by a solid or liquid mass^pr by a group of points 
whose positions with regard to each othel!r are subject to known 
conditions. Any such definite alteration of fobn or dimensions 
is called a Strain, 
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Thus a rod which becomes longer or shorter is stmined. strain. 
Water, when compressed, is sti^ained. stone, beam, or mass 
of metal, in a building or in a piece of framework, if condensed 
or dilated in any direction, or bent, twisted, or distorted in any 
way, is said to experience a strain. A ship is said to “ strain 
if, in launching, or when working in a heavy sea, the different 
parts of it experience relative motions. 

155. If, when the matter occupying any space is strained 
in any way, all pairs of points of its substance which are initially 
at equal distances from one another in parallel lines remain equi- 
distant, it may be at an altered distance ; and in parallel lines, 
altered, it may be, from their initial direction ; the strain is 
said to be homogeneous. 

156. Hence if any straight line be drawn through the body Propertius 
in its initial state, the portion of the body cut by it will con- geneolis 

slfni 11 

tinue to be a straight line when the body is homogeneously 
strained. For, if ABC be any such line, AB and BC, being 
parallel to one line in the initial, remain parallel to one line 
ill the altered, state ; and therefore remain in the same straight 
line with one another. Thus it follows that a plane remains 
a plane, a parallelogram a parallelogram, and a parallelepiped 
a parallelepiped. 

157. Hence, also, similar figures, whether constituted by 
actual portions of the substance, or mere geometrical surfaces, 
or straight or curved lines passing through or joining certain 
portions or points of thc^ substance, similarly situated (^.c., 
having corresponding parameters parallel) when altered ac- 
cording to the altered condition of ‘the body, remain similar 
and similarly situated among one another. 

158. The lengths of parallel lines of the body remain in 
the same proportion to one another, and hence all are altered 
in the same proportion. Hence, and from § 156, we infer that 
any plane figure becomes altered to another plane figure which 
is a diminished or magnified orthographic projection of the first 
on some plane. For example, if an ellipse be altered into a circle, 
its principal axes become radii at right angles to one another. 

The elongation of the body along any line is the p|pportion 
which the addifeon to the distance between any two points in 
that line bears to their primitive distance. 
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159. Every orthogonal projection of an ellipse is an ellipse 
(the case of a circle being included). Hence, and from § 168 , 
we see that an ellipse remains an ellipse ; and an ellipsoid re- 
mains a surface of which every plane -section is an ellipse ; 
that is, remains an ellipsoid. 


A plane curve remains (§ 166) a plane curve. A system of two 
or of three straight lines of reference (Cartesian) remains a recti- 
lineal system of lines of reference ; but, in general, a rectangular 
system becomes oblique. 


Let 


?! 0.^-1 


be the equation of an ellipse referred to any rectilineal conjugate 
axes, in the substance, of the body in its initial state. Let a and 
be the proportions in which lines respectively parallel to OX 
and OT are altered. Thus, if we call ^ and 17 the altered values 
of X and y, we have 

^= 00 !, ri=l3!/. 


Hence 




1 , 


(ao )2 " (fiby 

which also is the equation of an ellipse, referred to oblique axes 
at, it may be, a different angle to one another from that of the 
given axes, in the initial condition of the body. 


Or again, let 




#8 


be the equation of an ellipsoid referred to, three conjugate dia- 
metral planes, as oblique or rectangular planes of reference, in the 
initial condition of the body. Let a, y be the proportion 
in which lines parallel to OX, OTj OZ are altered ; so that if 
f , Vi C l^be altered values of x, y, z, we have 

^=ax, ■q=Py, f=y«- 


Thus, 


+ 


(aa)*^(/36)»-(yc) 
which is the equation of an ellipsoid, referred to conjugate dia- 
metral planes, altered it may be in mutual inclination from those 
of the given jjllanes of reference iu the initial condition of the 
body. 


160. ' J’he ellipsoid which any surface of the body initially 
spherical becomes in the altered condition, mfty, to avoid cir- 
cumlocutions, be called the strain ellipsoid. 



KINEMATICS. 


101 


161. In any absolutely unrestricted homogeneous strain there strain 
are three directions (the three principal axes of the strain ellip- 
soid), at right angles to one another, which remain at right angles 

to one another in the altered condition of the body (§ 158). 

Along one of these the elongation is greater, and along another 
less, than along any other direction in the body. Along the 
remaining one, the elongation is less than in any other line 
in the plane of itself and the first mentioned, and greater than 
along any other line in the plane of itself and the second. 

Note, — Contraction is to be reckoned as a negative elongation : 
the maximum elongation of the preceding enunciation may be 
a minimum contraction : the minimum elongation may be a 
maximum contraction. 

162. The ellipsoid into which a sphere becomes altered may 
be an ellipsoid of revolution, or, as it is called, a spheroid, pro- 
late, or oblate. There is thus a maximum or minimum elonga- 
tion along the axis, and equal minimum or maximum elongation 
along all lines perpendicular to the axis. 

Or it may be a sphere ; in which case the elongations are 
equal in all directions. The effect is, in this case, merely an 
alteration of dimensions without change of figure of any part. 

The original volume (sphere) is to the new (ellipsoid) change of 

4.1 1 /O N V / \ JT / 

evidently as 1 : apy, 

163. The principal axes of a strain are the principal axes Axes of a 
of the ellipsoid into which it converts a sphere. The principal 
elongations of a strain are the elongations in the direction of 

its principal axes. 

164. When the positions of the principal axes, and the Elongation 
magnitudes of the principal elongations of a strain are given, 

the elongation of any line of the body, and the alteration of the body, 
angle between any two lines, may be obviously determined by 
a simple geometrical construction, 

» 

Analytically thus : — ^let a— 1, 1, y — 1 jjenote the principal 

elongations, so that a, jJ, y may be now the ratios of alteration 
along the three principal axes, as we used them formerly for the 
ratios for any three oblique or rectangular lines. L^t m, n 
be the direction cosines of any line, with reference to the three 
principal axes. Thus, 


Ir, rnr, nr 



Elongation 
and change 
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being the three initial co-ordinates of a point P, at a distance 
OP=r, from the origih in the direction /, m, n; the co-ordinates 
of the same Jioint of the body, with reference to the same rect- 
angular axes, become, in the altered statS, 

a/r, ySwr, 

Hence the altered length of OP is 

and therefore the elongation” of the body in that direction is 

(a2Z2+jSaw*-hyW)i — 1. 

For brevity, let this be denoted by f — 1, ix. 
let f = {aH^ -f 

The direction-cosines of OP in its altered position are 

al fim yn 

. T' T’ T’ 

and therefore the angles XOP, YOP^ ZOP are altered to having 
their cosines of these values respectively, from having them of 
the values Z, wi, n. 

The cosine of the angle between any two lines OP and OP', 
specified in the initial condition of the body by the direction- 
cosines Z', w', is 

ZZ'-f mm + nn', 

in the initial condition of the body, and becomes 

aHV + P^mm' -f- y^nn 

in the altered condition. 

165 . With the same data the alteration of angle between 
any two planes of the body may also be easily determined, 
either geometrically or analytically. 

Let Z, m, n be the cosines of the angles which a plane makes 
with the planes YOZ, ZOX, XOY, respectively, in the initial 
condition of the body. The effects of the change being the same 
on all parallel planes, we may suppose the plane in question to 
pass through. 0; and therefore its equation will be 

Ix+m^+nz^O, 

In the altered condition of the body we shall have, as before, 

^= 0 ®, C==YZ, 

for the altered co-ordinates of any point initially x, y, z. Hence 
the equation of the altered plane is 

.mn) , ny_. 
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But the planes of reference are still rectangular, according to our change of 
present supposition. Hence the cosines of the inclinations of beSy^ ^° ^*'** 
the pl^ne in question, to YOZ^ ZOX^ XOYy in the altefed con- 
dition of the body, are altered from /, niy n to 

I m n 

respectively, where for brevity 


If we have a second plane similarly specified by l\ m y n' y in the 
initial condition of the body, the cosine of the angle between the 
two planes, which is 

ll + nn' 


in the initial condition, becomes altered to 

ll' . nn 

.1^ n^A ni ^ n'^ A 


166 . Returning to elongations, and considering that these conicai sur- 
are generally different in different directions, we perceive that elongation, 
all lines through any point, in which the elongations have any 
one value intermediate between the greatest and least, must lie 
on a determinate conical surface. This is easily proved to be 
in general a cone of the second degree. 


For, in a direction denoted by direction cosines /, m, w, we 
have 

a^/2 + j 

where f denotes the ratio of elongation, intermediate between a 
the greatest and y the least. This is the equation of a cone of 
the second degree, ly m, n being the direction cosines of a gene- 
rating line. 

167 . In one particular case this cone becomes two planes, two piaucft 
the planes of the circular sections of the strain ellipsoid. toSm® 

4 

Let {’=)S. The preceding equation becomes 
a */* + ( 1 — w * ) = 0 
or since 1 — 771®=/*+^®, 

(a2 — — (J3^ — y3)yj2--0. 

The first member being the product of two factors, the equation 
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is satisfied by putting either =0, and therefore the equation re- 
presents the two planes whose equations are 

/(a* — — 7")^=0, 

and 7 *)i= 0 , 

respectively.* 

This is the case in which the given elongation is equal 
to that along the mean principal axis of the strain ellipsoid. 
The two planes are planes through the mean principal axis of 
the ellipsoid, equally inclined on the two sides of either of the 
other axes. The lines along which the elongation is equal to 
the mean principal elongation, all lie in, or parallel to, either 
of these two planes. This is easily proved as follows, without 
any analytical investigation. 

168. Let the ellipse of the aiinexed diagram represent the 
section of the strain ellipsoid through the greatest and least 

principal axes. Let SOS, TOT be 
the two diameters of this ellipse, 
which are equal to the mean principal 
axis of the ellipsoid. Every plane 
through 0, perpendicular to the plane 
of the diagram, cuts the ellipsoid in 
an ellipse of which one principal axis is the diameter in 
which it cuts the ellipse of the diagram, and the other, the 
mean principal diameter of the ellipsoid. Hence a plane 
through either 88\ or TT, perpendicular to the plane of the 
diagram, cuts the ellipsoid in an ellipse of wMlch the two 
principal axes are equal, that is to say, in a cirae. Hence the 
elongations along all lines in either of these planes are equal 
to the elongation along the mean principal axis of the strain 
ellipsoid. 

169. The consideration of the circular sections of the strain 
ellipsoid is highly instructive, and leads to important views 
with reference to the analysis qf the most general character of 
a strain. First let us suppose there to be no alteration of 
volume on the whole, . and neither elongation nor contraction 
along the mean principal axis. That is to say, let /8= 1, 

and y=i (§ 162). 
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Let OX and OZ be the directions of elongation a 


contraction 1 


f 


— respectively. 


- 1 and Distortion 
in parallel 

Let A be any point of the ouuhange^' 

of volume. 


body in its primitive condition, 
and A, the same point of the 
altered body, so that OA, = aOA. 

Now, if we take 0(7= OA , 
and if C5 be the position of that 
point of the body which was in 
the position G initially, we shall 

have 00. = — 0(7, and therefore 


X^- 


a 


• i 

C 


V- 

A X 


/..-- A • 
P/ 

v 


C" 

1 


•X 


OCf = OA. Hence the two tri- 
angles GOA and 0,0 A ^ are equal and similar. 

Hence OA experiences nt) alteration of length, but takes i^^iai and 
the altered position G,Ai in the altered position of the body , tion of lines 

1 of no elonga- 

Similarly, if we measure on XO produced, OA and OA, equal 
respectively to OA and OA,, we find that the line OA' ex- 
periences no alteration in length, but takes the altered position 


Consider now a plane of the body initially through OA per- 
pendicular to the plane of the diagram, which will be altered 
into a plane through 0,A,, also perpendicular to the plane of 
the diagram. All lines initially perpendicular to the plane of 
the diagram remain so, and remain unaltered in length. A O 
has just been proved to remain unaltered in length. Hence 
(§ 158) all Knes in the plane we have just drawn remain un- 
altered in len^h and in mutual inclination. Similarly we see 
that all lines in a plane through (74', perpendicular to the 
plane of the diagram, altering to a plane through C>4/, per- 
pendicular to the plane of the diagram, remain unaltered in 
length and in mutual inclination. 

170 . The precise character of the strain we have now under 
consideration will be elucidated by the following : — Produce 
(70, and take 00' and OGl respectively equal to 00 and 0(7;. 
Join G'A, G'A', 01 A,, and (7/4/, by pl^in and dotted lines as 
in the diagram. Then we see that the rhombus GAO' A' (plain 
lines) of the body in its initial state becomes the rhombus 
O, A, O’, A I (dotted) in the altered condition. Now imagine 
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inHiai^and the body thus stmined to be moved as a rigid body (ie., 

tion of ^nes with its state of strain kept unchanged) till coincides 
ofnoeionga keeping all the lines of tlA diagram 

stni in the same plane. A,'0 \^1 take a 
position in CA' produced, as shown in the 
new diagram, and the original and the 
altered parallelogram will be on the same 
base AC', arid between the same parallels 
AC' and CA,', and their other sides will be 
equally inclined on the two sides of a per- 
pendicular to them. Hence, irrespectively 
of any rotation, or other absolute motion of the body not in- 
volving change of form or dimensions, the strain under con- 
sideration may be produced by holding fast and unaltered the 
plane of the body through AC' perpendicular to the plane of 
the diagram, and making every plane parallel to it slide, keep- 
ing the same distance, through a space proportional to this 
distance (ie., different planes parallel to the fixed plane slide 
through spaces proportional to their distances). 

Simple shear. 171 . This kind of strain is called a simple shear. The 

plane of a shear is a plane perpendicular to the undistorted 
planes, and parallel to the lines of their relative motion. It 
has (1.) the property that one set of parallel planes remain 
each unaltered in itseK; (2.) that another «et of parallel planes 

remain each unaltered in itself. This 
other set is found when the first set and 
^ the degree or amount of shear are given, 
thus: — Let CC, be the motion of one 
point of one plane, relative to a plane 
KL held fixed — the diagram being in a 
plane of the shear. Bisect CC, in N. 
Draw NA perpendicular to it. A plane 
perpendicular ta the plane of the dia- 
gram, initially through AC, and finally through ACi, remains 
unaltered in its dimensions. 

172 . One set of parallel undistorted planes, and the amount 
of their relative parallel shifting having been given, we have 
just seen how to find the other set. The shear may be other- 
wise viewed, and considered as a shifting of this second set of 
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parallel planes, relative to any one of them. The amount of 
this relative shifting is of course equal to that of the first set, 
relatively ^ one of them. 

173. The principal axes of a shear are the lines of maxi- 
mum elongation and of maximum contraction respectively. 

They may be found from the preceding construction (§ 171), 
thus rin the plane of the shear bisect the obtuse and 
acute angles between the planes destined not to become de- 
formed. The former bisecting line is the principal axis of 
elongation, and the latter is the principal axis of contraction, 
in their initial positions. The former angle (obtuse) becomes 
equal to the latter, its supplement (acute), in the altered con- 
dition of the body, and the lines bisecting the altered angles 
are the principal axes of the strain in the altered body. 

Otherwise, taking a plane of shear for the plane of the 
diagram, let AB be a line in which it is cut by one of either 
set of parallel planes of no distortion. 

On any portion ABoi this as diameter, 
describe a semicircle. Through (7, its 
middle point, draw, by the preceding 
construction, CD the initial, and CE ^ 
the final, position of an unstretched 
line. Join DA, DB, EA, EB, DA, DB are the initial, and 
EA, EB the final, positions of the jjjrincipal axes. 

174. The ratio of a shear is the ratio of elongation and con- Measure of 

a shear. 

traction of its principal axes. Thus if one principal axis is 
elongated in the ratio 1 : a, and the other therefore (§ 169) con- 
tracted in the ratio a : 1, a is called the ratio of the shear. It 
will be convenient generally to reckon this as the ratio of 
elongation ; that is to say, to make its numerical measure 
greater than unity. 

In the diagram of § 173, the ratio of DB to EB, or of EA to 
DA, is the ratio of the shear. 

175. The amount of a shear is the amount of relative 
motion per unit distance between planes of no distortion. 

It is easily proved that this is equal to the excess of the 
ratio of the shear above its reciprocal 

1 

Since DCA:s^2DBA, and ianDBA^i— we have tanZ)(X4= ^ • 

a a* — 1 
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But 

Hence 


DE=z^CNtsinDCN^2CNcot DCA. 
'CN~ 2a ~ a' 


bined. 


SeSflwSon 176. The planes of no distortion in a simple shear are 
of a shear, clearly the circular sections of the strain ellipsoid. In the 
ellipsoid of this case, be it remembered, the mean axis remains 
unaltered, and is a mean proportional between the greatest and 
the least axis. 

177. If we now suppose all lines perpendicular to the 
sioVcom- shear to be elongated or contracted in any pro- 

portion, without altering lengths or angles in the plane of the 
shear, and if, lastly, we suppose every line in the body to be 
elongated or contracted in some other fixed ratio, we have 
clearly (§ 161) the most general possible kind of strain. Thus 

if s be the ratio of the simple shear, for which case s, 1, — are 

s 

the three principal ratios, and if we elongate lines perpendicular 
to its plane in the ratio 1 : m, without any other change, we 
have a strain of which the principal ratios are 


Sy m. 


s 


If, lastly, we elongate all lines in the ratio 1 : ti., we have a 
strain in which the principal ratios are 


n 

nspnm, — , 
s 


Analysis of 
a strain. 


• • Tt 

where it is* clear that ns, nm, and — may have any values 

whatever. It is of course not necessary that nm be the mean 
principal ratio. Whatever they are, if we call them a, y re- 
spectively, we have 


S=s/ 


a 


«= V ay ; and m= 



178. Hence any strain (a, /3, y) whatever may be viewed as 
compounded of a imiform dilatation in all directions, of linear 

ratio superimposed on a simple elongation in the 

Vay 

direction of the principal axis to which fi refers, superimposed 


on a simple shear, of ratio (or of amount V— — V-^) in the 

y y a' 


plane of the two other principal axes. 
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179. It is clear that these three elementary component Analysis of 
strains maybe applied in any other order as well as that*'®^”*^" 
stated. Thus, if the simple elongation is made first, the body 

thus altered must get just the same shear in planes perpen- 
dicular to the line of elongation, as the originally lyaaltered 
body gets when the order first stated is followed. Or the 
dilatation may be first, then the elongation, and finally the 
shear, and so on. 

180. In the preceding sections on strains, we have con- Displace- 
sidered the alterations of lengths of lines of the body, and of 
angles between lines and planes of it ; and we have, in parti- 

cular cases, founded on particular suppositions (the principal hew Axed, 
axes of the strain remaining fixed in direction, § 169, or one 
of either set of undistorted planes in a simple shear remain- 
ing fixed, § 170), considered the actual displacements of, parts 
of the body from their original positions, to complete 

the kinematics of a non-rigid solid, it is necessary to take a 
more general view of the relation between displacements and 
strains. It will be sufficient for us to suppose one point of 
the body to remain fixed, as it is easy to see the effect of super- 
imposing upon any motion with one point fixed, a motion of 
translation without strain or rotation. 

181. Let us therefore suppose one point of a body to be 
held fixed, and any displacement whatever given to any point 
or points of it, subject to the conditibn that the whole substance 
if strained at all is homogeneously strained. 

Let OX, OT, OZ be any three rectangular axes, fixed with 
reference to the initial position and condition of the body. Let 
X, y, z be the initial co-ordinates of any point of the body, and 
3^1, yi, be the co-ordinates of the same point of the altered body, 
with reference to those axes unchanged. The condition that the 
strain is homogeneous throughout is expressed by the following 
equations : — 

Xi = [Xx]ic+[Xy]y-\-{Xzy, 
y,=\Tx-\x-{-[Tyy,+iYzy, [■ (1) 

Zi=[Zx]aj-t-[Zy]y-|-[Z«]2, J 

\ 

where [JTo?], {Xy\, etc., are nine quantities of absolutely arbi- 
trary values, which are the same for all values of x, y, z, 

[Xo?], {Yoc~\, [Zx"] denote the three final co-ordinates of a point 
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originally at unit distance along OX^ from O. They are, of 
course, proportional to the direction- cosines of the altered posi- 
tion of the line primitively coinciding with OX^ Similarly for 
m [Yyl [Zyl etc. 

Let it be required to find, if possible, a line of the body which 
remains unaltered in direction, during the change specified by 
w, etc. Let X, z, and a?i, yi, ^i, be the coordinates of the 
primitive and altered position of a point in such a line. We 


—=—=—=€, where € is the elongation of the 

y / O 


must have 

X y z 

line in question. 

Thus we have a?i=€a?, etc., and therefore 
{[Xx] — €}x +[Xy-\y +[Xz 

[Yx]x+{[Yy] — ^}y +[Yz 

[Zx]x -lr[Zy]y+{{Zz] 


;>= 0 , 1 
r>=0, [. 

}.-= 0 . ) 


( 2 ) 


From these equations, by eliminating the ratios x\y\z according 
to the well-kdown algebraic process, we find 

([Xc] — c) ([ Yy\ — «) ([2z] — «) 

- [ {Zy]{[^x]- c) - [Zx][Xz]{[ Yy]-f) - [Xy] [ Yx]([Zz] - 1 ) 

+ [Xz] [Yx] [Zy]-\-[Xy] [Yz] [Zx]=0. 

This cubic equation is necessarily satisfied by at least one real 
value of e, and the two others are either both real or both ima- 
ginary. Each real value of c gives a real solution of the problem, 
since any two of the preceding three equations with it, in place of 
€, determine real values of the ratios x:y :z. If the body is rigid 
(e.c., if the displacements are subject to the condition of producing 
no strain), we know (ante^ § 95) that there is just one line 
common to the body in its two positions, the axis round which it 
must turn to pass from one to the other, except in the peculiar 
cases of no rotation, and of rotation through two right angles, 
which are treated below. Hence, in this case, the cubic equation 
has only one real, and therefore it has two imaginary, roots. The 
equations just formed solve the problem of finding the axis of 
rotation when the data are the actual displacements of the points 
primitively lying in three given fixed axes of reference, OX, OF, 
OZ ; and it is worthy of remark, that the practical solution of 
this problem is founded on the one real root of a cubic which 
has two imaginary roots^ 

Again, on the other hand, let the given displacements be 
made so as to produce a strain of the body with no angular 
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displacement of the principal axes of the strain. Thus three lines Di8i>iace- 
of the body remain unchanged. Hence there must be three real body, rigid 
roots of the equation in €, one for each such axis ; and the three poin?of 
lines determined by them are necessarily at right angles to one JlSa fljJed. 
another. 

But if neither of these conditions holds, we may have three 
real solutions and three oblique lines of directional ideqi^iity ; or 
we may have only one real root and only one line of directional, 
identity. 

An analytical proof of these conclusions may easily be given ; 
thus we.may write the cubic in the form — 

Xx], [Xy], [Xz] _ [rs]| + |[Zz], [Zx]\+\[Xx], 

Yx], [Yy], [Fi] \ [Zy], [Zz] [Xz], [Xx] [Yx], [Yy] > 
-Zxl[Zyl[Zz] +*‘{[jra;] + [F3,]+[Z2]}-*»=0. (3). 

In the particular case of no strain, since [Aa?], etc., are then 
equal j not merely proportional^ to the direction- cosines of three 
mutually perpendicular lines, we have by well-known geometrical 
theorems 

Xa?], [X^], [X 2 :] =1, and [Xa:], etc. 

[Yyl [Yz] [Zyl [Zz] 

\[Zx], [Zy], [Zz]\ 

Hence the cubic becomes 

1 — («—«*) {[Xx]+lYy2+[Zz]} — t’‘=0, 
of which one root is evidently €=1. This leads to the above 
explained rotational solution, the line determined by the value 1 
of € being the. axis of rotation. Dividing out the factor 1 — e, 
we *get for the two remaining roots the equation 

1- ([Xa?] + [X^] + [X^] — l)e+€^ = 0, 
whose roots are imaginary if the co-efl5cient of € lies between 
+2 and — 2. Now +2 is evidently its greatest value, and for 
that case the roots are real, each being unity. Here there is no 
rotation. Also — 2 is its lecLst value, and this gives us a pair of 
values each = — 1, of which the interpretation is, that there is 
rotation through two right angles. In this case, as in general, 
one line (the axis of rotation) is determined by the equations (2) 
awith the value + 1 for € ; but with € = — 1 these equations are 
satisfied by any line perpendicular to the former. 

The limiting case of two equal roots, when there is strain, is 
an interesting subject which may be left as an exercise. It 
separates the cases in which there is only one axis of directional 
identity from those in which there are three. 

Let it next be proposed to find those lines of the body whose 
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elongations are greatest or least. For this purpose we must find 
the equations expressing that is a maximum, when 

a constant. First, we have 

Xi^+yi^+Zi^:=^Ax^+By^+Cz^+2{ayz+hzx+cxy) ( 4 ) 

where ' ^ 

A =[Xxy + [Yxy + iZxJ 

B=[Xyy + [ Yyy -f [Zy^ 

C=^lXzJ + [ YzJ + [zzy 
a=lXy-]lXz-] + lYy^lYz] + [Z^][Z^] 
b=lXz^lXx^ + C^^][ 
c^lXx-]lXy-] + lYx']lYy'] + [Zx][Zj^] 

The equation 

Ax^ + By^ + Cz^ 4r^{(^yz4rbzx+cxy ) = rj * (6) 

where Vx is any constant, represents clearly the ellipsoid which a 
spherical surface, radius rj, of the altered body, would become if 
if the body were restored to its primitive condition. The problem 
of making Vx a maximum when r is a given constant, leads to the 
following equations : — 

x^+y^-\-z^=zr^, (7) 

xdx+ydy+zdz=:^ 0 , | 

{Ax+cy+hz)dx4-‘[cx+By-\-ciz)dy+{bx-\’Cty+Cz)dz=^0,\ ' 
On the other hand, the problem of making r a maximum or mini- 
mum when r 1 is given, that is to say, the problem of finding maxi- 
mum and minimum diameters, or principal axes, of the ellipsoid 
(6), leads to these same two differential equations (8), and only 
differs in having equation (6) instead of (7) to complete the de- 
termination of the absolute values of x, y, and z. Hence the 
ratios x:y:z will be the same in one problem as in the other ; 
and therefore the directions determined are those of the principal 
axes of the ellipsoid (6). We know, therefore, by the properties 
of the ellipsoid, that there are three real solutions, and that the 
directions of the three radii so determined are mutually rect- 
angular. The ordinary method (Lagrange’s) for dealing with the 
differential equations, being to multiply one of them by an arbi- 
trary multiplier, then add, and equate the co-efficients o# the 
separate differentials to zero, gives, if we take — c as the arbi- 
trary multiplier, and the first of the two equations the one multi- 
plied by it, 

{A-.) X -^cy +bzs=:0, 

cx4 “(^ — €)y 

bx •€)<2?s=0. 



(9) 
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We may find what c means if we multiply the first of these by x, 
the second by y, and the third *by z, and add ; because we thus 
obtain 

Ax* + + Cz* + 2{ayz+bzx+cx^) — €{x* +y* +z*) = 0, 
or ri*— €r*=0, 

which gives 

Eliminatiy; the ratios x\y\z from (9), by the usual method, we 
have the well-known determinant cubic 

of which the three roots are known to be all real. Any one of 
the three roots if used for e, in (9), harmonizes these three equa- 
tions for the true ratios x\y\z; and, making the co-efficients of 
37 , y, z in them all known, allows us to determine the required 
ratios by any two of the equations, or symmetrically from the 
three, by the proper algebraic processes. Thus we have only to 
determine the absolute magnitudes of a?, y, and z^ which (7) 
enables us to do when their ratios are known. 

It is to be remarked, that when \Yz\’=\Zy\ \Z3c\=\Xz\i and 
[Ay]=[Fa7], equation (3) becomes a cubic, the squares of whose 
roots are the roots of (11), and that the three lines determined 
by (2) in this case are identical with those determined by (9). 
The reader will find it a good analytical exercise to pi^ove this 
directly from the equations. It is a necessary consequence of 
§ 183, below. 

We have precisely the same problem to solve when the ques- 
tion proposed is, to find what radii of a sphere remain perpendicular 
to the surface of the altered figure. This is obvious when viewed 
geometrically. The tangent plane is perpendicular to the radius 
when the radius is a maximum or minimum. Therefore, every 
plane of the body parallel to such tangent plane is perpendicular 
to the radius in the altered, as it was in the initial condition. 

The analytical investigation of the problem, presented in the 
second way, is as follows : — 

• Let li3Ci+m^yx+niZi^ 0 #(12) 

be the equation of any plane of the altered substance, through 
the origin of co-ordinates, the axes of co-ordinates being the 
same fixed axes, OX, OY, OZ, which we have used of late. The 
direction cosines of a perpendicular to it are, of coiu*se, propor- 
tional to li, rriiy n,. If, now, for Xi, y\, Zi, we substitute their 
values, as in (1), in terms of the co-ordinates which the same 
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point of the substance had initially, we find the equation of the 
same plane of the body in "its initial position, which, when the 
terms are grouped properly, is this — 

{ [Xx ] + wii [ Yx] + ni[Zx] }x+{li [Xy ] + »? i [ Ty] + [Zy] }y 
-\-{li[Xz\+mi[Yz]+ni\Zz^}z^() (13) 

The direction cosines of the perpendicular to the plane are pro- 
portional to the co-efficients of a?, y, z. Now these are to be the 
direction cosines of the same line of the substanc Ais was altered 
into the line Zj i twi : Wi. Hence, I \m\n are quantities propor- 
tional to the direction cosines of this line in its initial position, 
we must have 

h{Xx\ + Mx\Yx\-\-ni\Zci^==-€l A 
^i[^y]+»n,[ry]+n, [%]=«» I (14) 

l^\Xz^-\-mi[Zz^-\-ni[Zz^=€n i 

where c is arbitrary. Suppose, to fix the ideas, that Zj, Wj, 
are the co-ordinates of a certain point of the substance in its 
altered state, and that Z, m, n are proportional to the initial co- 
ordinates of the same point of the substance. Then we shall 
have, by the fundamental equations, the expressions for Zj, twi, 
in terms of Z, m, n. Using these in the first members of (14), 
and taking advantage of the abbreviated notation (5), we have 
precisely the same equations for Z, m, n as (9) for x, y, z above. 

182. From the preceding analysis it follows that any homo- 
geneous strain whatever applied to a body generally changes a 
sphere of the body into an ellipsoid, and causes the latter to 
rotate about a definite axis through a definite angle. In 
particular cases the sphere may remain a sphere. Also there 
may be no rotation. In the general case, when there is no 
rotation, there are three directions in the body (the axes, of the 
ellipsoid) which remain fixed; when there is rotation, there 
are generally three such directions, but not rectangular. Some- 
timqp, however, there is but one. 

183. When the axes of the ellipsoid are lines of the body 
whose direction does not change, the strain is said to be jpure, 
or unaccompanied by rotation. The strains we have already 
considered were more general than ijiis, being pure strains 
accompanied by rotation. We proceed to find the analytical 
conditions of the existence of a pure strain. 
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Let OlSi^ 0^" be the three principal a>:es of the strain, pure strain, 

and let /, w, m', n\ l'\ n' 

be their direction cosines. Let a, a', a" be the principal elonga- 
tions. Then, if be the position of a point of the un- 
altered body, with reference to 0^, its position in 

the body when altered will be a^, a a'^" . But if a?, y, z bo 
its initial, and a?i, 2^1 its final, positions with reference to 

OX^ OYj OZj we have 

^=zlx+m^+nz^ ^'= etc., ^ = etc., (15) 

and Xi=la^-{-l'a^'-\-r'a'^'\ = etc., z^ = etc. 

For substitute their values (15), and we have x^^ ^ 1 , in 

terms of a?, ,y, z^ expressed by the following equations : — 


xi—{cd^ -h of' V'^) x-\-{alm -{-a'l'm' a" I" m") y-{-(aln 4-aX>*' z 

yi==;(awZ-l-a'wT-l-a"m'7'')a;-|-(aw® -fa'wi'* •+• a'' -\-a!'m''n'')z 


(16) 


Hence, comparing with (1) of § 181, we have 
Xx etc.; 

Zy\ =[y2:]s=a???7i + a'mV+tt"»?"/ 2 ", etc. 

In these equations, /, Z", w, m', m", w, n', w", are deducible 

from three independent elements, the three angular co-ordinates 
(§ 100, above) of a rigid body, of which one point is held fixed; 
and therefore, along with a, a', a", constituting in all six in- 
dependent elements, may be determined so as to make the six 
members of these equations have any six prescribed values. 
Hence the conditions necessary and sufficient to insure no rotation 
are 



iZy-]=iY£\, iXz-\=iZxl iXy]=[Yx1 (18) 


184 . If a body experience a succession of strains, each un- Ooniposiu.m 
accompanied by rotation, its resulting condition will generally strains! 
be producible by a strain and a rotation. From this follows 
the remarkable corollary that three pure strains produced one 
after another, in any piece of matter, each without rotation, 
majr be so adjusted as to leave the body unstrained, but rotated 
through some angle about some axis. We shall have, ]p,ter, 
most important and interesting applications to fluid motion, 
which (Chap, ii.) will be proved to be instantaneously, or dif- 
ferentially, irrotational ; but which may result in leaving a 
whole fluid mass merely turned round from its primitive posi- 
tion, as if it had been a rigid body. The following elementaiy 
geometrical investigation, though not bringing out a thoroughly 
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Composition Comprehensive view of the subject, affords a rigorous demon- 
stroSSl stration of the proposition, by proving it for a particular case. 

Let us consider, as above (§ 171), a simple shearing motion ; 
a point 0 being held fixed, the matter of the body in a 
plane, cutting that of the diagram perpendicularly in GD, to 
move in this plane from right to left parallel to CD ; and so in 
other planes parallel to it, motions proportional to their dis- 
tances from 0. Consider first a shear from P to P^ ; then 
from Pj oji to P/, ; and let 0 be taken in a line through P^, per- 
pendicular to (7P. The 
shear from P to P, is, 
of course, the same as 
from P to P;, if PP/ 
= PP,. Suppose, for 
instance, P^P=P/P, =:^P, P. Now, as we have seen above 
(§ 173), the line of the body, which is the principal axis of con- 
traction in the shear from P to P/, is OA, bisecting the angle 
P'OP at the beginning, and OA,, bisecting Pi OP at the end of 
the motion. The angle between these two lines is half the angle 
P/OP, that is to say, is equal to P,OP. Hence, if the plane 
CD is rotated through an angle equal to P,OP\ in plane of 
diagram, in the same way as the hands of a watch, during the 
shear from P to P/ or, which is the same thing, the shear from 
P to P , this shear will be effected without final rotation of its 
principal axes. (Imagine the diagram turned round till OA , lies 
along OA, Tlie actual and the newly imagined position of CD 
will show how this plane of the body has moved during such 
non-rotational shear.) 

Now, let the second step, P, to P,„ be made so as to com- 
plete the whole shear, P to P,„ which vre have proposed to 
consider. Such second partial shear may be made by the com- 
mon shearing process parallel to the new position (imagined in 
the preceding parenthesis) of CD, and to make itself also non- 
rotational, as its predecessor has been made, we must turn 
farther round, same way, through an angle' equal to P/OP,. 
Thus in these two steps, each made non-rotational, we have 
turned the plane CD round through an angle equal to PI OP. 
But now, we have a whole shear PP„ ; and to make this as one 
non-rotational shear, we must turn CD through an angle P,OP 
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only, which is less than Pi OP* by the excess of OP' above composition 
P'OP. Hence the resultant of the two shears, PP^yP^ P^, each Jteains. 
separately deprived of rotation, is a single shear PP,,, and a 
rotation of its principal axes, in the direction of the hands of 
a watch through an angle equal to P' OP, — POP'. 

185 . Make the two partial, shears each non-rotationally. 

Eeturn from their resultant in a single non-rotational shear : 
we conclude with the body unstrained, but turned through 
an angle equal to P'OP^ — POP', in the same direction as the 
hands of a watch. 

= Ax cy hz 
Zx'==‘bxAr<^yA’^z 

is (§ 183) the most general possible expression for the displace- 
ment of any point of a body of which one point is held fixed, 
strained according to any three lines at right angles to one 
another, as principal axes, which are kept fixed in direction, 
relatively to the lines of reference OX, OF, OZ, 

Similarly, if the body thus strained be again non-rotationally 
strained, the most general possible expressions for ya, 
the co-ordinates of the position to which a?i, yi, will be brought, 
are 

x.^^AxXxA’CxyxArbiZx 
ya=f*i^i+/Ayi+«i2^i • 

22=Mi+«iyi+C7i^i 

Substituting in these, for a?!, yj, Zx^ their preceding expressions, 
in terms of the primitive co-ordinates, x, y, we have the follow- 
ing expressions for the co-ordinates of the position to which the 
point in question is brought by the two strains ; — 

x^^{AxAArCxcA-bxb)xA-(AxcArCiB’\-bia)yA‘(AibA-Cia -f- biG)z 
2^^=z{cxA+B\cA‘(^\b)x+(cxC’\‘PJ^-{‘Cixo)y-\“(c\b+Pi^‘¥^iG)z 
z^^^ipxAAr G xb^x (fixcAr ^\B G \C^y H" ctxct •\’G xG^z 

The resultant displacement thus represented is not generally of 
the non-rotational character, the conditions (18) of § 183 not 
being fulfilled^ as we see immediately. Thus, for instance, we 
see that the co-efficient of y in the expression for a?,, is not 
necessarily equal to the co-efficient of x in the expression for yg. 

Cor , — If both strains are infinitely small, the resultant displace- 
ment is a pure strain without rotation. For A, P, C,A,, 

Bit C, 

are each infinitely nearly unity, and a, b, etc., each infinitely 
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small. Hence, neglecting the products of these infinitely small 
quantities among one another, and of any of them with the differ- 
ences between the former and unity, we have a resultant dis- 
placement 

AiAx-j- (c4-Ci)3^+ 
y2=(ci4-c)a?+ 

^ 2 =(^i+^)^+(ai+a)y+ Cz 
which represents a pure strain unaccompanied by rotation. 

186. The measurement of rotation in a strained elastic solid, 
or in a moving fluid, is much facilitated by considering sepa- 
rately the displacement of any line of the substance. We are 
therefore led now to a short digression on the displacement of 
of a curve, which may either belong to a continuous solid or 
fluid mass, or may be an elastic cord, given in any position. 
The propositions at which we shall arrive are, of course, appli- 
cable to a flexible but inextensible cord (§ 14, above) as a 
particular case. 

It must be remarked, that the displacements to be con- 
sidered do not depend merely on the curves occupied by the 
given line in its successive positions, but on the corresponding 
points of these curves. 

Wliat we shall call tangential displacement is to be thus 
reckoned : — Divide the undisplaced curve into an infinite number 
of infinitely small equal parts. The product of the sums of 
the tangential components of the displacements from all the 
points of division, multiplied by the length of each of the in- 
finitely small paits, is the entire tangential disjglacement of the 
curve reckoned along the undisplaced curve. The same reckon- 
ing carried out in the displaced cuive is the entire tangential 
displacement reckoned on the displaced^ curve. 

187. The whole tangential displacement of a curve reckoned 
along the displaced curve, exceeds the whole tangential dis- 
placement reckoned along the undisplaced curve by half the 
rectangle under the sum and difference of the absolute 
terminal displacements, reckoned positive when the displace- 
ment of the end towards which the tangential components are 
reckoned positive exceeds that at the other. This theorem 
may be proved by a geometrical demonstration which the 
reader may easily supply. 
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Analytically thus : — ^Let x, y, z be the co-ordinates of any Two 
point, jP, in the undisplaced curve; Xi, yi, Zi, those of Pi the gentiaidia- 
point to which the same point of the curve is displaced. Let compared. 
dx, d^j dz be the increments of the three co-ordinates corre- 
sponding to any infinitely small arc, ds of the first ; so that 

= ( dx"^ + dy^ 4 " ) 1 , 

and let corresponding notation apply to the corresponding 
element of the displaced curve. Let B denote the angle between 
the line PPj and the tangent to the undisplaced curve through 
P ; so that we have 


^ Xi — X dx , Vi — y 


ds 



— z dz 
ITds 


where for brevity 

Z) = { (a?i — a?)2 4- (y 1 — y)^ 4. {z^ — zy 
being the absolute space of displacement. Hence 

D cos $ds=^{xi^x)dx’^{yi •^y)dy-\-{zi'^z)dz. 

Similarly we have 

D cos OT^dsx = (xx—x)dxi’\-{yi^y)dyi-\-{zi^z)dzx 
and therefore 

D cos Oidsi—D cos 6ds={xi—x)d[xi--x)-\-{yi — y)c?(yi — y) 

-]r\zi'-z)d{z^—z) 

or D cos Olds I — Z> cos dds=^^d[D^), 

To find the difference of the tangential displacements reckoned 
the two ways, we have only to integrate this expression. Thus 
we obtain 

/i)cos(9icZsi-//9cos(9cZ5=J(i)''®~Z>'*)=i(Z>''4-Z>')(Z>''--Z;') 
where D" and D' denote the displacements of the two ends. 


, 188 . The entire tangential displacement of a closed curve Tangential 
is the same whether reckoned along the undisplaced or the mentofa 

- . ^ , closed curve. 

displaced curve. 

189 . The entire tangential displacement from one to another 
of two conterminous arcs, is the same reckoned along either 
us along the other. 


190 . The entire tangential displacement of a rigid closed Rotation of 
curve when rotated through any angle about any axis, is equal 
to twice the area of its projection on a plane perpendicular to 
the axis, multiplied by the sine of the angle. 


(a) Prop . — The entire tangential displacement round a closed 
curve of a homogeneously strained solid, is equal to in a 

4" QP 4" terms of 

' components 

of strain. 
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where P, Q, R denote, for its initial position, the areas of its 
projections on the planes YOZ^ ZOXy XOY respectively, and 
w, p, <r are as follows : — 

p=^{[Xis]-[Zac]i 

To prove this, let, farther, 

hr=^{[Xz] + [Zx]} 

Thus we have 

a^i = -4a? -|- cy + ^ 2 ? + cry — 
y^=^cX’\’By’\-aZ'\'VZ—a‘X 

=&a?+«y + Cz+px — isy 

Herce, according to the previously investigated expression, we 
have, for the tangential displacement, reckoned along the undis- 
placed curve, 

f{[xi—’x)dx-\-{yi —y)dy^r[zi —z)dz} 

=/[W — \)x^ + {B —‘l)y^+{G — l)z^+2[ayz+hzx’\- cxy) } 

•\~Ts[ydz — zdy) + p{zdx — xdz) + (r{xdy — ydx )] . 

The first part, }, vanishes for a closed curve. 

The remainder of the expression is 

isf {ydz — zdy) +pf {zdx — xdz) + or/ {xdy — ydx) 
which, according to the formulae for projection of areas, is equal 
to 2P?s-f*2Qp+2Pcr. 

For, as in § 36 (a), we have in the plane of xy 

/{xdy — ydx) ^fr^dQ 

double the area of the orthogonal projection of the curve on that 
plane ; and similarly for the other integrals. 

Q)) From this and § 190, it follows that if the body is rigid, 
and therefore only rotationally displaced, if at all, \Zy\ — [Yz] 
is equal to twice the sine of the angle of rotation multiplied by 
the cosine of the inclination of the axis of rotation to the line 
of reference OX, 

(c) And in general \Zy\ — \ Yz^ measures the entire tangential 
displacement, divided by the area on ZOY, of any closed curve 
given, if a plane curve, in the plane YOZ^ or, if a tortuous curve, 
given so as to have zero area projections on ZOX and XOY, 
The entire tangential displacement of any closed curve given in 
a plane, A, perpendicular to a line whose direction-cosines are 
proportional to «, p, o-, is equal to twice its area multiplied by 
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^(zs^+P“+o‘'^)> And the entire tangential displacement of any Tangential 
cloisd curve whatever is equal to twice the area of its projection ment^a 
on Ay multiplied by tOTmsnf 

In the transformation of co-ordinates, », p, o- transform by the 
elementary cosine law, and of course ista invariant; 

that is to say, its value is unchanged by transformation from one 
set of rectangular axes to another. 

(d) In non-rotational homogeneous strain, the entire tangential 
displacement along any curve from the fixed point to (a?, y, z), 
reckoned along the undisplaced curve, is equal to 

^{{A — l)a;* + (Z? — \)y^ + {C — \)z'^+2{ayz+bzx+cxy)}. 

Reckoned along displaced curve, it is, from this and § 187, 

if (A — l)x^-]r{B--l)y^ + {C—\)z^-{-2{ayz+bzx-\-cxy)} 

-f if [{A — l)x+cy+bz'Y+ [cx+{B — l)y+az]® 

-f [6a?-f — 1)^]*}. 

And the entire tangential displacement from one point along 
any curve to another point, is independent of the curve, /.<?., 
is the same along any number of conterminous curves, this of 
course whether reckoned in each case along the undisplaced or 
along the displaced curve. 

{e) Griven the absolute displacement of every point to find the Hetero- 
strain. Let a, Py y be the components, relative to fixed axes, ftiSin!** 
OYy OZy of the displacement of a particle, P, initially in 
the position a?, y, z. That is to say, let -sr+y be the 

co-ordinates, in the strained body, of the •point of it which was 
initially at a?, y, z. 

Consider the matter all round this point in its first and second 
positions. Taking this point P as moveable origin, let 17 , f 
be the initial co-ordinates of any other point near it, and fi, 
the final co-ordinates of the same. 


The initial and final co-ordinates of the last-mentioned point, 
with reference to the fixed axes OXy OYy OZy will be 

y+V. «+£ 

and a!+a+^„ y+P+th, «+y+fi, 

respectively ; that is to say, 

a+fi — ^+^1— ■»/» y+fi — f 

are the components of the displacement of the point which hajd 
initially the co-ordinates x+^y y+r^y z+^y or, which is the same 
thing, are the values of a, py y, when a?, y, z are changed into 

y+'Hy z+C 
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geneous 

strain. 

Infinitely 
small strain. 


Most general 
motion of 
matter. 


Hence, by Taylor’s theorem, 


. ' . da^ da .da 


V 


d/3^ dp dp f. 




dx^ dy dz 


dy 




the higher powers and products of ty, being neglected. Com- 
paring these expressions with (1) of§ 181, we see that they ex- 
press the changes in the co-ordinates of any displaced point of 
a body relatively to three rectangular axes in fixed directions 
through one point of it, when all other points* of it are displaced 
relatively to this one, in any manner subject only to the con- 
dition of giving a homogeneous strain. Hence we perceive that 
at distances all round any point, so small that the first terms 
only of the expressions by Taylor’s theorem for the differences of 
displacement are sensible, the strain is sensibly homogeneous, 
and we conclude that the directions of the principal axes of the 
strain at any point (a;, y, r), and the amounts of the elongations 
of the matter along them, and the tangential displaeements in 
closed curves, are to be found according to the general methods 
described above, by taking 


da 


dx 


[Xx] 




4 - 1 , [m= 


da 

dy 


[Xz] = 


da 

dz 




4-1, 


[Z.]=*+,. 


If each of these nine quantities is constant (e.c., the same for all 
values of a;, y, z), the strain is homogeneous : not unless. 

(/) The condition that the strain may be infinitely small is that 

da da da 
dx ^ dy ^ dz ^ 
dP dp dp 
dx ^ dy ^ dz ^ 


dy dy dy 
dx ^ dy ^ dz ^ 
must be each infinitely small. 

{g) These formulae apply to the most general possible motion 
of any substance, and they may be considered as the fundamental 
equations of kinematics. If we introduce time as independent 
variable, we have for component velocities w, w, parallel to 
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the fixed axes OX, OY, OZ, the following expressions; x, y, z, t Most general 
bemg independent variables, and a, y functions of them : — matte? 

da dB dy 

dt dt dt 

(K) If we introduce the condition that no line of the body ex- 
periences any elongation, we have the general equations for the 
kinematics of a rigid body, of which, however, we have had po|itfon‘^f 
enough already. The equations of condition to express this » 

do* 

will be six in number, among the nine quantities - , etc., which 


{g) are, in this case, each constant relatively to x, y, z. There 
are left three independent arbitrary elements to express any 
angular motion of a rigid body. 

{%) If the disturbed condition is so related to the initial con- Non-roti- 
dition that every portion of the body can pass from its initial to strain 
its ^disturbed position and strain, by a translation and a strain 
without rotation ; ix., if the three principal axes of the strain at 
any point are lines of the substance which retain their parallelism, 
we must have, § 188 (18), 

d^ dy dy da da d^ ^ 

dz dy ’ dx dz ’ dy dx ’ 

and if these equations are fulfilled, the strain is non -rotational, as 
specified. But these three equations express neither more nor 
less than that adx-\- ^dy -\-ydz 

is the differential of a function of three independent variables. 

Hence we have the remarkable proposition, and its converse, that 
if F{x, y, z) denote any function of the co-ordinates of any point 
of a body, and if every such point be displaced from its given 
position {x, y, z) to the point whose co-ordinates are 


. dF . dF 

dy 




dF 


( 1 ), 


the principal axes of the strain at every point are lines of the 
substance which have retained their parallelism. The displace- 
ment back from {x^, y^, < 2 ^ 1 ) to {x, y, z) fulfils the same condition, 
and therefore we must have 


Theorem 
of pure 
analysiB. 

where F^ denotes a function of a?,, y^, Zi, and , etc., its 

doc 2 

partial differential co-efilcients with reference to this system of 
variables. The relation between F and F^ is clearly 


dFy^ , dFy^ 


z=e,+ 


dFr 


( 3 ), 
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. dF* , dF* dF^ 

where /> — -t-t— |-T- r-t 


dF, 


d^V 

dr/i 


f7.V+ 


dF, 


t 2 


(4). 


dx^ ' df ' dz^^dx,^ ' dy,^ ' dz,* 

This, of course, may be proved by ordinary analytical methods, 
applied to fiijd a?, y, z in terms of a?!, yi, Zi^ when the latter are 
given by (1) in terms of the former. 

(J) Let a, y be any three functions of a;, z. Let dS be 
any element of a surface ; w, n the direction- cosines of its 
normal. * 

^j{adx+Pdy-\-ydz) 

the former integral being over any curvilinear area bounded by a 
closed curve ; and the latter, which may be written 

being round the periphery of this curve line. To demonstj*ate this, 
it is only necessary to remark that 

IdS—dydZy mdS=^dzdXy ndS^dxdy^ 
and to prove that between the limits assigned 

//^^dzdx-//^dxdy=/dxJl%dz+^dy)=fJ^ds ; etc. 

{k) It is remarkable that 


ffdS{l{^y--^)+md^ 


dx ^ cir dy ^ ' 


dy dz ' ' " dz 
is the same for all surfaces having common curvilinear boundary ; 
and when a, y are the components of a displacement from a?, z^ 
it is the entire tangential displacement round the said curvi- 
linear boundary, being a closed curve. It is therefore this that is 
nothing when the displacement of every part is non-rotational. 
And when it is not nothing, we see by the above propositions and 
corollaries precisely what the measure of the rotation is. 

(/) Lastly^ We see what the meaning, for the case of no rotation, 
of /{adx + fBdy + ydz)y or, as it has been called, ‘‘the displace- 
ment function,” is. It is, the entire tangential displacement along 
any curve from the fixed point 0, to the point P (a?, y, z). And 
the entire tangential displacement, being the same along all 
different curves proceeding* from one to another of any two 
points, is equal to the difference of the values of the displace- 
ment functions at those points. 


of 191. As there can be neither annihilation nor generation 

unity.’' of matter in any natural motion or action, the whole quantity 
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of a fluid within any space at any time must be equal to the 
quantity originally in that space, increased by the whole quan- 
tity that has entered it and diminished by the whole quantity 
that has left it. This idea when expressed in n perfectly com- 
prehensive manner for every portion of a fluid in motion 
constitutes what is called the '' equation of continuity f a need- 
lessly confusing expression. 

192 . Two ways of proceeding to express this idea present 
themselves, each affording instructive views regarding the pro- 
perties of fluids. In one we consider a definite portion of the 
fluid ; follow it in its motions ; and declare that the average 
density of the substance varies inversely as its volume. We 
thus obtain the equation of continuity in an integral form. 


Let a, c be the co-ordinates of any point of a moving fluid, 
at a particular era of reckoning, and let a?, y, z be the co-ordinates 
of the position it has reached at any time t from that era. To 
specify completely the motion, is to give each of these three vary- 
ing co-ordinates as a function of a, 6, c, V 

Let Sa, Sft, 8c denote the edges, parallel to the axes of co-ordi- 
nates, of a very small rectangular parallelepiped of the fluid, when 
^=0. Any portion of the fluid, if only small enough in all its 
dimensions, must (§ 190, c), in the motion, approximately fulfil 
the condition of a body uniformly strained throughout its volume. 
Hence if 8a, 86, 8c are taken infinitely small, the corresponding 
portion of fluid must (§ 156) remain a parallelepiped during the 
motion. 

If a, 6, c be the initial co-ordinates of one angular point of this 
parallelepiped; and a-t-8a, 6, c; a, 6+86, c; a, 6, c+8c; those 
of the other extremities of the three edges that meet in it ; the 
co-ordinates of the same points of the fluid at time t, will be 


y, 


Hence the lengths and direction- cosines of the edges are re 
spectively — 


** Equation 
of conti- 
nuity.” 


Integral 
equation of 
continuity. 
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Integral 
equation of 
continuity. 


Differential 
equation of 
continuity. 



dx 


da 

, da^ , dy"^ dz^ v i 


dx 


db 

( >J_ -L \ ^ 


, etc. 


etc. 


.dx^ dy^ dz^^^ 


dx 

dc 


^da? dy^ . dz^ v i 
V "T 7 ? JT \ri 7 & ) 


dc^ ' dc 

' d(^~^ d(? ^ dd 

Tke volume of this parallelepiped is therefore 

xjx ^ ^ t^dy dz ^ dx dy dz dx dy dz dx dy dz 

^da db dc da dc dh db dc da db da dc. dc da db 

or, as it is now usually written, 


, etc. 


dx dy dz 
dc db da 


)bahl)Oc 


dx dy dz | 
da^ da' da 


SaSbSc, 


dx dy dz 
db ’ '^db ’ db 
dx dy dz 
dc ^ dc ^ dc 


Now as there can be neither increase nor diminution of the 
quantity of matter in any portion of the fluid, the density, or the 
quantity of matter per unit of volume, in the infinitely small por- 
tion we have been considering, must vary inversely as its volume 
if this varies. Hence, if p denote the density of the fluid in the 
neighbourhood of (a?, y^ z) at time and po the initial density, 
we have 


dx 

dy 

dz 

da ’ 

da’ 

da 

dx 

dy 

dz 

~db' 

db ’ 

db 

dx 

dy_ 

dz 

dc' 

dc ’ 

dc 


which is the integral “ equation of continuity." 



193 , The form under which the equation of continuity is 
most commonly given, or the differential equation of continuity, 
as we may call it, expresses that the rate of diminution of the 
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density bears to the density, at any instant, the same ratio as 

the rate of increase of the volume of an infinitely small portion continuity. 

bears to the volume of this portion at the same instant. 


To find it, let 5, c denote the co-ordinateS, not when / = 0, 
but at any time t — dt, of the point of fiuid whose co-ordinates 
are z t\ so that we have 


X — a — -^dt,y — h:=-^^dt, z 


dt 


c 




according to the ordinary notation for partial differential 
efficients; or, if we denote by w, v, xo, the components of 
velocity of this point of the fiuid, parallel to the axes of 
ordinates, 

X — a=^udtf y — h=vdt, z — c—iodt. 

Hence 


dx du dy 

da da 



dz 

da 


dw 

da 



co- 

the 

CO- 


dx ^du ^ dy 




dz dw 


dx _du , dy 
dc dc ’ dc 


dv^ dz 
dc^ dc 


t . dw _ 
dc^^’ 


and, as we must reject all terms involving higher powers of dt 
than the first, the determinant becomes simply 


.du dv dw 


This therefore expresses the ratio in which the volume is aug- 
mented in time dt. The corresponding ratio of variation of 


density is 


l-b 


Dp 


if Dp denote the differential of p, the density of one and the same 
portion of fluid as it moves from the position {a, b, c) to (a?, y, z) 
in the interval qi time from t — dt to t. Hence 


du dv dw 

7 dt'^da 


(!)• 


Here p, w, r, w are regarded as functions of a, c, and and 
the variation of p implied in is the rate of the actual variation 

CIL 


of the density of an indefinitely small portion of the fluid as it 
moyes away from a fixed position (a, 5, c). If we alter the 
principle of th^ notation, and consider p as the density of what- 
ever portion of the fluid is at time t in the neighbourhood of the 
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fixed point (a, ft, c), and w, v, w the component velocities of the 
fluid passing the same point at the same time, we shall have 


dt ~ dt ^ da ^ db^ dc 


( 2 ). 


Omitting again the sufiixes, according to the usual imperfect 
notation for partial differential co-efficientsj which on our new 
understanding can cause no embarrassment, we thus have, in 
virtue of the preceding equation. 


I , dp . dp . dp , dp. du . dv . dw ^ 
p ^"di'^'^da db rfc ^'^da'^ db dc 


or, 


dt'^ da ~ db 




which is the differential equation of continuity, in the form in 
which it is most commonly given. 


194 . The other way referred to above (§ 192) leads im-* 
mediately to the differential equation of continuity. 

Imagine a space fixed in the interior of a fluid, and consider 
the fluid which flows into this space, and the fluid which flows 
out of it, across different parts of its bounding surface, in any 
time. If the fluid is of the same density and incompressible, 
the whole quantity of matter in the space in question must re- 
main constant at all timds, and therefore the quantity flowing 
in must be equal to the quantity flowing out in any time. If, 
on the contrary, during any period of motion, more fluid enters 
than leaves the fixed space, there will be condensation of 
matter in that space ; or if more fluid leaves than enters, there 
will be dilatation. The rate of augmentation of the average 
density of the fluid, per unit of time, in the fixed space in 
question, bears to the actual density, at any instant, the same 
ratio that the rate of acquisition of matter into that space bears 
to the whole matter in that space. 

Let the space S be an infinitely small parallelepiped, of which 
the edges a, y are parallel to the axes of co-ordinates, and let 
a?, y, z be the co-ordinates of its centre ; so that a? ± ^ a, ^ ± ^ 
z ±^y are the co-ordinates of its angular points. Let p be the 
density of the fluid at (a:, y, 2:), or the mean density through the 
space /S», at the time t: The density at the time dt will be 

p ^ dt ; and hence the quantities of flhid contained in the 
01 
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space Sf at the times t, and t + dt, are respectively pa/3y and Differential 

(p 4- — ^ di) a/3y. Hence the quantity of fluid lost (there will of ®®****""**=5' 
dt 


■dp 

course be an absolute gain if be positive) in the time dt is 


dt 


aPydt 


(a). 


Now let Uy V, w be the three components of the velocity of the 
fluid (or of a fluid particle) at P. These quantities will be func- 
tions of Xy yy z (involving also t, except in the case of steady “ steady 
motion ^^), and will in general vary gradually from point to point defined, 
of the fluid ; although the analysis which follows is not restricted 
by this consideration, but holds even in cases where in certain 
places of the fluid there are abrupt transitions in the velocity, 
as may be seen by considering them as limiting cases of motions 
in which there are very sudden continuous transitions of velocity. 

If to> be a small plane area, perpendicular to the axis of Xy and 
having its centre of gravity at P, the volume of fluid which 
flows across it in the time dt will be equal to u<j>dty and the 
mass or quantity will be pu<adt. If we substitute (By for (o, 
the quantity which flows across either of the sides (By of the 
parallelepiped Sy will differ from this only on account of the 
variation in the value of pu\ and therefore the quantities which 
flow across the two sides (By are respectively 

{ ]Pydt, 

and {pu + ^a 


Hence Pydt, or ^i^!^ a/Bydt is the excess of the quantity 

dx dx 

of fluid which leaves the parallelepiped across one of the faces 
/By above that which enters it across the other. By considering 
in addition the effect of the motion across the other faces of the 
parallelepiped, we find for the total quantity of fluid lost from the 
space S, in the time dty 


^dx dy dz ^ ^ * 


(b). 


Equating this to the expression (a), previously found, yre have 

^ afiydt ; 


dx 


dy 


dt 


1 
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and we deduce 
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d(piiyd(pv) d{pw) dp 


which is the required equation. 



Freedom and 195 . Several references have been made in preceding 
sections to the number of independent variables in a displace- 
ment, or to the degrees of freedom or constraint under which 
the displacement takes place. It may be well, therefore, to 
take a general (but cursory) view of this part of the subject 
by itself. 

CM ji point. 196 . A free point has three degrees of freedom, inasmuch as 
the most general displacement which it can take is resolvable 
into three, jjarallel respectively to any three directions, and in- 
dependent of each other. It is generally convenient to choose 
these three directions of resolution at right angles to on^, 
another. 


If the point be constrained to remain always on a given 
surface, one degree of constraint is introduced, or there are left 
but two degrees of freedom. For we may take the normal to 
the surface as one of three rectangular directions of resolution. 
No displacement can be effected parallel to it : and the other 
two displacements, at right angles to each other, in the tangent 
plane to the surface, are independent. 

If the point byp constrained to remain on each of two sur- 
faces, it loses two degrees of freedom, and there is left but 
one. In fact, it is constrained to remain on the curve which 
is common to both surfaces, and along a curve there is at each 
point but one direction of displacement. 

Of a I'ij'id 197 . Taking next the case of a free rigid system, we have 
evidently six degrees of freedom to consider — three independent 
displacements or translations in rectangular directions as a 
point has, and three independent rotations about three mutually 
rectangular axes. 

If it have one point fixed, it loses three degrees of freedom ; 
in fact, it has now only the rotations above mentioned. 

This fixed point may be, and in general is, a point of a 
continuous surface of the body in contact with a continuous 
fixed surface. These surfaces must be supposed “ perfectly 
rough,** so that sliding may be impossible. 
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If a second point be fixed, tbe body loses two more degrees Preedonaiui 
of freedom, and keeps only one freed oln to rotate about theof arigiu 
line joining the two fixed points. 

If a third point, not in a line with the other two, be fixed, 
the body is fixed. 

198. If one point of the rigid system is forced to remain 
on a smooth surface, one degree of freedom is lost ; there remain 
Jive, two displacements in the tangent plane to the surface, a»d 
three rotations. As an additional degree of freedom is lost by 
each successive limitation of a point in the body to a smooth 
surface, six such conditions completely determine the position 
of the body. Thus if six points properly chosen on the barrel 
and stock of a rifle be made to rest on six convex portions of 
the surface of a fixed rigid body, the rifle may be replaced any 
number of times in precisely the same position, for the pur- 
pose of testing its accuracy. 

199. If one point be constrained to remain in a curve, tliere 
remain four degrees of freedom. 

If two points be constrained to remain in given curves, there 
are four degrees of constraint, and we have left two degrees of 
freedom. One of these may be regarded as being a simple 
rotation about the line joining the constrained points, a motion 
which, it is clear, the body is free to receive. It may be shown 
that the other possible motion is of the most general character 
for one degree of freedom ; that is to say, translation and rota- 
tion ill any fixed proportions as of the nut of a screw. 

If one line of a rigid system be constrained to remain parallel 
to itself, as, for instance, if the body be a three-legged stool 
standing on a perfectly smooth board fixed to a common window, 
sliding in its frame with perfect freedom, there remain three dis- 
placements and one rotation. 

But we need not further pursue this subject, as the number 
of combinations that might be considered is almost endless ; 
and those already given suffice to show how simple is the 
determination of the degrees of freedom or constraint in any 
case that may present itself 

200. One degree of constraint of the most general character, One degree 

. ® .. • constraint 

IS not producible by constraming one pomt of the body to a of the 
curve surface ; but it consists in stopping one line of the body racter. 
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One de^e from longitudinal motion, except accompanied by rotation round 

of constraint - . ^ , /. , ' , i -a j- i a* 

of the most this line, in fixed proportion to the longitudmal motion, every 

racter. other motion being left unimpeded ; that is to say, free rotation 
about any axis perpendicular to this line (two degrees freedom) ; 
and translation in any direction perpendicular to the same line 
(two degrees freedom). These last four, with the one degree of 
freedom to screw, constitute the five degrees of freedom, which, 
with one degree of constraint, make up the six elements. 

Mechanical 201 . Let a screw be cut on one shaft of a Hooke’s joint, and 

illustration. -i » 

let the other shaft be joined to a fixed shaft by a second Hookes 
joint. A nut turning on that screw shaft has the most general 
kind of motion admitted when there is one degree of constraint. 
Or it is subjected to just one degree of constraint of the most 
general character. It has five degrees of freedom ; for it may 
move, ist, by screwing on its shaft, the two Hooke’s joints being 
at rest ; 2d, it may rotate about either axis of the first Hooke’s 
joint, or any axis in their plane (two more degrees of freedom : 
being freedom to rotate about two axes through one point) ; 

it may, by the two Hooke’s joints, each bending, have 
translation without rotation in any direction perpendicular to 
the link, or shaft between the two Hooke’s joints (two more 
degrees of freedom). But it cannot have a motion of transla- 
tion parallel to the line of the link without % definite propor- 
tion of rotation round this line ; nor can it have rotation round 
this line without a definite proportion of translation parallel 
to it. 

No simpler mechanism can be easily imagined for producing 
one degree of constraint, of the most general kind. 

Particular case (a). — Step of screw infinite (straight rifling), 
i,e», the nut may slide freely, but cannot turn. Thus the 
one degree of constraint is, that there shall be no rotation about 
a certain axis. This is the kind and degree of freedom enjoyed 
by the outer ring of a gyroscope with its fly-wheel revolving 
infinitely fast. The outer ring cannot revolve about an axis 
perpendicular to the plane of the inner ring, but it may re- 
volve freely about either of two axes at right angles to this, 
namely, the axis of the fly-wheel, and the axis of the outer, 
relative to the inner, ring ; and it is of course perfectly free to ^ 
translation in any direction. 



KINEMATICS. 


133 


Particular case (b ), — Step of the screw = 0. In this case Mec^n^ai 
the nut may run round freely, but cannot move along the axis 
of the shaft. Hence the constraint is simply that the body 
can have no translation parallel to the line of shafts, but may 
have every other motion. This is the same as if any point of the 
body in this line were held to a fixed surface. This constraint 
may be produced less frictionally by not using a guiding sur- 
face, but the link and second Hooke’s joint of the present 
arrangement, the first Hooke’s joint being removed, and by 
pivoting one point of the body in a cup on the end of the 
link. Otherwise, let the end of the link be a continuous 
surface, and let a continuous surface of the body press on it, 
roiling or spinning when required, but not permitted to slide. 


A single degree of constraint is expressed by a single equation Constraint 
among the six co-ordinates specifying the position of one rigid analytically, 
body, relatively to another considered fixed. The effect of this 
on the body in any particular position is to prevent it from getting 
out of this position, except by means of component velocities (or 
infinitely small motions) fulfilling a certain linear equation among 
themselves. 

Thus if w,, tsg, JS3, zSij ©5, 7 s^ be the six co-ordinates, and 
)=0 the condition, 


dz3i 





is the linear equation which binds the motion through any par- 
ticular position, the special values of ©i, ®3, etc., for the 

particular position, being used in — and in each of the other 

dzsi 

partial differential co- efficients of F, 

Now, whatever may be the co-ordinate system adopted, we 
may, if we please, reduce this equation to one between three 
velocities of translation w, v, w, and three angular velocities 

Let this equation be 

Au+Bv^ Gw A 'coi -b j5'a>2 + C' = 0. 

This is equivalent to the following : — 

• g-f-ao>=0, 

if q denote the component velocity along or parallel to the line 
whose direction- cosines are proportional to 

A, B, C, 
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0) the component angular velocity round an axis through the 
origin and in the direction whose direction- cosines are propor- 
tional to A'f G\ 


and lastly, 




A^+B^~+C^ 


It might be supposed that by altering the origin of co-ordinates 
we could do away with the angular velocities, and leave only a 
linear equation among the components of velocity of translation. 
It is not so ; for let the origin be shifted to a point whose co- 
ordinates are rj^ The angular velocities about the new axes, 
parallel to the old, will be unchanged ; but the linear velocities 
which, in composition with these angular velocities about the 
new axes, give (Uj, Wo, cog, u, v, w, with reference to the old, are 
(§ 89 ) 

tr — = 

Hence tke equation of constraint becomes 

Au A" Cw' -f (i4 ' -f — Crj) 0 )^ -f etc . = 0. 

Now we cannot generally determine r;, fso as to make toj, 
etc., disappear, because this would require three conditions, 
whereas their co-efficients, as functions of 97, are not in- 
dependent, since there exists the relation 

AiBC—Orj)i-B{C^~A0 + O{Ari--B^)=::0. 

The simplest form we can reduce to is 

lu +w?a>2 + y^a)3) = 0, 

that is to say, every longitudinal motion of a certain axis must be 
accompanied by a definite proportion of rotation about it. 


Genfimlized 
to -ordinates. 


Of a point. 


202 . These principles constitute in reality part of the general 
theory of “co-ordinates” in geometry. The three co-ordinates 
of either of the ordinary systems, rectangular or polar, required 
to specify the position of a point, correspond to the three 
degrees of freedom enjoyed by an unconstrained point. The 
most general system of co-ordinates of a point consists of 
three sets of surfaces, on one of each of which it lies. When 
one of these surfaces only is given, the point may be any- 
where on it, or, in the language we have been using above, it 
enjoys two degrees of freedom. If a second and a third sur- 
face, on each of which also it must lie, it has, as we have seen, 
no freedom left : in other words, its position is completely 
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specified, being the point in which the three surfaces meet, oenertuized 
The analytical ambiguities, and their interpretation, in cases in 
which the specifying surfaces meet in more than one point, 
need not occupy us here. 

To express this analytically, let '^=a, where of a point. 

<f>, 6 are functions of the position of the point, and a, yS, y 
constants, be the equations of the three sets of surfaces, differ- 
ent values of each constant giving the different surfaces of the 
corresponding set. Any one value, for instance, of a, will de- 
termine one surface of the first set, and so for the others ; and 
three particular values of the tliree constants, specify a parti- 
cular point, P, being the intersection of the three surfaces which 
they determine. Thus a, ^9, <y are the ‘‘ co-ordinates'' of P ; 
which may be referred to as the point (a, /8, 7)." The form of 
the co-ordinate surfiices of the (i|r, <^, 6) system is defined in 
terms of co-ordinates {x, y, z) on any other system, plane rect- 
angular co-ordinates for instance, if “x/r, <jj), 0 are given each as 
a function of (x, ?/, z). 

203 . Component velocities of a moving point, parallel to the Origin of tlu‘ 
three axes of co-ordinates of the ordinary rectangular system, are, calculus, 
as we have seen, the rates of augmentation of the correspond- 
ing co-ordinates. These, according to the Newtonian fluxional 
notation, are written x,yyZ', or, according to Leibnitz's notation, 

which we have used above, • Lagrange has com- 

bined the two notations with admirable skill and taste in his 
M^caniqm Analytique, as we shall see in Chap. ii. In specify- 
ing the motion of a point according to the generalized system 
of co-ordinates, i/r, 0, 0 must be considered as varying with the 


• • ■ 

time : 0, or 


d\p d4> d0 
dt ^ dt ^ dt 


will then be the generalized 


components of velocity : and 1 ^, <f>y ft or 


dip d<j> dO 


dt dt dt 
generalized components of accelera 


or 


d^ip d^<i> d'^O , ,, 

lifi 

tion. 

204 . On precisely the same principles we may ari’ange sets of co^onunatcs 
co-ordinates for specifying the position and motion of a material system, 
system consisting of any finite number of rigid bodies, or 
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material points, connected together in any way. Thus if yjt, <l>, 0, 
etc., denote any number of elements, independently variable, 
which, when all given, fully specify its position and configura- 
tion, being of course equal in number to the degrees of freedom 
to move enjoyed by the system, these elements are its co-ordin- 
ates, Wlien it is actually moving, their rates of variation per 

unit of time, or yjr, etc., express what we shall call its gener- 
alized component velocities ; and the rates at which 0, etc., 

augment per unit of time, or ijfr, etc., its component accelera- 
tions. Thus, for example, if the system consists of a single 
rigid body quite free, (f>, etc., in number six, may be three 
common co-ordinates of one point of the body, and three 
angular co-ordinates (§ 100, above) fixing its position relatively 

to axes in a given direction through this point. Then yjr, <j>, etc., 

will be the three components of the velocity of this point, and 
the velocities of the three angular motions explained in § 100, 
as corresponding to variations in the angular co-ordinates. Or, 
again, the system may consist of one rigid body supported on a 
fixed axis ; a second, on an axis fixed relatively to the first ; a 
third, on an axis fixed relatively to the second, and so on. 
There will be in this case only as many co-ordinates as there 
are of rigid bodies. These co-ordinates might be, for instance, 
the angle between a plane of the first body and a fixed plane, 
through the first axis ; the angle between planes through the 
second axis, fixed relatively to the first and second bodies, and 

so on ; and the component velocities, etc. would then be 
the angular velocity of the first body relatively to directions 
fixed in space ; the angular velocity of the second body re- 
latively to the first ; of the third relatively to the second, and 
so on. Or if the system be a set, i in number, of material 
points perfectly free, one of its 3i co-ordinates may be the sum 
of the squares of their distances from a certain point, either 
fixed or moving in any way relatively to the system, and the 
remaining 3^ — I may be angles, or may be mere ratios of dis- 
tances between individual points of the system. But it is 
needless to multiply examples here. We shall have illustra- 
tions enough of the principle of generalized co-ordinates, by 
actual use of it in Chap, il, and other parts of this book. 
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APPENDIX TO CHAPTER I. 


6* 

A. — Extension of Green s Theorem. 


It is convenient that we should here give the demonstration 
of a few theorems of pure analysis, of which we shall have 
many and most important applications, not only in the subject 
of spherical harmonics, which follows immediately, hut in the 
general theories of attraction, of fluid motion, and of the con- 
duction of heat, and in the most practical investigations regard- 
ing electricity, and magnetic and electro-magnetic force. 

(a) Let U and U' denote two functions of three independent 
variables, a?, y, z, which we may conveniently regard as rect- 
angular co-ordinates of a point P, and let a denote a quantity 
which may be either constant, or any arbitrary function of the 
variables. Let f/fdxdydz denote integration throughout a limited 
space bounded by a closed surface S ; let f/dS denote integration 
over the whole surface S ; and let 5, prefixed to any function, 
denote its rate of variation at any point of per unit of length 
in the direction perpendicular to S outwards. 

Then 


^,dUdU' . dUdU' . dUdU\, , ^ 

-d^ + dz dz 


=^//dS. U'a^i U-///U' { - ( 


d{o.^'§) 


a, constant 

, y I y f{iVe8 R 

q — Xdxdvd'^ theorem of 

' dz Green’s. 

dlJ\ ,, ^dV\ „ .dV~ ' 


dy 


rf(a»'^) 

=//d8.Ua-W-///U{—£^ +-^-+ ^-^^}dxdydz 

For, taking one term of the first member alone, and integrating 
by parts,^^ we have 

dll dlT dll 

dx ^ dydz dxdydz, 


the first integral being between limits corresponding to the sur- 
face S ; that is to say, being from the negative to the positive 
end of the portion within S, or of each portion within /S, of the 
line X through the point (0, y, z). Now if A, and denote the 
inclination of the outward normal of the surface to this line, at 
points where it enters and emerges from S respectively, and if 
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tt consttint 
gives a 
theorem of 
Green’s. 


Equation of 
the conduc- 
tion of heat. 


dS^ and dSi denote the elements of the surface in which it is cut 
at these points by the rectangular prism standing on dydz, we 
have 

dydz^ — cos A^d ^^ = cos AidSx . 

Thus the first integral, between the proper limits, involves the 

elements ^ AidSi^ and— U' A ^dS ^ ; the latter 

of which, as corresponding to the lower limit, is subtracted . 
Hence, there being in the whole of S ap element dS.^ for each 
element dSi^ the first integral is simply 

f/U' cos A dS, 

(XX 

for the whole surface. Adding the corresponding terms for y 
and 2 ?, and remarking that 

-7— cos A — ~ cos BA — , - cos C=oL 
dx dy dz 

where B and C denote the inclinations of the outward normal 
through dS to lines drawn through dS in the positive directions 
parallel to y and z respectively, we perceive the truth of (1). 

{b) Again, let U and U' denote two functions of a?, y, z, which 
have equal values at every point of and of which the first 
fulfils the equation 




-f- 


dz 


dx ' dy 

for every point within S. 

Then if U'—U=Uj wo have 


dz 


= 0 


( 2 )> 


rrn / dU\^ , / dU\^ , / dU\^ ^ ^ , rm ( , / dU^^ . ^ dUA^j , . 

^{(“7fo) +(“7^) +(“,fe ) }dxdyd2 




(3) 


For the first number is equal identically to the second member 
with the addition of 

rt /*/*/* o dxi dU du dbJ du\y » j 


dx dx dy dy dz dz 
But, by (1) this is e<|ual to 

1/ Q dU\ 1/ adU 


y/dS.va^W-i//M 


- 1 - 


-I- 


d{ad^) 

— — }dxdydz, 


dx dy 

of which each term vanishes ; the first, or the double integral, be- 
cause, by hypothesis, u is equal to nothing at every point of and 
the second, or the triple integral, because of (2). 
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(c) The second term of the second member of (3) is essentially Property of 

• •JIT 11 i_ •j.* * solution with 

positive, provided a has a real value,* whether positive, zero, or given over 

negative, for every point (x, y, z) Vithin S. Hence the first 

member of (3) necessarily exceeds the first term ^f the second 

member. But the sole characteristic of U is that it satisfies (2). Solution 

Hence U' cannot also satisfy (2). That is to say, ^7 being any determinate ; 

one solution of (2), there can be no other solution agreeing with 

it at every point of but differing from it for some part of the 

space within S. 

(d) One solution of (2) exists, satisfying the condition that U proved to be 
has an arbitrary value for every point of the surface S. For let 

U denote any function whatever, which has the given arbitrary 
value at each point of S ; let u be any function whatever which is 
equal to nothing at each point of Sy and which is of any real 
finite or infinitely small value, of the same sign as the value of 

dz ' . dli) 


7/ o 


+ 


+ 


7/ 2 ^ 

d{a-j-) 


'^)]dxdydz 
du. 


dx ' dy ' dz 

at each internal point, and therefore, of course, equal to nothing 
at every internal point, if any, for which the value of this expres- 
sion is nothing ; and let = £/ + Ouy where 0 denotes any con- 
stant. Then, using the formula) of (5), modified to suit the 
altered circumstances, and taking Q and Q! for brevity to denote 

and the corresponding integi al for C/', we have 

+ ev/f{ +(“|f)*+ (“ ~gY)dxdydz. 

The co-efficient of — 2^ here is essentially positive, in conse- 
quence of the condition under which u is chosen, unless (2) is 
satisfied, in which case it is nothing ; and the coefficient of is 
essentially positive, if not zero, because all the quantities in- 
volved are real. Hence the equation may be written thus : — 

Q' = Q — mO(n — 6) 

where m and n are each positive. This shows that if any positive 
value less than n is assigned to Oy Q! is made smaller than Q ; that 
is to say, unless (2) is satisfied, a function, having the same value 
at S as Uy may be found which shall make the Q integral smaller 
than for U. In other words, a function Uy which, having 
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any prescribed value over the surface S, makes the integral Q 
for the interior as small as possible, must satisfy equation (2). 
But the Q integral is essentially positive, and therefore there is a 
limit than which it cannot be made smaller. Hence there is a 
solution of (2) subject to the prescribed surface condition. 

(e) We have seen (c) that there is, if one, only one, solu- 
tion of (2) subject to the prescribed surface condition, and now 
we see that there is one. To recapitulate, — ^we conclude that, 
if the value of U be given arbitrarily at ey^ry point of any closed 
surface, the equation 


d , . 


d . \dU. , d . dU. 


dx^ dx' ' dy^'^ dij’ ' dz^'^ dz 
determines its value without ambiguity for every point within 
that surface. That this important proposition holds also for the 
whole infinite space without the surface follows from the pre- 
ceding demonstration, with only the precaution, that the different 
functions dealt with must be so taken as to render all the triple 
integrals convergent. S need not be merely a single closed 
surface, but it may be any number of surfaces enclosing isolated 
portions of space. The extreme case, too, of or any detached 
part of /S', an open shell, that is a finite unclosed surface, is clearly 
included. Or lastly, /S, or any detached part of may be an 
infinitely extended surface, provided the value of If arbitrarily 
assigned over it be so assigned as to render the triple and double 
integrals involved all convergent. 


B. — Spherical Harmonic Analysis. 


Object of 
spherical 
harmonic 
analysis. 


Definition 
of spherical 
harmonic 
functions. 


The mathematical method which has been commonly re- 
ferred to by English writers as that of “ Laplace’s Co-efficients,” 
but which is here called spherical harmonic analyds, has for its 
object the expression of an arbitrary periodic function of two 
independent variables in the proper form for a large class of 
physical problems involving arbitrary data over a spherical 
surface, and the deduction of solutions for every point of space. 


(a) A spherical harmonic function is defined as a homogeneous 
function, F, of ar, y, 2 , which satisfies the equation 

d^V.d^V.d^V ... 

Its degree may be any positive or negative integer ; or it may 
be fractional ; or it may be imaginary. 
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(b) A spherical surface harmonic is the function of two Definition*, 
angular co-ordinates, or spherical surface co-ordinates, which a 
spherical harmonic becomes at any spherical surface described 

from O, the origin of co-ordinates, as centre. Sometimes a func- 
tion which, according to the definition (a), is simply a spherical 
harmonic, will be called a spherical solid harmonic y when it 
is desired to call attention to its not being confined to a spherical 
surface. 

(c) A complete spherical harmonic is one which is finite and 
of single value for all finite values of the co-ordinates. 

An incomplete spherical harmonic is a spherical harmonic 
which either does not satisfy the fundamental equation (4) for 
space completely surrounding the centre, or does not return to 
the same value in going once round every closed curve. 

(df) It will be shown, later, that a complete spherical harmonic is Algebraic 
necessarily either a rational integral function of the co-ordinates, comp^ete^ 
or reducible to one by a factor of the form harmonics. 

(«) The general problenLof findin g harm Qnic,^inctiQn8,ia,mQst 


conciselv stated thufi.: 

To find the most general integral of the equation 


eau 
a harmonic 
of degree n. 


doc^ 

subject to the condition 


d^n d^u dHi ^ 


du , du 


. du 


(4) 


(5) 


dx dy 

the second of these equations being merely the analytical expres- 
sion of the condition that is a homogeneous function of a?, y^ z 
of the degree n, which may be any whole number positive or 
negative, any fraction, or any imaginary quantity, 

(f) Analytical expressions in various forms for an absolutely value of 
general integration of these equations, may probably be found sym^ioai 
without much difiiculty ; but with us the only value or interest ®*p^®®***"** 
which any such investigation can have, depends on the avail- 
ability of its results for solutions fulfilling the conditions at 
bounding surfaces presented by physical problems. In a very Use of com- 
large and most important class of physical problems regard- 
ing space bounded by a complete spherical sr^ace, or by two 
complete concentric spherical surfaces, or by closed su^aces 
difiering very little from spherical surfaces, the case of n any 
positive or negative integer, integrated particularly under the 
restriction stated in (d') is of paramount importance. It 
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will be worked out thoroughly below. Again, in similar pro- 
blems regarding sections cut out of spherical spaces by two 
diametral planes making any angle with one another not a sub- 
multiple of two right angles^ or regarding spaces bounded by two 
circular cones having a common vertex and axis, and by the 
included portion of two spherical surfaces described from their 
vertex as centre, solutions for cases of fractional and imaginary 
values of n are useful. Lastly, when the subject is a solid or 
fluid, shaped as a section cut from the last mentioned spaces by 
two planes through the axis of the cones, inclined to one another 
at any angle, whether a sub- multiple of tt or not, we meet with 
the case of n either integral t)r not, but to be integrated under a 
restriction difiering from that specified in (rf). We shall ac- 
cordingly, after investigating general expressions for complete 
spherical harmonics, give some indications as to the determina- 
tion of the incomplete harmonics, whether of fractional, of 
imaginary, or of integral degrees, which are required for the 
solution of problems regarding such portions of spherical spac(‘s 
as we have just described. 

A few formulae, which will be of constant use in what follows, 
are brought together in the first place. 

i^g) Calling 0 the origin of co-ordinates, and P the point 
07, Zj let OP=rj so that Let <), prefixed to 

any function, denote its rate of variation per unit of space in 
the direction OP ; so that 

X d , y d ^ z d 

If Hn denote any homogeneous function of 07, y^ z of order w, we 
have clearly 


cV/„=-//, 

V 


n 


whence 


dHn . jlHn . dlL 


dx ^ dy 


I rr 


( 7 ); 

(5) or (8) 


the well known differential equation of a homogeneous function ; 
in which, of course, n may have any value, positive integral, 
negative, fractional, or imaginary. Again, denoting, for brevity, 

-L. by V**, we have, by differentiation 

dx’^^dy^^dz^ ^ ^ 


Also, if w, w' denote any two functions, 

whs / /\ I c%/d>u du , du du , du du v • 

V («« )=« V u+2{- -+^ _+^. & > + “ 


• ( 9 ). 


( 10 ); 
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whence, if u and ii are both solutions of (4), 

r-, 2 / '\ CM du du , du du' . '•du du\ 

' dx dx dy dy dz dz 


Working 

fonmilft*. 


( 11 ): 


or, by taking w= Vn, a harmonic of degree w, and w'=r’'^ 

=2TOr»-»(a;^4.^^+z^)+ F„V'‘(r’»), 
or, by (8) and (9), 

V\r'>^Vn)==ni{2n+m + l)r^''^Vn ( 12 ). 

From this last it follows that is a harmonic ; which, 

being of degree — n— 1, may be denoted by F_n-i, so that 
we have 

Vn' Vn 


or 


ntl' 


r 




(13), 


if n+n'= — 1 

a formula showing a reciprocal relation between two solid har- 
monics which give the same form of surface harmonic at any 
spherical surface described from O as centre. Again, by taking 
m= — 1, in (9), we have 

1 


V“— =0 
r 


(14). 


Hence — is a harmonic of degree — 1. We shall see later that 

it is the only complete harmonic^ of this degree. 

If u be any solution of the equation = 0, we have also 

dx ’ 

and so on for any number of differentiations. Hence if F^ is 

a harmonic of any degree t, — ^ v , is a harmonic of degree 

^ ^ ’ dxJdy^dz^ ^ 

i — j — k — I'y or, as wc may write it, 

d^+^+iV, .... 

dx^dy^dz^ «— fc— / 

Again, we have a most important theorem expressed by the Tiicoremdue 

. „ ^ ^ ^ to Laplace. 

following equations : — 

(16) 

where dts denotes an element of a spherical surface, described 
from O as centre '^ith radius unity ; // an integration over the 
whole of this surface ; and Siy Sv two complete surface harmonics, 
of which the degrees, i and are neither equal to one another 
nor such that e*4- 2 *'= — 1. For, denoting the solid ha;rmonics 



144 


1 


PRELIMINARY NOTIONS. 


Theorem of 
Laplace. 


Extension 
of theorem 
of Laplace. 


Investiga- 
tion of 
complete 
harmonics. 


r^Si and r'^'Si' by Vi and Vi' for any point (a?, z)^ we have, by 

the general theorem.(l) of A (a), above, applied to the space 
between any two spherical surfaces having 0 for their common 
centre, and a and ai their radii ; — 




But, according to (7), and And for the 

portions of the bounding surface constituted by the two spherical 
surfaces respectively, d<r^a^dis^ and dfr^^a^dm. Hence the two 
last equal members of the preceding double equations become 

to satisfy which, when i differs from i\ and from 

(16) must hold. 

The corresponding theorem for incomplete spherical harmonics 
is this : — 

Let /Sii, Bv denote any two incomplete spherical surface har- 
monics of degrees /, f', differing from one another, and having 
their sum different from — 1 ; and further, fulfilling the condition 
that, at every point of the boundary of some one part of the 
spherical surface either each of them vanishes, or the rate of 
variation of each of them perpendicular to this boundary vanishes, 
and that each is finite and sbigle in its value at every point of 
the enclosed portion of surface; then, with the integration // 
limited to the portion of surface in question, equation (16) holds. 
The proof differs from the preceding only in this, that instead 
of taking the whole space between two concentric spherical sur- 
faces, we must now take only the part of it enclosed by the cone 
having 0 for vertex, and containing the boundary of the spherical 
area considered. 

{h) Proceeding now to the investigation of complete harmonics, 
we shall first prove that every such function is either rational and 
integral in terms of the co-ordinates a?, y, or is made so by a 
factor of the form r*". 

Let V be any function of a?, y, z^ satisfying the equation 

vV=o (17) 

at every point within a spherical surface, /S, described from O as 
centre, with any radius a. Its value at ihis surface, if a known 
function, of any arbitrary character, may be expanded according 
to the general theorem of § 51, below, in the following series : — 


(rsaa), F= /So +Si+ eio* (18) 



KINEMATICS. 


145 


where Sz,...Sy denote the surface values of solid spherical 
harmonics of degrees 1, 2,...?, each a rational integral function 
for every point within S. But 


; -j“ . . . :~f" otc. 


(19) Harmonic 


solution of 
Green’s pro- 

is a function fulfilling these conditions, and therefore, as was space within 
proved above, A (c), V cannot differ from it. Now, as a parti- sifrface*^*^ 
cular case, let V be a harmonic function of positive degree t, 

which may be denoted by — : we must have 


+ + etc. 

This cannot be unless t=/, St=Si, and all the other functions 
Sq, Si, /S» 2 , etc., vanish. Hence there can be no complete spheri- 
cal harmonic of positive degree, which is not, as S^^. , of integral harmonics 

^ of positive 

degree and an integral rational function of the co-ordinates. proved^’ 
Again, let V be any function satisfying (17) for every point rationaj and 
without the spherical surface S, and vanishing at an infinite dis- 
tance in any direction ; and let, as before, (18) express its surface Harmonic 
value at S. We similarly prove that it cannot differ from Green””pro- 

blem for 
space ex- 

w _! W 54 I — - - - - - 

I “772 i I7a r 


+~;ri+r 


( 20 ). ^ 


spherical 

surface. 


Hence if, as a particular case, V be any complete harmonic 
, of negative degree k, we must have, for all points out- 
side S, 


aSo , a^Si , a^Si 


rr 




r 




which requires that k= — (/-|- 1), Sk^Si, and that all the other func- 
tions ^ 2 j etc., vanish. Hence a complete spherical harmonic 

1 ^ . Complete 

~ harmonics 

nr nAorAt.iv* 


a'^+ijS.- a 

of negative degree cannot be other than — , or 




ai+3 


where Sir^ is not only a rational integral function of the co- 
ordinates, as asserted in the enunciation, but is itself a spherical 
harmonic. 


of negative 
degree. 


(f) Thus we have proved that a complete spherical harmonic, 
if of positive, is necessarily of integral, degree, and is, besides, a 
rational integral function of the co-ordinates, or if of negative 

K 



146 


PKEUMINARY NOTIONS. 


Oixlers and 
d^rees of 
<ioinplete 
hanuonicB. 


Geiioml 
expressions 
for eoin])letc 
harmonies. 


By difter- 
eiitiutioii of 
liariiiouic of 
degree — 1. 


Number of 
inclepciideut 
harmonics of 
any order. 


V 


.2i+i 


where K; is 


degree, — ( 2 +I), is necessarily of the form 

a harmonic of positive degree, L We shall therefore call the order 
of a complete spherical harmonic of negative degree, the degree 
or order of the complete harmonic of positive degree allied to it ; 
and we sliall call the order of a surface harmonic, the degree or 
order of the solid harmonic of positive degree, or the order of the 
solid harmonic of negative degree, which agrees with it at the 
spherical surface. 

(J) To obtain general expressions for complete spherical har- 
monics of all orders, we may first remark tliat, inasmuch as a 
constant is the only rational integral function of degree 0, a com- 
plete harmonic of degree 0 is necessarily constant. Hence, by 
what we have just seen, a complete harmonic of the degree — 1 

A 

is necessarily of the form — • That this function is a harmonic 

V 

we knew before, by (14). 

Hence, by (15), we see that 




if 


dxJdi/'dz^ (x*- -f- +2^^)^ 


I 


( 21 ), 


where K_ denotes a harmonic, which is clearly a complete 
harmonic, of degree — (/-fl). The differential coeflicient here in- 
dicated, when worked out, is easily found to be a fraction, of which 
the numerator is a rational integral function of degree /, and the 
denominator is By what we have just seen, the nume- 

rator must be a harmonic ; and, denoting it by V-i, we thus have 




dxJdy^'dz^ 


1 

r 



The number of independent harmonics of order /, which we 

can thus derive by differentiation from — , is -j- 1. For, although 

r 

there are differential coefficients — for 

2 dxidy^dz^ 

which y4-^"+/=^, only 2t+l of these are independent when — - 

r 

is the subject of differentiation, inasmuch as 


^dx^^dy^ dz^ r 


( 14 ), 
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which gives 


dz^'^ r ^dx '^ , dy^^ r 


n being any integer, and shows that, 

, d\ i 1 if / i 

dx^dy^dz^ r ^ ' dxjdy^^dx^~ dy^ r ^ 


(23), Relation 
'' between 

differential 

coefficients 

ofharnioiiics 


IS even 


) 


or 


/ did^^ f d'^ , 1 ..... ,, 

= ( — ) -7-^ -T (-1 h-T— ) , if / IS odd. 


i(24). 


dxidy^^ ^dx'^ ^ dy‘^[ dz r 
Hence, by taking fcO, andy+^’=?*, in the first place, we have 

dj+^ 

2+1 differential coefficients %-t ; and by taking next ?=1, and 

dx:id7j^ > j fo > 

/+A: = 2 — 1, we have i varieties of , . , ; that is to say, we have 

dx^dy^ 

in all 2/+! varieties, and no more, when — is the subject. It is 

r 

easily seen that these 22+1 varieties are in reality independent. 
We need not stop at present to show this, as it will be apparent 
in the actual expansions given below. 

Now if Hi (x, y^ z) denote any rational integral function of 

07, y, z of degree 2 , V^Hi ( 07 , y^ z) is of degree i — 2. Hence since 

. rr.l. (a + 2)(2+1) . .^2,, n 

in Hi there are terms, in V 7/* there are 


2 


2 


among the constant complete 

harmonic «)f 


Hence if V“//t=0, we have equations i 

coefficients, and the number of independent constants remaining is fnvea«|ated 

(e + 2)(2 + l) 2 (^- 1 ) o-_Li 4 4 b algebraically. 

' — — — — L ^ — L , or 22+1 ; that is to say, there are 22+1 

constants in the general rational integral harmonic of degree i. 

But we have seen that there are 22 *+! distinct varieties of dif- 
ferential coefficients of i of order 2 , and that the numerator 

r 


of each is a harmonic of degree 2 . Hence every complete har- 
monic of order i is expressible in terms of differential coefficients 

ofi-.*' It is impossible to form 22 *+! functions symmetrically 

among three variables, except when 22 *+ 1 is divisible by 3 ; that 
is to say, when 2*=3w+l, n being any integer, a class of cases 
deserving special attention. But for every value of 2 * the general 
harmonic may be exhibited as a function, with 22+1 constants, 
involving two out of the three variables symmetrically. This 
may be done in a variety of ways, of which we choose the two 
following, as being the most useful ; — First, 
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General ex- lA ^ t ' d d d d ^ , d ^ \ 

complete ^ai+i ^ ^dx \dx dy ' ^dx ^dy ^dy’^r 

harmonic 
of order i. 


^ i-i d d d d ^ d 1 

+{^.(£) +Hb k+i^^iL) (£) +-+5i-.(|) }x-. 


' ^'^^dx' dy ' ^’^^dx' ^dy‘ 
Secondly, let x4-yv=^, a? — yv=y 

where, as formerly, v is taken to denote V — i. 

Thia gives x=i{$+v), !/=^{$ — v) | 


dzr 

( 26 ), 


( 25 ) 


( 27 ); 


Imaginary 
linear trans- 
formation. 




d!a? 




( 28 ), 


where [a?, y] and [^, denote the same quantity, expressed in 
terms of x, y, and of q respectively. From these we have, 
further, 


or, according to our abbreviated notation, 

V ^ vX T “h 2 * 


( 29 ). 


d^dq' dz" 


Then, as before. 




d^' dq 


di 


+ {i.(rf|) +i.(^) ^+§^(3^) (rf^) +-+ii-(^) }jrri 


( 30 ) 


Expansion of 

elementary 

term. 


The differentiations here are performed with great ease, by the 
aid of Leibnitz’s theorem. Thus we have 

^1.2. {ni’^n — J) — 1) ^ ^ 


and 

y2(m.fn)-t-8 1 


mn 


w — 1 frn— 1|.8 


-t-V o r*^~Llw”^^’ etc.] I 


( 31 ). 
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This expression leads at once to a real development, in terms of 
polar co-ordinates, thus : — Let 

2 :z=r cos^, a:=r sin^ cos<^, ^=r sin^sin</» (32) ; 


so that ^=zp sin =r sin 6e (33). 

Then, since ^r) = .r® +y^ = r® sin® 

and 

gjj^ ^)^(cos <^+v sin <^)*=(r sin 0 )®*+"(cos 5 <^+ v sin 5t^), 
where s^n — m\ and if, further, we take 


— As, (^n — ^w)^ — Aj ) 
^n4-^m=B«, (Sn~"Sw)v=B/ J 

we have 



-=(— )“+"H4-(»»+»-i)r-l’“+"+'l(AiCO8*0+A;8in#) 

..... 2.(S7-jiKm+«--f) 

^m+n+1 1 


1 


l.(m+a— J) 

dm+n+l J 


Trigono- 

metrical 

expan- 

sions. 


r + *’"i£»5r* r ^ ...(>«+»+})»-<"+»+» (B^oe xp+Bi 8in«^)co9 tf 

rsin«+«# rfn«+-»fl+ 1 I 


(36). 


Setting aside now constant factors, which have been retained 
hitherto to show the relations of the expressions we have investi- 


gated, to differential co-efficients of — ; and taking 2 to denote 

r 

summation with respect to the arbitrary constants. A, A', B, B', 
we have the following perfectly general expression for a complete 
surface harmonic of order i : — 


«»-|-n=i ^ w f n-f-l-=ti 

^ 1 = 2 (A«CO8/?0-f-A/ sin#) 0|w,n)+ 2 (B* COS «0-|-B/ sin #) COS n) 

where s=:m*^n, and 

e{m.n)= 8in’«+”^— 8 TT sin”*+»-2^-)- 

l(w-l-w--i) ' 1.2.(7n4.w— J)(w+»— f) / 


while Z(rn,n) differs from &(m,n) only in having wi-j-n+l in place 
of ?n+n, in the denominators. 

The formula most commonly given for a spherical harmonic 
of order i (Laplace, MScantque Celeste^ livre in. chap, ii., or 
Murphy’s Electricity^ Preliminary Prop, xi.) is somewhat simpler, 
being as follows 

Si= 2 (A, cos s<l>+ Bg sin s<l>) 0^®^ (37) 

s=o ^ 


— Sin r[cos 2 (2i—l) ^ T" ol’/o.* i\/o.*‘'6\ cob<— v— etc.] (38). 


2.4.(2t-l)(2«-3) 
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TiHgono- where it may he remarked that 0^"*^ means the same as ©(m.n) 

metrical v « i 

expansions. 971 4*^ = 2, and 977 91 =5, Or aS COfiOZ^nhn) 977+W + l = * ^nd 

97i<^77=s. This may be derived from the preceding, by algebraic 
modification ; or it may be obtained directly by the method of 
differentiation followed above, varied suitably. But it may also 
be obtained by assuming (with as and bs as arbitrary constants) 

Vi = Str^ = 4 - hs'q’^) (z'^ 4* etc . ), 

which is obviously a proper form ; and determining p, etc., by 

the differential equation V^Fi=0, with (29). 

Another form, perhaps the most useful, may be obtained with 
even greater ease, thus : Assuming 

Vi='2(^as^-\-bgrj^) {z^-\-piZ^~^^^^rj-\-p^z^^^~^^^'q^-{-(itC.) 

and determining p\j p^^ etc., by the differential equation, we 
have 


r,=2(a4*+.'.r) 

which might also have been found easily by the differentiation of 

— • Hence, eliminating imaginary symbols, and retaining the 
notation of (37) and (38), we have 
0 1 *^ = 0 sin*^ [cos^ i ^ ^ ^ cos 2 ^ sin^^ 


(m—I ) {i~s—2)(i—s - 3) 

+ 4MH^2j ““ 


40 sin*^ — etc.] 


• (40) 


where 


) (?H"2 ) • • • ( ) 
(2s4"t)(2s4"^)***(^^* — I ) 


This value of C is found either by comparing with (38), of which 
the present formula is an algebraic modification ; or, perhaps more 
easily, thus : — We have, by (29), 


( 39 ) 


^ =(-)"'^ 2 *-’ 




i — s i+s V 

d^ - dy) 


^ , if 9 — 5 is even. 


or 


i — s — 1 
*) 


= (_) 


di' 


1^4**^ "^1 ^ 

dzd^ ^ dr) 2 


(41) 


_ ^ 

Expanding the first member in terms of Zj ry, by successive 
differentiation, with reference first to iy, s times, and then Zj 
times, we find 

(~)'^f--;(«-i)(2s+l)(2H-2)(2s+3)...(e+s)z^~^^^ (42) 

for a term in its numerator; whence by (41), (35), 39), (40) we 
find C, 
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(k) It is very important to remark, first, that important 

//UiUi^d<T=0 . _ (43) 

where Ui and Ui denote any two of the elements of which V is 
composed in one of the preceding expressions ; and secondly, that 


f 




© V ^ © :/ sin 0d0=0 

ft /I / 


(44) 


the case of /=/' being of course excluded. For, taking r=^a, 
the radius of the spherical surfixce ; and dG-:=a^d^j as above; 
we have dis =: sin 0d0d<l>j etc., the limits of 0 and <^, in the inte- 
gration for the whole spherical surface, being 0 to tt, and 0 to 27r, 

respectively. Thus, since \ cos 5 <^ cos </<^=0, we see the 

truth of the first remark ; and from (16) and (36) we infer the 
second, which the reader may verify algebraically, as an exercise. 

(/) Each one of the preceding series may be taken by either end, 
and used with 2 , w?, w, or 5 , one, any, or all of them fractional or iiar- 
imaginary. Whether finite or infinite in its number of terms, any COIU'S JUKI 
series thus obtained expresses a harmonic of degree i] since it is of 
degree /, and satisfies In some of these cases it remains 

a finite series, and if it docs, its application is obvious. If it does 
not, it maybe used if it converges, and, except for particular limit- 
ing values of the variables, the infinite series obtained from any 
one of the preceding finite expressions taken by one of its two 
ends will converge. Thus each of the finite expressions always 
provides a series which converges, for any of the fractional or 
imaginary values now proposed. (It is easily proved, in fact, 
that when taken by one end it gives a divergent infinite series, 
and a convergent series when taken by the other end.) The deter- 
mination of values of i — 5 , which shall make ©!^or^©^^ vanish huiliction, 

^ dO i nioti(U) of 

for each of two stated values of 6. is an analytical problem of high etc., 

^ ./Jr o in space be- 

intercst in connexion with these extensions of spherical harmonic tween two 

co/xxdl 

analysis : and is essentially involved in the physical application cones, 
referred to above where the spaces concerned are bounded partly 
by coaxal cones. When the boundary is completed by the in- 
tercepted portions of two concentric spherical surfaces, functions 
of the class described in (o) below also enter into the solution. 

When prepared to take advantage of physical applications we 
shall return to the subject ; but it is necessary at present to re- 
strict ourselves to these few observations. 

(m) If, in physical problems such as those already referred 
to, the space considered is bounded by two planes meeting, at 
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Sl^tric 
induotioii, 
motion of 
water, etc., 
in space 
between 
spherical 
surface and 
two planes 
meeting in 
u diameter. 


Uarmoiiic 
functions of 
all degrees 
derived frt>m 
that of de- 
gree — 1 by 
generalized 
differentia- 
tion. 


‘JT • • • 

any angle — , in a diameter, and the portion of spherical surface 

t • 

in the angle between them (the case of t < 1 , that is to say, the 
case of angle exceeding two right angles, not being excluded) the 
harmonics required are all of fractional degrees, but each a finite 
algebraic function of the co-ordinates 17 , ^ if i is any incommen- 
surable number. Thus, for instance, if the problem be to find 
the internal temperature at any point of a solid of the shape in 
question, when each point of the curved portion of its surface is 
maintained permanently at any arbitrarily given temperature, 
and its plane sides at one constant temperature, the forms and 
the degrees of the harmonics referred to are as follows : — 


Degree. 

Harmonic. 

Degree. 

Harmonic. 



2s 


1 -)-i, 

dz 

2^+1, 

ru+> A iil. 

dz 

1+2, 

dz^ 


j,4i+5 

dz"^ y.4i+i 

‘4-3, 

d^ P 

^ ^ 


<&» r*‘+' 


Degree. 

Si, 

rr 




Harmonic, 

d 


dz 


These harmonics are expressed, by various formula (36)-(40), 
etc., in terms of real co-ordinates, in what precedes. 

(n) It is worthy of remark that these, and every other spherical 
harmonic, of whatever degree, integral, real but fractional, or 
imaginary, are derivable by a general form of process, which in- 


cludes differentiation as a particular case. Thus if (-^ ) denotes 

dr \ ' 

an operation which, when i is an integer, constitutes taking the 
differential coefficient, we have clearly 

where denotes a function of i, which, when t is a real integer, 
becomes 

The investigation of this generalized differentiation presents diffi- 
culties which are confined to the valuation of P ^ , and which have 
formed the subject of highly interesting mathematical investiga- 
tions by Liouville, Gregory, Kelland, and others. 

If we set aside the factor P ^ , and satisfy ourselves with deter- 
minations of forms of spherical harmonics, we have only to apply 
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Leibnitz’s and other obvious formulae for differentiation with any 
fractional or imaginary number as index, to see that the equiva- 
lent expressions above given for a complete spherical harmonic 

of any degree, are derivable from -1- by the process of general- 
ized differentiation now indicated, so as to include every possible 
incomplete harmonic, of whatever degree, whether integral, or 
fractional and real, or imaginary. But, as stated above, those 
expressions may be used, in the manner explained, for incomplete 
harmonics, whether finite algebraic functions of f, iy, (, or tran- 
scendents expressed by converging infinite series ; quite irrespec- 
tively of the manner of derivation now remarked. 

(o) To illustrate the use of spherical harmonics of imaginary 
degrees, the problem regarding the conduction of heat specified 
above may be varied thus : — Let the solid be bounded by two 
concentric spherical surfaces, of radii a and a', and by .the two 
cones or planes, and let every point of each of these flat or conical 
sides be maintained at any arbitrarily given temperature, and 
the whole spherical portion of the boundary at one constant tem- 
perature. Harmonics will enter into the solution, of degree 

1 — i 

— ’ 

^ m Cl’ 


Esroanslous 
of incom- 
plete har- 
monics 
obtained 
by common 
formulae, 
with gener- 
alized in- 
dices. 


Imaginary 
degrees ust*- 
ful when 
arbitrary 
functions 
of r are to be 
expressed. 


log 


a 


where i denotes any integer. Converging series for these and 
the others required for the solution are included in our general 
formulae (36) -(40), etc. 

{p) The method of finding complete spherical harmonics by the Derivation 

of any har- 

differentiation of — , investigated above, has this great advantage, that of^°*” 

^ demree — 1 

that it shows immediately very important properties which they Character 
possess with reference to the values of the variables for which and number 

^ ^ of its nodes. 

they vanish. Thus, inasmuch as ~ and all its differential coeffi- 
cients vanish for either a? = ± oo, or y = ± oo, or z = ± oo, it 
follows that 

^j+A:+l 1 

dx^dy^dz^ r 

vanishes j times when x is increased from — oo to -|- oo 

>> ^ ff y 

and ^ ^ 

The reader who is not familiar with Fourier’s theory of equations, 


J9 


tJ 


)) 
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Expression 
of an arbi- 
trary func- 
tion in a 
sei'ies of 
surface 
harmonics. 


Preliminaiy 

proposition. 


will have no difficulty in verifying for himself the present applica- 
tion of the principles developed in that admirable work. 

Thus it appears that spherical harmonics belong to the general 
class, to which Sir William R. Hamilton has applied the designa- 
tion ‘‘ Fluctuating Functions.’^ This property is essentially in - 
volved in their capacity for expressing arbitrary functions, to the 
demou^ration of which we now proceed, in conclusion. 

(r) Let C be the centre and a be the radius of a spherical 
surface, which we shall denote by S, Let P be any external or 
internal point, and let denote its distance from C. Let dcr de- 
note an element of at a point P, and let EP=iD. Then,^ 
denoting an integration extended over S, it is easily proved that 

when P is external to S 

and f f-^= - when P is within S 

JJlP 




This is merely a particular case of a very general theorem of 
Green’s, included in that of A (a), above, as will be shown when 
we shall be particularly occupied, later, with the general theory 
of Attraction : a geometrical proof of a special theorem, of which 
it is a case, will occur in connexion with elementary investiga- 
tions regarding the distribution of electricity on spherical con- 
ductors : and, in the meantime, the following direct evaluation of 
the integral itself is given, in order that no part of the important 
investigation with which we are now engaged may be even 
temporarily incomplete. 

Choosing polar co-ordinates, 6=ECP, and <f> the angle between 
the plane of EGP and a fixed plane throu^ CP, we have 

d(r=a'^ Bixi$dOd<f>. 

Hence, by integration from <j>=0 to <j>=2Tr, 

'TT sin dd$ 


1 1 


But 

and therefore 


=a® — 2af cos ; 

. ^ DdD 
sin^c?^=-— ; 
df 


the limiting values of Z> in the integral being 

/—«,/+«, when/> a 
and when 

Hence we have 


r f d(r 27ra 


(; 


. 27ra . 

:), 0T=~( 


f y-« /+«” / '«-/ 

in the two, cases respectively, which proves (45). 


^"h/ 
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( 5 ) Let now F{E) denote any arbitrary function of the position 
of E on Sj and let * 




a^)F{E)d(T 



When f is infinitely nearly equal to every element of this in- 
tegral will vanish except those for which D is infinitely small. 
Hence the integral will have the same value as it i$^buld have if 
F{E) had everywhere the same value as it has at the part of 8 
nearest to P ; and, therefore, denoting this value of the arbitrary 
function by F{P), we have 

u=F(F) j when f differs infinitely little from a ; 

or, by (45) w=47raP(2^) (46'). 

Now, if e denote any positive quantity less than uility, we have, 
by expansion in a convergent series. 


(1 — cos^+e»)i=’ 

Qi, Qqj etc., denoting functions of 0, for which expressions will be 
investigated below. Each of them is equal to-f-1, when ^=0, 
and they are alternately equal to — 1 and -f-1, when ^=7r. It 
is easily proved that each is > — 1 and 1, for all values of 
0 between 0 and tt. Hence the series, which becomes the 
geometrical series 1 ± c+e® ± etc., in the extreme cases, con- 
verges more rapidly than the geometrical series, except in those 
extreme cases of ^=0 and ^= 7 r. 


Hence (1+^^+%^-+ etc.) when/=» a 


f ' / 


and 


^ = i(l+ etc.) when/< a 


D a 


a 


a 


(48). 


d 


Now we have 


and therefore 


D a cos B — f 

~df 7 >“ “ “ ' 


Hence by (48), differentiated, etc., 


— a® 1 /. . 3Qia SQ^a® 

751 7^ 


.) when 


end ^ n I I 4- \ /• 

~Di ^ + )when/ 


( 49 ). 


a 


Solution of 
Green’s 
problem 
for case of 
spherical 
surface, ex- 
pressed by 
detinite 
Integral. 


Its expan- 
sion in 
harmonic 
series. 
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Gwen’s^- Hence, for u (46), we have the following expansions : — 

u=^{//F{E)d<T+^/yQ,F{E)d<r+^X/-Q,F(E)d<T+...}, when/>a, 
Bolved ex- / / J 

tto’ and 

wrles. 1 t}f^ , , , , 

u=±{//F(E)d<r+^//Q,F{E)d<r+^//Q,F{E)d<r+ },when/<a 

d d ^ 


These series being clearly convergent, except in the case 
and, in this limiting case, the unexpanded value of u having 
been proved (46') to be finite and equal to 4irai^(P), it follows 
that the sum of each series approaches more and more nearly to this 
value when / approaches to equality with a. Hence, in the limit. 


Laplace’s 
spherical 
harmonic 
expansion of 
an arbitrary 
function. 


Convergent^e 
of series 
never lost 
except at 
abrupt 
changes in 
value of the 
function 
expressed. 


Expansion 

ofiin 

symmetrical 
harmonic 
functions 
of the co- 
ordinates 
of the two 
points. 


F{P)=~{f/F{E)d<r^WCl^P[E)d<r+5//Q^F{E)d<r+e\^.,} (52). 

' ' 4ira* 


which is the celebrated development of an arbitrary function in a 
series of “Laplace's coefficients,” or, as we now call them, 
spherical harmonics. 

(t) The preceding investigation shows that when there is one 
determinate value of the arbitrary function F for every point of 
5, the series (52) converges to the value of this function at P. 
The same reason shows that when there is an an abrupt transition 
in the value of across any line on 8^ the series cannot con- 
verge when P is exactly on, but must still converge, however near 
it may be to, this line. 

Later we shall derive a rule for the degree of convergence of 
of the series (62) in any case according to the character of F. 


(u) In the development (47) of 2ecos^-fe^)^ ^ coeffici- 
ents of e, c*,.. .e<, are clearly rational integral functions of cos0, of 
degrees 1, 2...i, respectively. They are given explicitly below 
in (60) and (61), with ^' = 0. But, if x, y, z and a?', y, z' 
denote rectangular co-ordinates of P and of E respectively, we 
have ^_xx -^yy' -^-zz 


cos I 


rr 


where r=(a?*-|-y’-J-^*)*, and r'=:{x'^+y'^+z'^)^. Hence, de- 
liOting, as above, by Qi the coefficient of e^ in the development, 
we have 


Q .,gg. 

V) y') ^')] denoting a symmetrical function of {x, y, z) 
and {x',y', z), which is homogeneous with reference to either set 
alone. An explicit expression for this function is of course found 
from the expression for CU in terms of cos^. 
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Viewed as a function of (Xj y, z), Qtr^r^' is symmetrical Biaxaihar- 
round OE; and as a function of (pc! y.y\ z) it is symmetrical 
round OP. We shall therefore call it the biaxal harmonic of 
(a?, y, z) (x'j y\ z') of degree i ; and QU the biaxal surface har- 
monic of order L 

(v) But it is important to remark, that the coefficient of any Expansion 
term, such as x'^y'h'^, in it may be obtained alone, by moans of 
Taylor’s theorem, applied to a function of three variables, thus i — theowm. 

1 r . r 

(l—2eco8S+e>)j~(r^—2n-'coae+r^)l~[(<s— *')»+( y— /)»+(*— !s')»]i ‘ 

Now if F{x, y, z) denote any function of x, y, and z, we have 

P{x+f,y+9, ^ 1.2.. 1.1.2. dxidy'^d^ 

where it must be remarked that the interpretation of 1.2...y, when 
j = 0, is unity, and so for k and I also. Hence, by taking 

.* 1 (— iy+‘+fa!%'*Si'! <!#+»+> 1 

^ ^ ^ ^ ^ *• > V V 


a development which, by comparing it with (48), above, we see 
to be convergent whenever 

a?'" +y ' +-s'* < a?® 

Hence 


(rr)Uit-r ^ z, i.2..,/.1.2...fc.l.2...f(£i:%»:<fe*(a:*+y*+«")i 


Expression 
for biaxal 
harmonic 
deduced. 


the summation including all terms which fulfil the indicated con- 
dition (j-\-k+l=i). It is easy to verify that the second member 
is not only integral and homogeneous of the degree /, in a?, y, z, 
as it is expressly in a?', y', z ' ; but that it is symmetrical with 
reference to these two sets of variables. Arriving thus at the 
conclusion expressed above by (53), we have now, for the function 
there indicated, an explicit expression in terms of differential co- 
efficients, which, further, may be immediately expanded into an 
algebraic form with ease. 

(v') In the particular case of a?'=0 and ^'=0, (54) becomes 
reduced to a single term, a function of a?, y^ z symmetrical -^bout 
the axis OZ\ and, dividing each member by r'^, or its equ^, z^^ 
we have 


r*Qi= 




dz^ {x^+y^-\-z^)^ 

By actual differentiation it is easy to find the law of successive 
derivation of the numerators ; and thus we find, with about equaj 


(55). Axial bar- 
. monic of 
order i. 
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Expansions 
of tlie biaxal 
harmonic, 
of order i. 


ease, either of the expansions ( 31 ), ( 40 ), or ( 41 ), above, for the 
case or the trigonometrical formulae, which are of course 

obtained by putting ^ = r cos 0 and a?® sin 

(ti;) If now, we put in these, cos^ , introduc- 

ing again, as in (w) above, the notation (a?, y, z)^ (x\ y\ z'), we 
arrive at expansions of in the terms indicated in ( 63 ). 

(x) Some of the most useful expansions of Qi are very readily 
obtained by introducing, as before, the imaginary co-ordinates 
(^, 7 )) instead of {x, y), according to equations ( 26 ) of (J), and 
similarly, (^', instead of (a?', y'). Thus we have 


Hence, as above, 

[( ^ ^ ' ) ( 77 — )*] i ~ ^ ^ ^ 1 *2 . . .J. 1 .2 . . . A;. 1 .2 . . . i 

Hence 
(^^ ) Qi 'f' 


Of course we have in this case 

r^z=:^rj+z\ 

and ^o,e Jn L +J:v, ±^ . 


rr 


And, just as above, we see that this expression, obviously a homo- 
geneous function of z\ of degree /, and also of rj, z, 

involves these two systems of variables symmetrically. 

Now, as we have seen above, all the differential coefficients 


of -L are reducible to the independent forms 


^dz' r ^ .d d 1 

cfe d^ r 


fi i- 2 ^21 d 

(i) 

^1—2^21 ^ i 1 


Hence Q^-, viewed as a function of z, 1?, is expressed by 
these 2t+l terms, each with a coefficient involving z\ >7'. 
And because of the symmetry we see that this coefficient must 
be the same function of z', 17', into some factor involving 
none of either set of variables {z, >7), («?', 17', ^'). Also, by 

the symmetry with reference to 17' and 17, we see that the 
numerical factor must be the same for the terms similarly involv- 
V on the one hand, and 17, on the other. Hence, 
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1 d> 1 


1 di 1 


, V7;;TWf . 1 

\ r' dz^~^drf r ~ dz^~^dri'^ r dz^~^drf r * 


Biaxal har- 
monic ex- 
pressed in 
85'mmetricHl 
series of 
differential 
coefficients. 


(57). 


where / ' ' * 

\ I 

1.2... 6* i;2...(2--s).if...(s--i).(25+l)(26*+2)...(/+if)/ 

The value of is obtained thus : — Comparing the coefficient 

of the term {zz'y'~^[^'r\'Y in the numerator of the expression 
which (56) becomes when the differential coefficient is expanded, 
with the coefficient of the same term in (57), we have 

(~)!^ == (58) 

1.2. ..(e 5).1.2...5 

//. 1 

where M denotes the coefficient of in r ''‘*+* — ^ , or, 

* ® dz'-odr,’ r ’ ’ 

which is the same, the coefficient of in L 

' dz'i-^di'‘ r ■ 

(,j) 

From this, with the value (42) for Jif, we find as above. 

{y) We are now ready to reduce the expansion of Qri to a real 
trigonometrical form. First, we have, by (33), 

sin^ sin^')^ coss(<^— <^') (59), 

Lot now 

= sin-"6>[cos^— cos^— 0 sin® 0 
^ ^ 4(s-|- 1) 

, (/--5)(/— s— l)(/--s--2)(e--5--3) 4 o Ad • .n A T //‘AN 

+ - "-4»(z+ i)(H:^ /cos— etc.] (OOJ ; 

(that is to say, = 0^’^, in accordance with the previous no- 

tation,) and let the corresponding notation with accents apply 
to $\ Then, by the aid of (57), (58), and (59), we have 

_*^i|...(g— i) (2^1)(2«+2)^2 s-M^ 


Q,=22 V (61), 3"S 

5—0 1.2... 2 1.2...(*-— 5 ) I i ’expansion 

of which, however, the first term (that for which 5=0) must be surfa^^ 
halved. ' 

(z) As a supplement to the fundamental proposition^^ASi/Sifcfo=0, 

(17) of (g)y and the corresponding propositions, (43) and (44), 
regarding elementary terms of harmonics, we are now prepared to 
evaluate J/Sldts, 

First, using the general expression (37) investigated above for 
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S^y and modifying the arbitrary constants to suit our present nota- 
tion, we have 

Si= ^ AsCoa(s</>-i-ag)^^^^ (62). 

8=0 


Hence 


_//S‘ r(^f )* sin 


(63). 


To evaluate the definite integral in the second member, we have 
only to apply the general theorem (52) for expansion, in terms of 
surface harmonics, to the particular case in which the arbitrary 

function jF(ZJ) is itself the harmonic, cos Thus, remem- 

bering (16), we have 

r Binff'dO' P’" d<l>'coss4>' (64) . 

Jo Jo ^ 

Using here for Qf its trigonometrical expansion just investigated, 

and performing the integration for <f>' between the stated limits, 


._(«) 2 / 4-1 
cos S<f>^ s=: — — 
t 4-n- 


(s) 

we find that cos s<l> may be divided out, and (omitting the 
accents in the residual definite integral) we conclude. 


jynee,yd6=j 


U2...S 


1.2...(/ — s) 


0 ‘ 2/-4-1 •^•§•••( 5 — ^) (254” 1)(^54"2). . .2s-f-/ — ^) 

This holds without exception for the case s = 0, in which 


(65). 


2 

the second member becomes — . 

22 -fl 


It is convenient here to 


recal equation (44), which, when expressed in terms of 
instead of ©(ni,»o becomes 


(s) 


( 66 ), 

where z and i' must be different. The properties expressed by 
these two equations, (66) and (66), may be verified by direct 

integration, from the explicit expression (60) for ; and to 

do so will be a good, although possibly not a very easy, analytical 
exercise. 



CHAPTER II. 


DYNAMICAI. LAWS AND VRINCIPLKS. 

205. In the preceding chapter we considered as a subject of ideas of 
pure geometry the motion of points, lines, surtaces, and volumes, force intro- 
whether taking place with or without change of dimensions and 

form ; and the results we there arrived at are of course altogether 
independent of the idea of matter, and of the forces which matter 
exerts. We have heretofore assumed the existence merely of 
motion, distortion, etc. ; we now come to the consideration, not 
of how we might consider such motion, etc., to be produced, but 
of the actual causes which in the material world do produce 
them. The results of the present chapter must therefore be 
considered to be due to actual experience, in the shape either 
of observation or experiment. How such experience is to be 
conducted will form the subject of a subsequent chapter. 

206. We cannot do better, at all events in commencing, than 
follow Hewton somewhat closely. Indeed the introduction to 
the Prindpia contains in a most lucid form the general founda- 
tions of Dynamics. The Definitiones and Axiomata sive Leges 
Mot'ds, there laid down, require only a few amplifications and 
additional illustrations, suggested by subsequent developments, 
to suit them to the present state of science, and to make a much 
better introduction to dynamics than we find in even some of 
the best modern treatises. 

207. We cannot, of course, give a definition of Matter which Matter, 
will satisfy the metaphysician, but the naturalist may be con- 
tent to know matter as that which can he perceived hy the semes, 

or as that which can he acted upon hy, or can exert, force. The 
latter, and indeed the former also, of these definitions involves 
the idea of Force, which, in point of fact, is a direct object of Force. 
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sense ; probably of all our senses, and certainly of the mus 
cular sense.” To our chapter on Properties of Matter we must 
refer for further discussion of the question, What is raatter ? 

208. The Quantity of Matter in a body, or, as we now call 
it, the Mass of a body, is proportional, according to Kewton, to 
the Volume and the Density conjointly. In reality, the defini- 
tion gives us the meaning of density rather than of mass ; for 
it shows us that if tmce the original quantity of matter, air for 
example, be forced into a vessel of given capacity, the density 
will be doubled, and so on. But it also shows us that, of 
matter of uniform density, the mass or quantity is proportional 
to the volume or space it occupies. 

Let ilf be the mass, p the density, and V the volume, of a homo- 
eennous body. Then 

M= Fp; 

if we so take our units that unit of mass is that of unit volume of 
a body of unit density. 

If the density vary from point to point of the body, we have 
evidently, by the above formula and the elementary notation of 
the integral calculus, 

M—///pdxdydz, 

where p is supposed to be a known function of a?, y, 2?, and the 
integration extends to the whole space occupied by the matter of 
the body whether this be continuous or not. 

It is worthy of particular notice that, in this definition, 
Newton says, if there be anything which freely pervades the 
interstices of all bodies, this is not taken account of in estimat- 
ing their Mass or Density. 

209. Newton further states, that a practical measure of the 
mass of a body is its Weight His experiments on pendulums, 
by which he establishes this most important remark, will be 
described later, in our chapter on Properties of Matter. 

As will be presently explained, the unit mass most conveni- 
ent for British measurements is an imperial pound of matter. 

210. The Qucmtity of Motion, or the Momentum, of a rigid 

body moving is proportional to its mass and 

velocity conjointly. The whole motion is the sum of the motions 
of its several parts. Thus a doubled mass, or a doubled velocity, 
would correspond to a double quantity of motion ; and so on. 
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Hence, if we take as unit of monientuni the momentum of Momentum, 
a unit of matter moving, with unit velocity, the momentum of a 
mass M moving with velocity v is Mv, 

211 • Charlie of Quantity of Motion, or Change of Momentum, change of 
is proportional to the mass moving and the change of its velo- 
city conjointly. 

Change of velocity is to be understood in the general sense 
of § 27. Thus, in the figure of that section, if a velocity re- 
presented by OA be changed to another represented by 00, the 
change of velocity is represented in magnitude and direction 
by AC. 

212. Rate of Change of Momentum, ox Acceleration of Momen - .iyuiclora- 
tum, is proportionar to the mass moving and the acceleration of inoineniuin. 
its velocity conjointly. Thus (§35,6) the rate of change of mo- 
mentum of a falling body is constant, and in the vertical direc- 
tion. Again (§ 35, a) the i*ate of change of momentum of a 
mass M, describing a circle of radius R, with uniform velocity 

V, is > and is directed to the centre of the circle ; that 

is to say, it is a change of direction, not a change of speed, of 
the motion. 


Generally (§ 29), for a body of mass M moving anyhow in 

d^s , 

space there is change of momentum, at the rate, M-^i in the direc- 


tion of motion, and M — towards the centre of curvature of the 
’ P 

path ; and, if we choose, we may exhibit the whole acceleration 

d^x ^.d^y 

of momentum by its three rectangular components M -- g > ^~di^ ^ 

^ » or, according to the Newtonian notation, Mx, My, Mz, 
dt^ 


213. The Vis Viva, or Kinetic Energy, of a moving body is Kinetic 
proportional to the mass and the square of the velocity, con-^ 
jointly. If we adopt the same units of mass and velocity as 
before, there is pai-ticular advantage in defining kinetic energy 

as half the product of the mass and the square of #s velocity. 

214. Rate of Change of Kinetic Energy (when defined as 
above) is the product of the velocity into the component of 
acceleration of naomentum in the direction of motion. 


d Mv* 
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1C4 PRELIMINARY NOTIONS. 

215. It is to be observed that, in what precedes, with the 
exception of the definition of mass, we liave taken no account 
of the dimensions of the moving body. This is of no con- 
sequence so long as it does rnf.Q±P and so long as its parts 
preserve the same relative positions amongst one another. In 
this case we may suppose the whole of the matter in it to be 
condensed in one point or paiiicle. We tlms speak of a material 
particley as distinguished from a geometrical 'point. If the body 
rotate, or if its parts change their relative positions, then we 
cannot choose any one point by whose motions alone we -may 
determine those of the other points. In such cases the momen- 
tum and change of momentum of the whole body in any direc- 
tion are, the sums of the momenta, and of the changes of 
momentum, of its parts, in these directions ; while*^the kinetic 
energy of the whole, being non- directional, is simply the sum 
of the kinetic energies of the several parts or particles. 

216. Matter has an innate power of resisting external in- 
fiuences, so that every body, as far as it can, remains at rest, or 
moves uniformly in a straight line. 

This, the Inertia of matter, is proportional to the quantity of 
matter in the body. And it follows that some cause is requisite 
to disturb a body’s uniformity of motion, or to change its direc- 
tion from tlie natural rectilinear path. 

217. Impressed ForcSy or Force, simply, is any cause which 
tends to altoj; a biody’s natural state of rest, or of uniform motion 
in a straight lii;ie. 

Force is wholly expended in the Action it produces ; and the 
body, after the force ceases to act, retains by its inertia the 
direction of motion, and the velocity which were given to it. 
Force may be of divers kinds, as pressure, or gravity, or friction, 
or any of the attractive or repulsive actions of electricity, mag- 
netism, etc. 

218. The three elements specifying a force, or the three 
elemetits which must be known, before a clear notion of the 
force under ^pinsidei^tion can be formed, are, its place of appli- 
cation, its direction, and its magnitude. 

(a.) The place of application of a force. The first case to be 
considered is that in which the place of application is a point. 
It has been shown already in what sense the term "point” 
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is to be taken, and, therefore, in what way a force may be Place of 
imagined as acting at a point. In reality, however, the place of 
application of a force is always either a surface or a space of 
three dimensions occupied by matter. The point of the finest 
needle, or the edge of the sharpest knife, is still a surface, and 
acts as such on the bodies to which it may be applied. Even 
the most rigid substances, when brought together, do not touch 
at a point merely, but mould each other so as to produce a 
surface of ax)plication. On the other hand, gravity is a force 
of which the place of application is the whole matter of the 
body whose weight is considered ; and the smallest jiarticle of 
matter that has weight occupies some finite portion of sfiace. 

Thus it is to be remarked, that there are two kinds of force, 
distinguishable by their place of application — force, whose 
place of apjdication is a surface, and force, ^whose place of 
application is a solid. Wlien a heavy body rests on the ground, 
or on a table, force of the second character, acting downwards, 
is balanced by force of the first character acting upwards. 

(&.) The second element in the specification of a force is its Dirccti..ii. • 
direction. The direction of a force is the line in which it acts. 

If the place of application of a force be regarded as a point, a 
line through that point, in the direction in which the force 
tends to move the body, is the direction of the force. In the 
case of a force distributed over a surface, it is frequently pos- 
sible and convenient to assume a single point and a single line, 
such that a certain force acting at that point in that line would 
produce the same effect as is really produced, 

(c.) The third element in the specification of a force is ifB Mog-uitude. 
magnitude. This involves a consideration of the method 
followed in dynamics for measuring forces. Before measur- 
ing anything, it is necessary to have a unit of measurement, 
or a standard to which to refer, and a principle of numerical 
specification, or a mode of referring to the standard. These 
will be supplied presently. See also § 258, below. 

219 . The Accelerative Effect of a Force is proportional to Accelerative 
the velocity which it produces in a given time, und is measured 
by that which is, or would be, produced in unit of time ; in 
other words, the rate of change of velocity which it produces. 

This is simply what we have already defined as acceleration, § 28^ 
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Measure of 220 . The Measure of a Force is the quantity of motion 
which it produces in tfnit of time. 

The reader, who has been accustomed to speak of a force of so 
many pounds, or so many tons, may be reasonably startled when 
he finds that Newton gives no countenance to such expres- 
sions. The method is not correct unless it be specified at what 
part of the earth’s surface the pound, or other definite quantity 
of matter named, is to be weighed ; for the weight of a given 
quantity of matter differs in* different latitudes. The clumsi- 
ness of this system is in great contrast to the clear and simple 
accuracy of the absolute method as stated above, to which 
we shall uniformly adhere, except when we wish, in describing 
results, to state forces in terms of the ver^tacular of engineers 
in any locality. Thus, let W be the mass of a body in pounds, 
g the velocity it would ac([uire in falling for a second under the 
influence of its weight, or the earth’s attraction, and P the force 
of gravity upon it, measured in kinetic or absolute units. We 
thus have 

P = Wf/. 
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221 . According to the common system followed in modern 
mathematical treatises on dynamics, the unit of mass is g 
times the mass of the standard or unit weight. This de- 
finition, giving a varying and a very unnatural unit of mass, 
is exceedingly inconvenient. In reality, standards of weight 
are masses, not forces. They are employed primarily in com- 
merce for the purpose of measuring out a definite quantity of 
matter ; not an amount of matter which shall be attracted by 
the earth with a given force. 

Whereas a merchant, with a balance and a set of stands^ 


weights, would give his customers the same quantity of the same 
kind of matter however the earth’s attraction might vary, de- 
pending as he does upon masses for his measurement ; another, 
using a spring balance, would defraud his customers in high 
latitudes, and himself in low, if his instrument (which depends 
on forces and not on masses) were correctly adjusted in London. 

It is a secondary application of our standards of weight to 
employ them for the measurement of forces, such as steam 
pressures, muscular j)ower, etc. In all cases where great ac- 
curacy is required, the results obtained by such a method have 
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to be reduced to what they would have been if the measure- 
ments of force had been made by m€Rns of a perfect spring- 
balance, graduated so as to indicate the forces of gravity on the 
standard weights in some conventional locality. 

It is therefore very much simpler and better to take the 
imperial pound, or other national or international standard 
weight, as, for instance, the gramme (see the chapter on 
Measures and Instruments), as the unit of mass, and to derive 
from it, according to Newton’s definition above, the unit of 
force. This is the method which Gauss has adopted in his 
great improvement of the system of measurement of forces ; 
and by it we have, and by it only can we have, an absolute unit 
of force. 

222 . The formula, deduced by Clairault from observation, 
and a certain theory regarding the figure and density of the 
earth, may be employed to calculate the most probable value 
of the apparent force of gravity, being the resultant of true 
gravitation and centrifugal force, in any locality where no 
pendulum observation of sufficient accuracy has been made. 
This formula, with the two coefficients which it involves, 
corrected according to the best modern pendulum observations 
(A iry, Encyc. Metr., Figure of the Earth), is as follows : — 

Let G be the apparent force of gravity on a unit mass at the 
equator, and g that in any latitude X ; then 

(?(1+ 005133 sinU). 

The value of (?, in terms of the absolute unit, to be explained 
immedi^|ty, is 

32-088. 
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According to this formula, therefore, polar gravity will be 

^^=32-088 X 1005133=32-2527. 

223 * Gravity having failed to furnish a definite standard, 
independent of locality, recourse must be had to something else. 

The principle of measurement indicated as above by Newton, 
but first introduced practically by Gauss, furnishes us with Gauss’s abso- 
what we want. According to this principle, the unit force is ' 
that force which, acting on a national standard unit of matter* 
during the unit of time, generates the nliit of velocity. 
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gMM^abso- This is known as Gauss’s absolute unit ; absolute, because 
it furnishes a standard force independent of the differing 
amounts of gravity at different localities. 

224. The absolute unit depends on the unit of matter, the 
unit of time, and the unit of velocity ; and as the unit of velo- 
city depends on the unit of space and the unit of time, there 
is, in the definition, a single reference to mass and space, but a 
double reference to time ; and this is a point that must be par- 
ticularly attended to. 

225. The unit of mass may be the British imperial pound ; 
the unit of space the British standard foot ; and the unit of 
time the mean solar second. 

lute unit' We accordingly define the British absolute unit force as ‘‘ the 
force which, acting on one pound of matter for one second, 
generates a velocity of one foot per second.” 

226. To render this standard intelligible, all that hss to be 

with gravity. ° ' 

done is to find how many absolute units will produce, in any 
particular locality, the same effect as the force of gravity on a 
given mass. The way to do this is to measure the effect of gravity 
in producing acceleration on a body unresisted in any way. The 
most accurate method is indirect, by means of the pendulum. The 
result of pendulum experiments made at Leith Fort, by Captain 
Kater, is, that the velocity acquired by a body falling unresisted 
for one sec^^nd is at that place 32*207 feet per second. The 
preceding formula gives exactly 32*2, for the latitude, 65° 33', 
which is approximately that of Edinburgh. The variation in 
the force of gravity for one degree of difference of latitude about 
the latitude of Edinburgh is only *0000832 of its o^s|pamount. 
It is nearly the same, though somewhat more, for every degree 
of latitude southwards, as far as the southern limits of the 
British Isles. On the other hand, the variation per degree 
would be sensibly less, as far north as the Orkney and Shetland 
Isles. Hence the augmentation of gravity per degree from south 
to north throughout the British Isles is at most about l a o off of 
its whole amount in any locality. The average for the whole of 
Great Britain and Ireland differs certainly but little from 32*2. 
Our present application is, that the force of gravity at Edin- 
burgh is 32*2 times the force which, acting on a pound for 
a second, would generate a velocity of one foot per second ; in 
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other words, 32*2 is the inimher of absolute units which measures Comparison 
the weight of a pound in this latitude. Thus, speaking very 
roughly, the British absolute unit of force is equal to the weight 
of about half an oimce. 

227. Forces (since they involve only direction and magni- 
tude) may be represented, as velocities are, by straight lines in 
their directions, and of lengths proportional to their magnitudes, 
respectively. 

Also the laws of composition and resolution of any number 
of forces acting at the same point, are, as we shall show later 
(§ 255), the same as those which we have already proved to hold 
for velocities ; so that with the substitution of force for velocity, 

§§ 26, 27, are still true. 

228. The Component of a force in any direction, sometimes Effective 
called the Effective Component in that direction, is therefore Sf?forI;T* 
found by multiplying the magnitude of the force by the cosine 

of the angle between the directions of the force and the com- 
ponent. The remaining component in this case is perpen- 
dicular to the other. 

It is very generally convenient to resolve forces into com- 
ponents parallel to three lines at right angles to each other ; 
each such resolution being effected by multiplying by the 
cosine of the angle concerned. 

229. The point whose distances from three planes at right Tiieorcm. 
angles to one another are respectively equal to the mean dis- 
tances of any group of points from these planes, is at a distance 

from any plane whatever, equal to the mean distance of the 
group fropi the same plane. Hence of course, if it is in motion, 
its velocity perpendicular to that plane is the mean of the 
velocities of the several points, in the same direction. 

Let (a?!, yi, Zi)^ etc., be the points of the group in number i ; 
and y, z be the co-ordinates of a point at distances respectively 
equal to their mean distances from the planes of reference ; that 
is to say, let 

« a7i“}-3?a”l"6tc. « yi'hyad'^tc. . Zi^Z^'^QtO* 

yj— , « — ; , g:si ; 

% ^ t I 

Thus, if Pi) Pa; etc., andjp, denote the distances of the points in 
question from any plane at a distance a from the origin of co- 
ordinates, perpendicular to the direction (/, m, n), the sum of a 
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and^i will make up the projection of the broken line ajj, yi, Zi 
on (/, m, w), and the^ipefore 

Pi^lxi+m^i+nzi-^a, etc.; 
and similarly, p=lx-\-my+nz — a. 

Substituting in this last the expressions for y, z, we find 


P 


_Pl+Pi+QtC, 


which is the theorem to be proved. Hence, of course, 

dt~ i^dt^ dt 


230 . The Centre of Inertia of a system of equal material 
points (whether connected with one another or not) is the point 
whose distance is equal to their average distance from any 
plane whatever (§ 229). 

A group of material points of unequal masses may always be 
imagined as composed of a greater number of equal material 
points, because we may imagine the given material points 
divided into different numbers of very small parts. In any 
case in which the magnitudes of the given masses are in( 3 om- 
meiisurable, we may approach as near as we please to a rigorous 
fulfilment of the preceding statement, by making the parts into 
which we divide them sufficiently small. 

On this understanding the preceding definition may be applied 
to define the centre of inertia of a system of material points, 
whether given equal or not. The result is equivalent to this : - 

The centre of inertia of any system of material points what 
ever (whether rigidly connected with one another, or connected in 
any way, or quite detached), is a point whose distance from any 
plane is equal to the sum of the products of each mass into its 
distance from the same plane divided by the sum of the masses. 

We also see, from the proposition stated above, that a point 
whose distance from three rectangular planes fulfils this con- 
dition, must fulfil this condition also for every other plane. 

The co-ordinates of the centre of inertia, of masses w^, 
etc., at points Zi), y^, z^), etc., are given by the follow-* 

ing formulae — 

_ ii?ia?,-f-M?aa7a+6to. _ ^wy « _ ^wz 

^ M?i+M?a+eto. ~ iw ’ ^ Xiv ’ ^ So? 

These formulae are perfectly general, and can easily be put 
into the particular shape required for any given case. Thus, 
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suppose that, instead of a set of detached massive points, we centre of 
have a continuous distribution of maUer through certain definite *”®*^**‘* 
portions of space ; the density at a?, y, z being p, the elementary 
principles of the integral calculus give us at once 

^^ ///P^dxdydz . 
ff/pdxdydz ’ 

where the integrals extend through all the space occupied by the 
mass in question, in which p has a value different from zero. ^ 

The Centre of Inertia or Mass is thus a perfectly definite 
point in every body, or group of bodies. The term Centre of 
Gravity is often very inconveniently used for it. The theory 
of the resultant action of gravity which will be given under 
Abstract Dynamics shows that, except in a definite class of 
distributions of matter, there is no one fixed point which can 
properly be called the Centre of Gravity of a rigid body. In 
ordinary cases of terrestrial gravitation, however, an approxi- 
mate solution is available, according to which, in common 
jiarlance, the term Centre of Gravity ” may be used as equi- 
valent to Centre of Inertia; but it must be carefully re 
membered that the fundamental ideas involved in the two 
definitions are essentially different. 

The second proposition in § 229 may now evidently be 
stated thus : — The sum of the momenta of the parts of the 
system in any direction is equal to the momentum in the same 
direction of a mass equal to the sum of the masses moving with 
a velocity equal to the velocity of the centre of inertia. 

231 « The Moment of any physical agency is the numerical Moment, 
measure of its importance. Thus, the moment of a force round 
a point or round a line, signifies the measure of its importance 
as regards producing or balancing rotation round that point dr 
round that line. 

232 . The Moment of a force about a point is defined as the pro- Moment of 
duct of the force into its perpendicular distance from the point. 

It is numerically double the ai’ea of the triangle whose vertex 
is the point, and whose base is a line representing the force in 
magnitude and direction. It is often convenient to represent it 
by a line numerically equal tq it, drawn through the vertex of 
the triangle perpendicular to its plane, through the front of a 
watch »held in the plane with its centre at the point, and facing 
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Moment of a SO that the force tends to turn round this point in a direction 
an axil!. opposite to the hands. ^The moment of a force round any axis 
is the moment of its component in any plane perpendicular to 
the axis, round the point in which the plane is cut by the axis. 
Here we imagine the force resolved into two components, one 
parallel to the axis, which is ineffective s<^far as rotation round 
the axis is concerned ; the other perpendicular to the axis (that 
is to say, having its line in any plane perpendicular to the axis). 
This latter component may be called the effective component of 
the force, with reference to rotation round the axis. And its 
moment round the axis may be delined as its moment round 
the nearest point of the axis, which is equivalent to the preced- 
ing definition. It is clear that the moment of a force round 
any axis, is equal to the area of the projection on any plane 
perpendicular to the axis, of the figure representing its moment 
round any point of the axis. 

Digression 233. The projection of an area, plane or curved, on any plane, 
tion of areas, is the area included in the projection of its bounding line. 

If we imagine an area divided into any number of paits, the 
projections of these parts on any plane make up the projection of 
the whole. But in this statement it must be understood that 
the areas of partial projections are to be reckoned as positive if 
particular sides, which, for brevity, we may call the outside of 
the projected area and the front of the plane of projection, face 
the same way, and negative if they face oppositely. 

Of course if the projected surface, or any part of it, be a plane 
area at right angles to the plane of projection, the projection 
vanishes. The projections of any two shells having a common 
edge, on any plane, are equal The projection of a closed sur- 
face (or a shell with evanescent edge), on any plane, is nothing. 

Equal areas in one plane, or in parallel planes, have equal 
projections on any plane, whatever may be their figures. 

Hence the projection of any plane figure, or of any shell, 
edged by a plane figure, on another plane, is equal to its area, 
multiplied by the cosine of the angle at which its plane is in- 
clined to the plane of projection. This angle is acute or obtuse, 
according as the outside of the projected area, and the front of 
plane of projection, face on the whole towards the same parts, 
or oppositely. . Hence lines representing, as above described, 
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moments about a point in different planes, are to be com 
pounded as forces are. — See an analogous theorem in § 96. 

234 . A Couple is a pair of equal forces acting in dissimilar coupio. 
directions in parallel lines. The Moment of a couple is the 
sum of the moments of its forces about any poinj^ in their plane, 
and is therefore equal to the product of either force into the 
shortest distance between their directions. ’ This distance is 
called the Arm of the couple. 

The Axis of a Couple is a line drawn from any chosen point 
of reference perpendicular to the plane of the couple, of such 
magnitude and in such direction as to represent the magnitude 
of the moment, and to indicate the direction in which the couple 
tends to turn. The most convenient rule for fulfilling the 
latter condition is this : — Hold a watch with its centre at the 
point of reference, and with its plane parallel to the plane of 
the couple. Then, according as tlie motion of the hands is 
contrary to^ or along with the direction in which the couple 
tends to turn, draw the axis of the couple through the face or 
through the back of the watch. It will be found that a couple 
is completely represented by its axis, and that couples are to 
be resolved and compounded by the same geometrical construc- 
tions performed v^h reference to their axes as forces or velo- 
cities, with refercTOe to the lines directly representing them. 

235 . If we substitute, for the force in § 232, a velocity, we Moment of 
have the moment of a velocity about a point ; and by intro- 
ducing the mass of the moving body as a factor, we have an 
important element of dynamical science, the Mcyment of Momen- 
turn. The laws of composition and resolution are the same 
as those already explained ; but for the sake of some simple, 
applications, we give an elementary investigation. The moment 
of a rectilineal motion is the product of its length into the 
distance of its line from the point. 

The moment of the resultant velocity of a particle about 
any point in the plane of the components is equal to the 
algebraic sum of the moments of the components, the proper 
sign of each moment being determined as above, § 233. The 
same is of course true of moments of displacements, of mo- 
ments of forces, and of moments of momentum. 

First, consider two component motions, AB and AC, and let 
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be their resultant (§ 27). Their half moments round the 
point 0 are respectively the areas OABy OCA. Now OGAy 
together with half the area of the parallelogram OABDy is 
equal to OBD. Hence the sum of the two half moments, 
together with Ijjplf the area of the parallelogram, is equal to 
A OB together with BOD, that is to say, to the area of the 
O whole figure OABD. But ABD, a part 

of this figure, is equal to half the area of 
the parallelogram ; and therefore the re- 
mainder, OADy is equal to the sum of 
the two half moments. But OAD is half 
the moment of the resultant velocity round 
AT B the point 0. Hence the moment of the 

resultant is equal to the sum of the moments of the two com- 
ponents. 

If there are any number of component rectilineal motions in 
one plane, we may compound them in order, any two taken 
together first, then a third, and so on ; and it follows that tlu^ 
sum of their moments is equal to the moment of their resultant. 
It follows, of course, that the sum of the moments of any number 
of component velocities, all in one plane, into which the velo- 
city of any point may be resolved, is equal io the moment of 
their resultant, round any point in their plane. It follows also, 
that if velocities, in different directions all in one plane, be 
successively given to a moving point, so that at any time its 
velocity is their resultant, the moment of its velocity at any 
time is the sum of the moments of all the velocities which 
have been successively given to it. 

Cor,—rli one of the components always passes through the 
point, its moment vanishes. This is the case of a motion in 
which the acceleration is directed to a fixed point, and we thus 
reproduce the theorem of § 36, a, that in this case the areas de- 
scribed by the radius-vector are proportional to the times ; for, 
as we have seen, the moment of velocity is double the area 
traced out by the radius-vector in unit of time. 

236 . The moment of the velocity of a point round any axis 
is the moment of the velocity of its projection on a plane per- 
pendicular to the axis, round the point in which the plane is cut 
by the axis. 
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The moment of the whole motion of a point during any 
time, round any axis, is twice the area described in that time 
by the radius- vector of its projection on a plane perpendicular 
to that axis. 

If we consider the conical area traced by the. radius- vector 
drawn from any fixed point to a moving point whose motion is 
not confined to one plane, we see that the projection of this area 
on any plane through the fixed point is half of what we have just 
defined as the moment of the whole motion round an axis per- 
pendicular to it through the fixed point. Of all these planes, 
there is one on which the projection of the area is greater than on 
any other ; and the projection of the conical area on any plane 
perpendicular to this plane, is equal to nothing, the proper in- 
terpretation of positive and negative projections being used. 

If any number of moving points are given, we may similarly 
consider the conical surface described by the radius- vector of 
each drawn from one fixed point. The same statement applies 
to the projection of the many-sheeted conical surface, thus pre- 
sented. The resultant axis of the whole motion in any finite 
time, round the fixed point of the motions of all the moving 
points, is a line through the fixed point perpendicular to the 
plane on which the area of the whole projection is greater than 
on any other plane; and the moment of the whole motion 
round the resultant axis, is twice the area of this projection. 

The, resultant axis and moment of velocity, of any number of 
moving points, relatively to any fixed point, are respectively 
the resultant axis of the whole motion during an infinitely 
short time, and its moment, divided by the time. 

The moment of the whole motion round any axis, of the 
the motion of any number of points during any time, is equal 
to the moment of the whole motion round the resultant axis 
through any point of the former axis, multiplied into the cosine 
of the angle between the two axes. 

The resultant axis, relatively to any fixed point, of the whole 
motion of any number of moving points, and the moment of 
the whole motion round it, are deduced by the same elemen- 
tary constructions from the resultant axes and moments of the 
individual points, or partial groups of points of the system, as 
the direction and magnitude of a resultant displacement, are 
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deduced from any given lines and magnitudes of component 
displacements. * 

Corresponding statements apply, of course, to the moments 
of velocity and of momentum. 

287 , If the point of application of a force be displaced 
through a small space, the resolved part of the displacement in 
the direction of the force has been called its Virtual Velocity. 
This is positive or negative according as the virtual velocity is 
in the same, or in the opposite, direction to that of the force. 

The product of the force, into the virtual velocity of its point 
of application, has been called the Virtual Moment of the force. 
These terms we have introduced since they stand in the history 
and developments of the science ; but, as we shall show 
further on, they are inferior substitutes for a far more useful 
set of ideas clearly laid down by Newton. 

238 . A force is said to do ivork if its place of application 
has a positive component motion in its direction ; and the work 
done by it is measured by the product of its amount into this 
component motion. 

Thus, in lifting coals from a pit, the amount of work done is 
proportional to the weight of the coals lifted ; that is, to the 
force overcome in raising them ; and also to the height through 
which they are raised. The unit for the measurement of work 
adopted in practice by British engineers, is 4hat required to 
overcome a force equal to the weight of a pound through the 
space of a foot ; and is called a Foot-Pound. 

In purely scientific measurements, the unit of work is not 
the foot-pound, but the kinetic unit force (§225) acting through 
unit of space. Thus, for example, as we shall show further on, 
this unit is adopted in measuring the work done by an electric 
current, the units for electric and magnetic measurements being 
founded upon the kinetic unit force. 

If the weight be raised obliquely, as, for instance, along a 
smooth inclined plane, the space through which the force has 
to be overcome is increased in the ratio of the length to the 
height of the plane ; but the force to be overcome is not the 
whole weight, but only the resolved part of the weight parallel , 
to the plane and this is less than the weight in the ratio of 
the height of the plane to its length. By multiplying these 
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two expressions together, we find, as we might expect, that the work of a 
amount of work required is unchanged ^ by the substitution of 
the oblique for the vertical path. 

239. Generally, for any force, the work done during an 
indefinitely small displacement of the point of application is 
the virtual moment of the force (§237), or is the product of the 
resolved part of the force in the direction of the displacement 
into the displacement. 

From this it appears, that if the motion of the point of 
application be always perpendictdar to the direction in which 
a force acts, such a force does no work. Thus the mutual 
normal pressure between a fixed and moving body, as the 
tension of the cord to which a pendulum bob is attached, or 
the attraction of the sun on a planet if the planet describe a 
circle with the sun in the centre, is a case in which no work is 
done by the force. 

240. The work done by a force, or by a couple, upon a body wmk (»f a 
turning about an axis, is the product of the moment of either 

into the angle (in circular measure) through which tlie body 
acted on turns, if the moment remains the same in all positions 
of the body. If the moment be variable, the above assertion 
is only true for indefinitely small displacements, but may be 
made accurate by employing the proper average moment of tlie 
force or of the cquple. The proof is obvious. 

' If Q be the moment of the force or couple for a position of the 
feody given by the angle G{^i — Oq) if Q is constant, or 

[Oi 

I QdO q{0x — ^o) where q is the proper average value of Q 

when variable, is the work done by the couple during the rotation 
from to 

241. Work done on a body by a force is always sliown by Transfonna 

,.. •/* tion of work. 

a corresponding increase of vis viva, or kinetic energy, if no 
other forces act on the body which can do work or have work 
done against them. If work be done against any forces, the 
increase of kinetic energy is less than in the foimer case by the 
amount of work so done. In virtue of this, however, the body 
possesses an equivalent in the form of Potential Energy (§ 273), Potential 
if its physical conditions are such that these forces will act 
equally, and in the same directions, if the motion of the system is 

M 
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reversed. Thus there may be no change of kinetic energy 
produced, and the work done may be wholly stored up as 
potential energy. 

Tlius a weight requires work to raise it to a height, a spring 
requires work to bend it, air requires work to compress it, etc. ; 
but a raised weight, a bent spring, compressed air, etc., are 
stores of energy which can be made use of at pleasure. 

242. In what prec^es we have given some of Newton's 
Definitiones nearly in his own words ; others have been enun- 
ciated in a form more suitable to modern methods ; and some 
terms have been introduced which were invented subsequent 
to the publication of the Principia, But the Axiomaia^ sim 
Leges MotiiSy to which we now proceed, are given in Newton's 
own words ; the two centuries which have nearly elapsed since 
he first gave them have not shown a necessity for any addition 
or modification. The first two, indeed, were discovered by 
Galileo, and the third, in some of its many forms, was known 
to Hooke, Huyghens, Wallis, Wren, and others; before the 
publication of the Principia, Of late there has been a tendency 
to split the second law into two, called respectively the second 
and third, and to ignore the third entirely, though using it 
directly in every dynamical problem ; but all who have done so 
have been forced indirectly to acknowledge the completeness ol* 
Newton's system, by introducing as an axiom what is called 
D'Alembert's principle, which is really Newton's rejected third 
law in another form. Newton's own interpretation of his third 
law directly points out not only D'Alembert's principle, but 
also the modem principles of Work and Energy. 

243. An Axiom is a proposition, the truth of which must 
be admitted as soon as the terms in which it is expressed are 
clearly understood. But, as we shall show in our chapter on 
'' Experience," physical axioms are axiomatic to those only who 
have sufficient knowledge of the action of physical causes to 
enable them to see at once their necessary truth. Without 
further remark we shall give Newton's Three Laws ; it being 
remembered that, as the properties of matter might have been 
such as to render a totally different set of laws axiomatic, these 
laws must be considered as resting on convictions drawn from 
observation and exp^ment, not on intuitive perception. 
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244. Lex I. Goiym omne perseverare in statn suo quiescendi Newtou’i 
vel movendi uniformitcr in directum^ nisi quatcnus illud d virih^is 


impressis cogitnr staUcm mum mutare. 

Every body continues in its state of rest or of uniform motion 
in a straight line, except in so far as it may be compelled by im- 
pressed forces to change that state. 

245. The meaning of the term Rest, in physical science, Rest 
cannot be absolutely defined, inasmuch as absolute rest nowhere 
exists in nature. If the universe of matter were finite, its 
centre of inertia might fairly be considered as absolutely at 
rest ; or it miglit be imagined to be moving with any uniform 
velocity in any direction whatever through infinite space. But 
it is remarkable that the first law of motion enables us (§ 249, 
below) to explain what may be called directional rest. Also, 
as will be seen farther on, a perfectly smooth spherical body, 
made up of concentric shells, each of uniform material and 
density throughout, if made to revolve about an axis, will, in 
spite of impressed forces, revolve with xiniform angular velocity, and 
will maintain its axis of revolution in an absolutely fixed direc- 
tion. Or, as will soon be shown, § 267, the plane in which the 
moment of momentum of the universe (if finite) round its centre 
of inertia is the greatest, which is clearly determinable from 
the actual motions at any instant, is fixed in direction in s^jace. 

246. We may logically convert the assertion of the first law 
of motion as to velocity into the following statements : — 

The times during which any particular body, not compelled 
by force to alter the speed of its motion, passes through equal 
spaces, are equal. And, again— Every other body in the uni- 


verse, not compelled bv force to alter the speed of its motion, 
moves over equal spaces in successive intervals, during which 
the particular chosen body moves over equal i^xaces. 

247. The first part merely expresses the convention uni— Time, 
versally adopted for the measurement of Time. The earth, in 
its rotation about its axis, presents us with a case of motion in 
which the condition, of not being compelled by force to alter 
its speed, is more nearly fulfilled than in any other which 
we can easily or accurately observe. And the numerical 
measurement of time practically rests on defining eqvxbl inter- 
vals of time, as times during which the earth turns throv^gh equal 
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angles. This is, of course, a mere convention, and not a law of 
nature ; and, as we now see it, is a part of Newton’s first law. 

248. The remainder of the law is not a convention, but a 
great truth of nature, which we may illustrate by referring to 
small and trivial cases as well as to the grandest phenomena 
we can conceive. 

A curling-stone, projected along a horizontal surface of ice, 
travels equal distances, except in so far as it is retarded by 
friction and by the resistance of the air, in successive intervals 
of time during which the earth turns through equal angles. 
The sun moves through equal portions of interstellar space in 
times during which the earth turns through equal angles, 
except in so far as the resistance of interstellar matter, and 
the attraction of other bodies in the universe, alter his speed 
and that of the earth’s rotation. 

249. If two material points be projected from one position, 
A, at the same instant with any velocities in any directions, 
and each left to move uninfluenced by force, the line joining 
them will be always parallel to a fixed direction. For the law 
asserts, as we have seen, that AP : AP' v. 'AQ: AQ, if P, Q, and 
again P, are simultaneous positions; and therefore PQ is 
parallel to PQ'. Hence if four material points 0, P, Q, R are 
all projected at one instant from one position, OP, OQ, OR 
are fixed directions of reference ever after. ’^But, practically, 
the determination of fixed directions in space, § 267, is made to 
depend upon the rotation of groups of particles exerting forces 
on each other, and thus involves the Third Law of Motion^ 

250. ^e whole law is singularly at variance with the tenets 
of the ancient philosophers, who maintained that circular motion 
is perfect. 

The last clausS, **nisi quatenusl' etc., admirably prepares for 
the introduction of the second law, by conveying the idea that 
it is force alone wji/ich can 'produce a change of motion. How, 
we naturally inquire, does the change of motion produced 
depend on the magnitude and direction of the force which 
produces it ? And the answer is — 

251. Lex II. Mutationem mot'ds proportionalem esse vi 
motrici impressce, et fieri secundum lineam recta/m qud vis ilia 
imprimitur. 
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Change of motion is 'pro'portional to the impressed force, and 
takes place in the direction of the straight line in which the force 
acts, 

252. If any force generates motion, a double force will 
generate double motion, and so on, whether simultaneously or 
successively, instantaneously, or gradually applied. And this 
motion, if the body was moving beforehand, is either added to 
the previous motion if directly conspiring with it ; or is sub- 
tracted if directly opposed ; or is geometrically compounded 
with it, according to the kinematical principles already ex- 
plained, if the line of previous motion and the direction of the 
force are inclined to each other at any angle. (This is a para- 
phrase of Newton’s own comments on the second law.) 

253. In Chapter i. we have considered change of velocity, 
or acceleration, as a purely geometrical element, and have 
seen how it may be at once inferred from the given initial and 
final velocities of a body. By the definition of quantity of 
motion (§ 210), we see that, if we multiply the change of 
velocity, thus geometrically determined, by the mass of the 
body, we have the change of motion referred to in Newton’s 
law as the measure of the force which produces it. 

It is to be particularly noticed, that in this statement there 
is nothing said about the actual motion of the body before it 
was acted on by the force : it is only the chamge of motion that 
concerns us. Thus the same force will produce precisely the 
same change of motion in a body, whether the body be at rest, 
or in motion with any velocity Avhatever. 

254. Again, it is to be noticed that nothing is^id as to 
the body being under the action of one force only ; so that we 
may logically put a part of the second law. in the following 
(apparently) amplified form : — 

When any forces whatever act on a body, then, whether the body 
be originally at rest or moving with any velocity and in any 
direction, each force produces in the body the exact change of 
motion which it would have produced if it had acted singly on 
the body originally at rest. 

255. A remarkable consequence follows immediately frond compositiou 
this view’^ of the second law. Since forces are measured by the 
changes of motion they produce, and their directions assigned 
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Composition by tlie directioiis in ^wliich these changes are produced ; and 
ort.es. ^Yie changes of motion of one and the same body are in 

the directions of, and proportional to, the changes of velocity — 
a single force, measured by the resultant change of velocity, 
and in its direction, will be the equivalent of any number of 
simultaneously acting forces. Hence 

The resultant of any numher of forces {applied at one point) is 
to he found hy the same geometrical process as the resultant of gim/y 
numher of simultaneous velocities. 

256. From this follows at once (§27) the construction of 
the Parallelogram of Forces for finding the resultant of two 
forces, and the Polygon of Forces for the resultant of any num- 
ber of forces, in lines all through one point. 

The case of the equilibrium of a number of forces acting at 
one point, is evidently deducible at once from this ; for if we 
introduce one other force equal and opposite to their resultant, 
this will produce a change of motion equal and opposite to the 
resultant change of motion produced by the given forces ; that 
is to 'Say, will produce a condition in which the point expe- 
riences no change of motion, which, as we have already seen, is 
the only kind of rest of which we can ever be conscious. 

257. Though Newton perceived that the Parallelogram of 
Forces, or the fundamental principle of Statics, is essentially 
involved in the second law of motion, and gave a proof which 
is virtually the same as the preceding, subsequent writers on 
Statics (especially in this country) have very generally ignored 
the fact; and the consequence has been the introduction of 
various ilinecessary Dynamical Axioms, more or less obvious, 
but in reality included in or dependent upon Newton's laws 
of motion. We have retained Newton s method, not only on 
account of its admirable simplicity, but because we believe it 
contains the most philosophical foundation for the static as well 
as for the kinetic branch of the dynamic science. 

Measure- 258. But the second law* gives us the means of measuring 
and mass. force, and also of measuring the mass of a body. 

For, if we consider the actions of various forces upon the 
same body for equal times, we evidently have changes of 
velocity produced which are proportional to the forces. The 
changes of velocity, then, give us in this case the means of * 
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comparing the magnitudes of different forces. Thus the velo- Measure- 
cities acquired in one second by the same mass (falling freely) and mass. . 
at different parts of the earth’s surface, give us the relative 
amounts of the earth’s attraction at these places. 

Again, if equal forces be exerted on different bodies, the 
changes of velocity produced in equal times must be inversely 
as the masses of the various bodies. This is approximately the 
case, for instance, with trains of various lengths started by the 
same locomotive : it is exactly realized in such cases as 
the action of an electrified body on a number of solid or hollow 
spheres of the same external diameter, and of different nietals. 

Again, if we find a case in which different bodies, each acted 
on by a force, acquire in the same time the same changes of 
velocity, the forces must be proportional to the masses of the 
bodies. This, when the resistance of the air is removed, is the 
case of falling bodies ; and from it we conclude that the weight 
of a body in any given locality, or the force with which the 
earth attracts it, is proportional to its mass ; a most important 
physical truth, which will be treated of more carefully in the 
chapter devoted to Properties of Matter.” 

259 . It appears, lastly, from this law, that every theorem of Tr^siations 
Kinematics connected with acceleration has its counterpart in kinematics 

T,- . , . ^ of a point. 

Kinetics. 

For instance, suppose JT, F, Z to be the components, parallel 
to fixed axes of a?, z respectively, of the whole force acting on 
a particle of mass M, We see by § 212 that 

M — =zX M — ~z=iY 

dt^ ^ dt^ - i', , 

or M'x^X, My=r, Mz=Z, 

Also, from these, we may evidently write, 

Ms=x^+r^+z^=jf^+rl+z±, 

ds ds ds i s s 
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The second members of these equations are respectively the com- 
ponents of the impressed force, along the tangent (§ 9), perpen- 
dicular to the osculating plane (§ 9), and towards the centre of 
curvature, of the path described. 
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Measure* 260. We have, by means of the first two laws, anived at a 
and masB. definition and a measure of force ; and have also found how to 

compound, and therefore also how to resolve, forces ; and also 
how to investigate the motion of a single particle subjected to 
given forces. But more is required before we can completely 
understand the more complex cases of motion, especially those 
in whicli we have mutual actions between or amongst two or 
more bodies ; such as, for instance, attractions, or pressures, or 
transference of energy in any form. This is perfectly supplied 


Newton’s 
third law. 


261. Lex III. Actioni contrariam semjper et cequaUm esse 
reactione77i : sive corporum duorum actiones m se mutuh semper 
esse cequales et in partes contrainas dirigi. 

To every action there is always an equal and contrary re- 
action : or, the mutual actions of any two bodies ai^e always equal 
and oppositely directed. 

262. If one body presses or draws another, it is pressed or 
drawn by this other with an equal force in the opposite direc- 
tion. If any one presses a stone with his finger, his finger is 
pressed with the same force in the opposite direction by the 
stone. A horse towing a boat on a canal is dragged back- 
wards by a force equal to that which he impresses on the 
towing-rope forwards. By whatever amount, and in whatever 
direction, one body has its motion changed by impact upon 
another, this other body h^s its motion changed by the same 
amount in the opposite direction ; for at each instant during 
the impact the force between them was equal and opposite on 
the two. When neither of the two bodies has any rotation, 
whether before or after impact, the changes of velocity which 
they experience are inversely as their masses. 

When one body attracts another from a distance, this other 
attracts it with an equal and opposite force. This law holds 
not only for the attraction of gravitation, but also, as Newton 
himself remarked and verified by experiment, for magnetic 
attractions : also for electric forces, as tested by Otto- Guericke. 

263. What precedes is founded upon Newton’s own com- 
ments on the third law, and the actions and reactions con- 
templated are simple forces. In the scholium appended, he 
makes the following remarkable statement, introducing another 
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specification of actions and reactions subject to his third law, Newton'# 
the full meaning of which seems to have “escaped the notice of * 
commentators : — 

Si cestimetur agentis actio ex ejus vi et velocitate conjunctim ; 
et similiter resistentis reactio cestimetur conjunctim ex ejus partium 
singxdarum velocitatihus et virihus resistendi db earum dttrition^y 
cohcesioney pondere, et accehratione oriundis; erunt actio et reactiOy 
in Omni instrumentorum usUy siM invicem semper cegualcs. 

In a previous discussion Newton has shown what is to be 
understood by the velocity of a force or resistance ; z.e., that it 
is the velocity of the point of application of the force resolved 
in the direction of the force ^ in fact proportional to the virtual 
velocity. Bearing this in mind, we may read the above state- 
ment as follows : — 

If the Action of an agent he ^neasured hy iU amount and its 
velocity conjointly ; and if, similarly, the Reaction of the resistance 
he measured hy the velocities of its several parts and their several 
amounts conjoi^itly, whether these arise from friction, cohesion 
weight, or acceleration; — Action and Reaction, in all comhina- 
tions of machines, will he equal and opposite. 

Farther on w^e shall give a full development of the conse- 
quences of this most important remark. 

264 . Newton, in the passage just quoted, points out that D'Aiembert’g 
forces of resistance against acceleration are to be reckoned as 
reactions equal and opposite to the actions by which the ac- 
celeration is produced. Thus, if we consider any one material 
point of a system, its reaction against acceleration must be 
equal and opposite to the resultant of the forces which that 
point experiences, whether by the actions of other parts of the 
system upon it, or by the influence of matter not belonging to 
the system. In other words, it must be in equilibrium with 
these forces. Hence Newton’s view amounts to this, that all the 
forces of the system, with the reactions against acceleration of 
the material points composing it, form groups of equilibrating 
systems for these points considered individually. Hence, by 
the principle of superposition of forces in equilibrium, all the 
forces acting on points of the system form, with the reactions 
against acceleration, an equilibrating set of forces on the whole 
system. Tliis is the celebrated principle first explicitly stated. 
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D’Alembert’s and verv iisefullv applied, by D Alembert in 1 7 42, and still 
known by his name. We have seen, however, that it is very 
distinctly implied in Newton's own interpretation of his third 
law of motion. As it is usual to investigate the general equa- 
tions or conditions of equilibrium, in dynamical treatises, before 
entering in detail on the kinetic branch of the subject, this 
principle is found practically most useful in showing how we 
may write down at once the equations of motion for any 
system for which the equations of equilibrium have been in- 
vestigated. 

265 * Every rigid body may be imagined to be divided into 
indefinitely small parts. Now, in whatever form we may 
eventually find a ‘physical explanation of the origin of the forces 
which act between these parts, it is certain that each such 
small part may be considered to be held in its position 
relatively to the others by mutual forces in lines joining them. 

266 . From this we have, as immediate consequences of the 
second and third laws, and of the preceding theorems relating 
to Centre of Inertia and Moment of Momentum, a number of 
important propositions such as the following : — 

{a) The centre of inertia of a rigid body moving in any 
manner, but free from external forces, moves uniformly in a 
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straight line. 


(&) When any forces whatever act on the body, the motion of 
the centre of inertia is the same as it would have been had 
these forces been applied with their proper magnitudes and 
directions at that point itself. 

momentum (c) Since the moment of a force acting on a particle is the 
bo^^“^ same as the moment of momentum it produces in unit of time, 
the changes of moment of momentum in any two parts of a 
rigid body due to their mutual action are equal and opposite. 
Hence the moment of momentum of a rigid body, about any axis 
which is fixed in direction, and passes through a point which 
is either fixed in space or moves uniformly in a straight line, is 
unaltered by the mutual actions of the parts of the body. 

{d) The rate of increase of moment of momentum, when the 
body is acted on by external forces, is the sum of the moments 
of these forces about the axis. 

267 . We shall for the present take for granted, that the 
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mutual action between two rigid bodies may in eveiy case be 
imagined as composed of pairs of equ&,l and opposite forces 
in straight lines. From this it follows that the sum of the 
quantities of motion, parallel to any fixed direction, of two 
rigid bodies influencing one another in any possible way, re- 
mains unchanged by their mutual action; also that the sum 
of the moments of momentum of all the particles of the two 
bodies, round any line in a fixed direction in space, and passing 
through any point moving uniformly in a straight line in any 
direction, remains constant. From the first of these propositions 
we infer that the centre of inertia of any number of mutually 
influencing bodies, if in motion, continues moving uniformly 
in a straight line, unless in so far as the direction or velocity 
of its motion is changed by forces acting mutually between 
them and some other matter not belonging to them ; also that 
the centre of inertia of any body or system of bodies moves 
just as all their matter, if concentrated in a point, would move 
under the influence of forces equal and parallel to the forces 
really acting on its different parts. From the second we infer 
that the axis of resultant rotation through the centre of inertia 
of any system of bodies, or through any point either at rest or 
moving uniformly in a straight line, remains unchanged in 
direction, and the sum of moments of momenta round it 
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remains constant if the system experiences no force from with- 
out. This principle is sometimes called Conservation of Areas, 
a very misleading designation. 

268. The foundation of the abstract theory of energy is laid j^^g®4ork 
by Newton in an admirably distinct and compact manner in the 
sentence of his scholium already quoted (§ 263), in which he 
points out its application to mechanics.^ The actio agentis, 
as he defines it, which is evidently equivalent to the product of 
the effective component of the force, into the velocity of the 
point on which it acts, is simply, in modem English phrase- 
ology, the rate at which the agent works. The subject for 
measurement here is precisely the same as that for which Watt, 
a hundred years later, introduced the practical unit of a ** Horse^ Horse power 


' The reader will remember that we use the word “mechanics” in its true classical 
sense, the science of machines, the sense in which Newton h^self used it, when he 
dismissed the further consideration of it by saying (in the sch<)lium referred to), 
Cccterum mechanicam tractare non eat hupia inatituti. 
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Horse-power powev,** OT the rate at which an agent works when overcoming 
33,000 times the weigiit of a pound through the space of a foot 
in a minute ; that is, producing 550 foot-pounds of work per 
second. The unit, however, which is most generally convenient is 
that which Newton's definition implies, namely, the rate of doing 
work in which the unit of energy is produced in the unit of time. 

269. Looking at Newton's words (§ 263) in this light, we 
see that they may be logically converted into the following 
form : — 

Work done on any system of bodies (in Newton's state- 
ment, the pai’ts of any machine) has its equivalent in work done 
against friction, molecular forces, or gravity, if there be no 
acceleration ; but if there be acceleration, part of the work is 
expended in overcoming the resistance to acceleration, and the 
additional kinetic energy developed is equivalent to the work 
so spent. This is evident from § 2 1 4. 

When part of the work is done against molecular forces, as 
in bending a spring ; or against gravity, as in raising a weight ; 
the recoil of the spring, and the fall of the weight, are capable 
at any future time, of reproducing the work originally expended 
(§ 241). But in Newton's day, and long afterwards, it was 
supposed that work was absolutely lost by friction ; and, indeed, 
this statement is still to be found even in recent authoritative 
treatises. But we must defer the examination of this point till 
we consider in its modern form the principle of Conservation of 
Energy. 

270. If a system of bodies, given either at rest or in 
motion, be influenced by no forces from without, the sum of the 
kinetic energies of all its pai-ts is augmented in any time by an 
amount equal to the whole work done in that time by the 
mutual forces, wliich we may imagine as acting between its 
points. When the lines in which these forces act remain all 
unchanged in length, the forces do no work, and the sum of the 
kinetic energies of the whole system remains constant. If, on 
the other hand> one of these lines varies in length during the 
motion, the mtttriil forces in it will do work, or will consume 
work, according as the distance varies with or against them. 

Coi^rvatlve 271. A limited system of bodies is said to be dynamically 
conservative (or simply conservative^ when force is understood to 
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be the subject), if the mutual forces between its parts always 
perform, or always consume, the same amount of work during 
any motion whatever, by which it can pass from one particular 
configuration to another. 

272. The whole theory of energy in physical science is 
founded on the following proposition : — 

If the mutual ftrces between the parts of a material system 
are independent of their velocities, whether relative to one 
another, or relative to any external matter, the system must be 
dynamically conservative. 

For if more work is done by the mutual forces on the difierent 
parts of the system in passing from one particular configuration 
to another, by one set of paths than by another set of paths, let 
the system be directed, by frictionless constraint, to pass from 
•the first configuration to the second by one set of paths and 
return by the other, over and over again for ever. It will be 
a continual source of energy without any consumption of 
materials, wliich is impossible. 

273. The potential energy of a conservative system, in the 
configuration which it has at any instant, isrthe amount of work 
that its mutual forces perform during the passage of the system 
from any one chosen configuration to the configuration at the 
time referred to. It is generally, but not always, convenient 
to fix the particular configuration chosen for the zero of reckon- 
ing of potential energy, so that the potential energy, in every 
other configuration practically considered, shall be positive. 

274. The potential energy of a conservative system, at any 
instant, depends solely on its configuration at that instant, 
being, according to definition, the same at all times when the 
system is brought again and again to the same configuration. 
It is therefore, in mathematical language, said to be a function 
of the co-ordinates by which the positions of the different parts 
of the system are specified. If, for example, we have a con- 
servative system consisting of rtvo material points ; or two rigid 
bodies, acting upon one another with force dependent only on 
the relative position of a point belonging to oi^ of them, and a 
point belonging to the other ; the potential onetgy of the 
system depends upon the co-ordinates of one ctf these points 
relatively to lines of reference in fixed directions through the 
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Potential other. It will therefore, in general, depend on three independent 
Snservative co-ordinates, which we may conveniently take as the distance 
eyetem. i 3 etween the two points, and two angles specifying the absolute 
direction of the line joining them. Thus, for example, let the 
bodies be two uniform metal globes, electrified with any given 
quantities of electricity, and placed in an insulating medium 
such as air, in a region of space under the influence of a vast 
distant electrified body. The mutual action between these two 
spheres will depend solely on the relative position of their 
centres. It will consist partly of gravitation, depending solely 
on the distance between their centres, and of electric force, 
which will depend on the distance between them, but also, in 
virtue of the inductive action of the distant body, will depend 
on the absolute direction of the line joining their centres. In 
our divisions devoted to gravitation and electricity respectively, < 
we shall investigate the portions of the mutual potential energy 
of the two bodies depending on these two agencies separately. 
The former we shall find to be the -product of their masses 
divided by the distance between their centres ; the latter a 
somewhat complicated function of the distance bc^tween the 
centres and the an^e which this line makes with the direction 
of the resultant electric force of the distant electrified body. 
Or again, if the system consist of two balls of soft iron, in any 
locality of the earth's surface, their mutual action will be partly 
gravitation, and partly due to the magnetism induced in them 
by terrestrial magnetic force. The portion of the mutual 
potential energy depending on the latter cause, will be a func- 
tion of the distance between their centres and the inclination 
of this line to the direction of the terrestrial magnetic force. 


It will agree in mathematical expression with the potential 
energy of electric action in the preceding case, so far as the 
inclination is concerned, but the law of variation with the 
distance will be less easily determined. 

luevitablo 275 . In nature the hypothetical condition of 8 271 is 

loss of energy ^ 

moMoni® violoited in all circumstances of motion. A material 

system can never be brought through any returning cycle of 
motion without spending more work against the mutual forces 
of its parts than is gained from these forces, because no re- 
lative motion can take place without meeting with frictional 
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or other forms of resistance : among which are included (1.) inevitable 

, / ( lossofeneiw 

mutual friction between solids sliding upon one another; (2.) ofvtaiine 
resistances due to the viscosity of fluids, or imperfect elasticity 
of solids ; (3.) resistances due to the induction of electric 
currents ; (4.) resistances due to var 3 nng magnetization under 
the influence of imperfect magnetic retentiveness. No motion 
in nature can take place without meeting resistance due to 
some, if not to all, of these influences. It is matter of every 
day experience that friction and imperfect elasticity of solids 
impede the action of all artificial mechanisms ; and that even 
when bodies^ are detached, and left to move freely in the air, 
as falling bodies, or as projectiles, they experience resistance 
owing to the viscosity of the air. 

The greater masses, planets and comets, moving in a less 
resisting medium, show less indications of resistance.^ Indeed 
it cannot be said that observation upon any one of these bodies, 
with the exception of Encke^s comet, has demonstrated resist- 
ance. But the analogies of nature, and the ascertained facts of 
physical science, forbid us to doubt that every one of them, 
every star, and every body of any kind moving in any part 
of space, has its relative motion impeded by the air, gas, vapour, 
medium, or whatever we choose to call the substance occupying 
the space immediately round it ; just as the motiqp of a rifle 
bullet is impeded by the resistance of the air. 

276. Tli0rG ftr© 8.1so indirccti P6sisi^8/iic6s^ owiii^ to irictioii Effect of 
impeding the tidal motions, on all bodies which, like the earth, 
have portions of their free surfaces covered by Liquid, which, 
as long as these bodies move relatively to neighbouring bodies, 
must keep drawing off energy from their relative motions. 

Thus, if we consider, in the first place, the action of the moon 
alone, on the earth with its oceans, lakes, and rivers, we per- 
ceive that it must tend to equalize the periods of the earth’s 
rotation about its axis, and of the revolution of the two bodies 
about their centre of inertia ; because as long as these periods 
differ, the tidal action of the earth’s surface must keep sub- 
tracting energy from their motions. To view the subject more 

1 Newton, Primijyid. (Remarks on the first law of motion.) ** Minora autem 
Planetarum et Gometarum corpora motus suos et progressivos et eirculares, in spatiia 
minus resistentibus factos, couservant diutius.*’ 
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Inevitable in detail, and, at the same^time, to avoid unnecessary com- 
o?vi8ibie ^ plications, let us suppose the moon to be a uniform spherical 

motions. 

Effect of 
tidal friction 

in some line through her centre ; and must be such as to 
impede the earth’s rotation as long as this is performed in a 
shorter period than the moon’s motion round the earlli. It 
must therefore lie in some such direction as the line MQ in the 


body. Th^ mutual action and reaction of gravitation between 
* her mass and the earth’s, will be equivalent to a single force 


diagram, which represents, necessarily with enormous exaggera- 

tion, its deviation, OQ, from the earth’s 

Ax ^ 

centre. Now the actual force on the moon 
ill the line MQ, may be •regarded as con- 
sisting of a force in the line MO towards 
the earth’s centre, sensibly equal in 
amount to the whole force, and a com- 
paratively very small force in the line 
MT perpendicular to 310. This latter 
is very nearly tangential to the moon’s path, and is in the 
direction with her motion. Such a force, if suddenly com- 
mencing to act, would, in the first plabe, increase the moon’s 
velocity; but after a certain time she would have moved 
so much farther from the earth, in virtue of this accelera- 


tion, as to have lost, by moving against the earth’s attraction, 
as much velocity as she had gained by the tangential accelera- 
ting force. The effect of a continued tangential force, acting 
with the motion, but so small in amount as to make only a 
small deviation at any moment from the circular form of the 
orbit, is to gradually increase the distance from the central 
body, and to cause as much again as its own amount of work 
to be done against the attraction of the central mass, by the 
kinetic energy of motion lost. The circumstances will be readily 
understood, by considering this motion round tlie central body 
in a very gradual spiral path tending outwards. Provided the 
law of force is the inverse square of the distance, the tangential 
component of gravity against the motion will be twice as great 
as the .disturbing tangential force in the direction with the 
motion ; and ther^pre one-half of the amount of work done 
against the former, is done by the latter, and the other half by 
kinetic energy taken. from the motion. The integral effect on 
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the moon’s motim, of the particular disttirbiiig cause now tinder 
consideration, is most easily found by itsing the^ jpgnciple pf 
moments of momenta. Thus we see that as much ifioment of ihc- 
momentum is gained in any time by the motions of the centres 
of inertia^ of the moon and e6urth relatively to their common 
centre of inertia, as is lost by the earth’s rotation about its axis. 

The sum of the moments of momentum of the centres of inertia 
of the moon.,and earth as moving at present, is about 4*45 times 
the present moment ^f momentum of the earth’s rotation. The 
average plane of the former is the ecliptic ; and therefore the 
axes of the two momenta are inclined to one another at the 
average angle of 23° 27J', which, as we are neglecting the sun’s 
influence on the plane of the moon’s motion, may be taken aj^ 
the actual inclination of the two axes at ];)resent. The resultant, 
or whole moment of momentum, is therefore 6*38 times that of 
the earth’s present rotation, and its axis is inclined 19° 13' to 
the axis of the earth. Hence the ultimate tendency of the tides 
is, to reduce the earth and moon to a simple uniform rotation 
with this resultant moment round this resultant axis, as if they 
were two parts of one rigid body : in which condition the moon’s 
distance would be increased (approximately) in the ratio 1 : 1*46, 
being the ratio of the square of the present moment of momen- 
tum of the centres of inertia to the square of the whole moment 
of momentum ; and the period of revolution in the ratio 1 : 1*77, 
being that of the cubes of the same quantities. The distance 
would therefore be increased to 347,100 miles, and the period 
lengthened to 48*36 days. Were there no other body in 
the universe but the earth and the moon, these two bodies 
might go om moving thus for ever, in circular orbits round their 
common centre of inertia, and the earth rotating about its axis in 
the same period, so as always to turn the same fece to the moon, 
and therefore to ha15^e all the liquids ^t its surface at rest rela- 
tively to the solid. But the existence of the sun would pre- 
vent any such state of things from being permanent. There 
would be solar tides —twice high water and twice low water-^in 
the period of the earth’s revolution relatively to the sun (that is 
to say, twice in the solar day, or, which jfould be the same 
thing, the month). Tbdy» could not go on wi&out loss of eneigy 
by fluid friction. It is not easy to trace the whole course of the 
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ittivitaWe disturbance in the earth's and moon's motions ivhich this cause 
would produce, but its ultimate effect must be to bring the 
earth, moon, and sun to rotate round their common centre of 
inertia, like parts of one rigid body. It would carry us too 
far from our course to investigate at present wMch of all the 
configurations fulfilling this condition is the one that would be 
ultimately approximated to. We hope, however, to return to 
the subject later, and to consider the general problem of the 
motion of any number of rigid bodies or ipaterial points acting 
on one another with mutual forces, under any actual physical 
law, and therefore, as we shall see, necessarily subject to loss of 
energy as long as any of their mutual distances vary; that is to 
^ay, until all subside into a state of motion in circles round an 
axis passing through their centre of inertia, like parts of one 
rigid body. It is probable that the moon, in ancient times 
liquid or viscous in its outer layer if not throughout, w^as thus 
brought to turn always the same face to the earth. 

277. We have no data in the present state of science for 
estimating the relative importance of tidal friction, and of the 
resistance of the resisting medium through which the earth and 
moon move ; but whatever it may be, {here can be but one 
ultimate result for such a system as that of the sun and planets, 
if continuing long enough under existing laws, and not dis- 
turbed by meeting with other moving masses in space. That 
result is the falling together of all into one mass, which, although 
rotating for a time, must in the end come to rest relatively to 
the surrounding medium. 

278. The theory of energy cannot be completed until we 
are able to examine the physical influences which accompany 
loss of energy in each of the classes of resistance mentioned 
above, § 275. ,We shall then see that in every case in which 
energy is lost by resistance, heat is generated ; and we shall 
learn from Joule's investigations that the quantity of heat so 
generated is a perfectly definite equivalent for the energy 
lost. Also that in no natural action is there ever a develop- 

. ment of energy which caimot be accounted for by the dis- 
appearance of an equal amount elsewhere by means of 
some known physical agency. Thus shall conclude, that 
if any limited portion of the material universe could be per- 
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fectly isolated, so as to 'be prevented from either giving 
enei^y to, or taking eneijy from, mattet external to it, the 
sum of its potential and kinetic energies would be the same at 
all times : in other words, that every material system sulject 
to no other, forces than actions and reactions between its parts, 
is a dynamically conservative system, as defined above, § 271. 

But it is only when the inscrutably minute motions among 
small parts, possibly the ultimate molecules of matter, which 
constitute light, heat, and magnetism ; and the intermolecular 
forces of chemical affinity ; are taken into account, along with 
the palpable motions and measurable forces of which we 
become cognizant by direct observation, that we can recognise 
the universally conservative character of all natural dynamic . 
action, and perceive the bearing of the principle of reversibility 
on the whole class of natural actions involving resistance, which 
seem to violate it. In the meantime, in our studies of abstract 
dynamics, it wiU be sufficient to introduce a special reckoning 
for energy lost in working against, or gained from work done 
by, forces not belonging palpably to the conservative class. 

279. As of great importance in farther developments, we 
prove a few propositions intimately connected with energy. 

280. The kinetic energy of any system is equal to the sum 

of the kinetic energies of a mass equal to the sum of the masses rsy^m. 
of the system, moving with a velocity equal to that of its centre 
of inertia, and of the motions of the separate parts relatively to 
the centre of inertia. 

For if Xj y, z be the co-ordinates of any particle, w, of the 
system ; f its co-ordinates relative to the centre of inertia; 
and X, y, the co-ordinates of the centre of inertia itself; we have 
for the whole kinetic energy 

)■+(!) 


2 dt ' dt 

But by the properties of the centre of inertia, we have 

etc. etc. 

dt dt 


dt dt dJt' 
Hence the preceding is equal to 

^ ridX\.^ . tdllx.^ . .dSv ^ X 


which proves the proposition. 
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281 . The kinetic energy of rotation of a rigid system about 
any axis is (§ 95) expressed by where m is the mass 

of any part, r its distance from the axis, and g) the angular 
velocity of rotation. It may evidently be written in the form 
The factor is of very great importance in 

kinetic investigations, and has been called the Moment of 
Inertia of the system about the axis in question. The moment 
of inertia about any axis is therefore found by summing the 
products of the masses of all the particles each into the square 
of its distance from the axis. 

It is worth while to notice that the moment of momentum 
of any rigid* system about an axis, being is the 

product of the angular velocity into the moment of inertia. 

If we take a quantity h, such that 

k is called the Radius of Gyration about the axis from which 
r is measured. The radius of gyration about any axis is there- 
fore the distance from that axis at which, if the whole mass 
were placed, it would have the same moment of inertia as be- 
fore. In a fly-wheel, where it is desirable to have as great a 
moment of inertia with as small a mass as possible, within 
certain limits of dimensions, the greater part of th# mass is 
formed into a ring of the largest admissible diameter, and the 
radius of this ring is then approximately the radius of gyration 
of the whole. 


Moment of 
inertia about 
any axis. 


A rigid body being referred to rectangular axes passing 
through any point, it is required to find the moment of inertia 
about an axis through the origin making given angles with the 
co-ordinate axes. 

Let A, ft, V be its direction-cosines. Then the distance (r) of 
the point a?, y, z from it is, by § 96, 

r* = (/«r— 1^)*+ ( va?— A^)* + (Ay — fta?)*, 
and therefore 

which may be written 

— 2afAV — 2j8FAT-2yAft, 

where A, B, C are the moments of iibrtia about the axes, and 
ass^myz^ psz^mzx, y=Xma?^. From its derivation we see that 
this quantity is essentially positive* Hence when, by a proper 
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linear transformation, it is deprived of the terms containing the 
products of A, /i, v, it wBl be brought to fhe form 

m*=:AX*+B/i^+ay*=Q, 

where A, B, C are essentially positive. They are evidently the 
moments of inertia about the new rectangular axes of co-ordinates, 
and A, ft, v the corresponding dkection-cosines of the axis round 
which the moment of inertia is to be found. 

Let .4 > 5 > C7, if they are unequal. Then 
^A* +Bft* + Cv* = a( A* +ft* + V*) 
shows than Q cannot be greater than Ay nor less than C. Also, 
if Ay By C be equal, Q is equal to each. 

If*a, by c be the radii of gyration about the new axes of a?, y, Zy 

A=Ma\ B:=^Mb\ C=Mc\ 
and the above equation gives 

^2 = a® A* + i*ft* 4- c® V* . 

But if Xy y, z be any point in the line whose direction- cosines are 
A, ft, V, and r its distance from the origin, we have 

and therefore 

A /J, V ' 


If, therefore, we consider the ellipsoid whose equation is 

a®a?® + i*y* + = €*, 


we see that it intercepts on the line whose direction-cosines are 
A, ft, V- — and about which the radius of gyration is ky a length r 
which is given by the equation 





or the rectangle under any radius-vector of this ellipsoid and 
the radius of gyration about it is constant. Its semi- axes are 

evidently ^ ~ ^ where € may have any value we may assign. 

Thus it is evident that 


282. For every rigid body there may be described about Momentai 
any point as centre, an ellipsoid (called Poinsofs Momentai 
Ellijpsoid) which is such that the length of any radius-vector is 
inversely proportional to the radius of gyration of the body 
about that radius- vector as axis. 

The axes of this ellipsoid are the Principal Axes of inertia Principal 
of the body at the point^in question. 

283. liie proposition of § 280 shows that the moment of 
inertia of^ a rigid body about any axis is equal to that which 
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the mass, if collected at the centre of inertia, would have about 
this axis, together with that of the body about a parallel axis 
through its centre of inertia. 

Let the origin, 0, be the centre of inertia, and the axes the 
principal axes at that point. Then, by §§ 280, 281, we have for 
the moment of inertia about a line through the point P (^, 17 , f), 
whose direction-cosines are X, /a, v ; 

— vq +v$ — Xf +Xrj — ) 

— 2M{lAvq(+ 

Substituting for Q, .4, J9, C their values, and dividiag by My 
we have 


=== (a* -4- + (cH r +’7^^ 

— ^(vO^V+C^vX+^qXfi). 

Let it be required to find X, /*, v so that the direction specified 
by them may be a principal axis. Let s = X^ + fxq + v(y e.c., 
let s represent the projection of OP on the axis sought. 

The axes of the ellipsoid 

+ — ) = // (a), 

are found by means of the equations 

(a^+V^+C — P)^ — 

- + (b^ + r + f —p)p —vCy=^o V (b)r 

If, now, we take /to denote OP, or these equations, 

where p is clearly the square of the radius of gyration about 
the axis to be found, may be written 

(a® -f/® — p)X — ^(^X +qfA+ fv) = 0 , 
etc. = etc., 

or («® 4/® —p)X — ^ 5 = 0 , 

etc. = etc., 

or (a® — K}X — 'j 

(b* — K)fi — r}s=:0 > (c) 

{e^ — K)v—Cs^0 j 

where K^p — /®. Hence 



etc.' 


Multiply, in order, by g, f, add, and dinde by s, and we get 




j f 4- V 

By (c) we see that (X, /i, v) is^ the direction of the normal through 
the point P, (^, ty, f) of the surface represented by tl^e equation 




(d). 
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(^) Principal 


a- — K ' b* — K ' C* — " axes, 
which is obviously a surface of the second degree coufocal with 
the ellipsoid 

(/). 


X 

a 


and passing through P in virtue of (d), which determines K accord- 
ingly. The three roots of this cubic are clearly all real ; ' one of 
them is less than the least of a*, 5*, c*, and positive or negative 
according as P is within or without the ellipsoid (/). And if 
a>5>c, the two others are between c* and 5*, and between and 
a®, respectively. The addition of/* to each gives the square of the 
radius of gyration round the corresponding principal axis. Hence 

284. The principal axes at any point of a rigid body are nor- 
mals to the three surfaces of the second order which pass’ through 
that point, and are confocal with an ellipsoid, having its centre central 
at the centre of inertia, and its three principal diameters co- 
incident with the three principal axes through these points, 

and equal respectively to the doubles of the radii of gyration 
round them. This ellipsoid is called the Central Ellipsoid. 

285. A rigid body is said to be kinetically symmetrical Kinetic 

about its centre of inertia when its moments of inertia about 
three principal axes through that point are equal ; and there - ’ 

fore necessarily the moments of inertia about all axes through 
that point equal, § 28 1, and all these axes principal axes. About 

it uniform spheres, cubes, and in general any complete crys- 
talline solid of the %9t system (see chapter on Properties of 
Matter) are kinetically symmetrical. 

A rigid body is kinetically symmetrical about an axis when round an 
this axis is one of the principal* axes through the centre of ’ 
inertia, and the moments of inertia about the other two, and 
therefore about any line in their plane, are equal A spheroid, 
a square or equilateral triangular prism or plate, a circular ring, 
disc, or cylinder, or any complete crystal of the second or 
fourth system, is kinetically symmetrical about its axis. 

286. The only actions and reactions between the parts of a snei^gy in 
system, not belonging palpably to the conservative class, which d^^c*. 
we shall consider in abstract dynamics, are those of friction 
between solids sliding on solids, except in a few instances in 
which we shall consider the general character and ultimate 
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results of effects produced by viscosity of fluids, imperfect 
elasticity of solids, imperfect electric conduction, or imperfect 
magnetic retentiveness. We shall also, in abstract dynamics, 
consider forces as applied to parts of.a limited system arbitrarily 
from without. These we shall call, for brevity, the applied forces. 

287. The law of energy may then, in abstract dynamics, be 
expressed as follows 

The whole work don© in any time, on any limited material 
system, by applied forces, is jequal to the whole effect in the 
forms of potential and kinetic energy produced in the system, 
together with the work lost in friction. 

288. .This principle may be regarded as comprehending the 
whole of abstract dynamics, because, as we now proceed to 
show, the conditions of equilibrium and of motion, in every 
possible case, may be immediately derived from it. 

289. A material system, whose relative motions are unre- 
sisted by friction, is in equilibrium in any particular configura- 
tion if, and is not in equilibrium unless, the work done by 
4he applied forces is equal to the potential energy gained, in any 
possible infinitely small displacement from tliat configuration. 
This is the celebrated principle of virtual veloqities which 
Lagrange made the basis of his M^canique Analytique, 

290. To prove it, we have first to remark that the system 
cannot possibly move away from any particular configuration 
except by work being done upon it by the fbrces to which it is 
subject : it is therefore in equilibrium if lb© stated condition is 
fulfilled. To ascertain that nothing less than this condition can 
secure its equilibrium, let us first consider a system having 
only one degree of freedom to move. Whatever forces act on 
the whole system, we may always hold it in equilibrium by a 
single force applied to any one point of the system in its line 
of motion, opposite to the direction in, which it tends to move,^ 
and of such magnitude that, in any infinitely small motion in 
either direction, it shall resist, or shall do, as much work Ss the 
oth.er forces, whether applied or internal, altogether do or r^ist. 
Now, by the principle of superposition of forces in equilibrium, 
we might, without altering their effect, apply to any one point 
of the system such a force as we have just seen would hold the 
eystem in equilibrimn, and another force equal and opposite 
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to it. All the other forces being balanced by one of these two, 
they and it might again, by the principle of superposition of veiocitiM. 
forces in equilibrium, be reinoved; and therefore the whole set 
of given forces would produce the same effect, whether for 
equilibrium or for motion, as the single force which is left 
acting alone. This single force, since it is in a line in which 
the point of its application is free to ipove, must move the 
system. Hence the given forces, to which this single force has 
been proved equivalent, cannot possibly be in equilibrium 
unless their whole work for an infinitely small motion is 
nothing, in which case the single equivalent force is reduced 
to nothing. But whatever amount of freedom to move the 
whole system may have, we may always, by the application of 
frictionless constraint, limit it to one degree of freedom only ; 

— and this may be freedom to execute any particular motion 
whatever, possible under the given, conditions of the system. 

If, therefore, in any such infinitely small motion, there is 
variation of potential energy uncompensated by work of the 
applied forces, constraint limiting the freedom of the system to 
only this motion will bring us to the case in which we have 
just demonstrated there cannot be equilibrium. But the appli- 
cation of constraints limiting motion cannot possibly disturb 
equilibrium, and therefore the given system under the actual 
conditions cannot be in equilibrium in any particular con- 
figuration if there is more work done than resisted in any 
possible infinitely small motion from that configuration by all 
the forces to which it is subject. 

291 . If a material system, under the influence of internal Neutral 
and applied forces, varying according to some definite law, is ^ 
balanced by them in any position in which it may be placed, 
its equilibrium is said to be neutral. This is the case with any 
, spherical body of unij^rm material resting on a horizontal 
plane. A right cylinder or cone, bounded by plane ends per- 
pendicular to the axis, is also in neutral equilibrium on a 
horizontal plane. Practically, any mass of moderate dimensions 
is in neutral equilibrium when its centre of inertia only is 
fixed, since, when its loi^est dimension is small in comparison 
with the earth’s radius, gravity is, as we s^l see, approximately 
equivalent to a single force through this j^it. 
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But ii; when displaced infinitely little in any direction from 
a particular position of equilibrium, and left to itself, it com- 
mences and continues vibrating, without ever experiencing 
more than infinitely small deviation in any of its parts, from 
the position of equilibrium, the equilibrium in this position is 
said to be stable. A weight suspended by a string, a uniform 
sphere in a hollow bowl, a loaded sphere resting on a horizontal 
plane with the loaded side lowest, an oblate body resting with 
one end of its shortest diameter on a horizontal plane, a plank, 
whose thickness is small compared with its length and breadth, 
floating on water, etc. etc., are all cases of stable equilibrium ; if 
we neglect the motions of rotation about a vertical axis in the 
second, third, and fourth cases, and horizontal motion in general, 
in the fifth, for all of which the equilibrium is neutral. 

If, on the other hand, the system can be displaced in any 
way from a position of equilibrium, so that when left to itself 
it will not vibrate within infinitely small limits about the posi- 
tion of equilibrium, but will move farther and farther away from 
it, the equilibrium in this position is said to be unstable. Thus 
a loa-ded sphere resting on a horizontal plane with its load as 
high as possible, an egg-shaped body standing on one end, a 
board floating edgeways in water, etc. etc,, would present, if 
they could be realized in practice, cases of unstable equili- 
brium. 

When, as in many cases, the nature of the equilibrium varies 
with the direction of displacement, if unstable for any possible 
displacement it is practically unstable on the whole. Thus a 
coin standing on its edge, though in neutral equilibrium for 
displacements in its plane, yet being in unstable equilibrium • 
for those perpendicular to its plane, is practically unstable. A 
sphere resting in equilibrium on a saddle presents a case in 
which there is stable, neutral, or unstqjj^le equilibrium, accord- 
ing to the direction in which it may be displaced by rolling, 
but, practically, it would be ^stable. 

m. The theory of enei^^ shows a very clear and simple* ’ 
test for discriminating these characters, or determining whether 
the equilibrium is neutral, stable, or unstable, in any case. If 
there is just as much work resisted as performed by the applied 
and internal forces in any possible displacement the equilibrium 
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is neutral, but not unless. If in every possible infinitely small 
displacement from a position of equilibrium f^hey do less work 
among them than they resist, the equilibrium is thoroughly 
stable, and not unless. If in any or in every infinitely small 
displacement from a position of equilibrium they do more work 
than they resist, the equilibrium is unstable. It follows that 
if the system is influenced only by internal forces, or if the 
applied forces follow the law of doing always the same amount 
of work upon the system passing from one configuration to 
another by all possible paths, the whole potential energy must 
be constant, in all positions, for neutral equilibrium ; must 
be a minimum for positions of thoroughly stable equilibrium ; 
must be either an absolute maximum, or a maximum for some 
displacements and a minimum for^others when there is unstable 
equilibrium. 

293 . We have seen that, according to D'Alembert’s prin- 
ciple, as explained above (§ 264), forces acting on the different 
points of a material system, and their reactions against the 
accelerations which they actually experience in any case of 
motion, are in equilibrium with one another. Hence in any actual 
case of motion, not only is the actual work done by the forces 
equal to the kinetic energy produced in any infinitely small time, 
in virtue of the actual accelerations ; but so also is the work 
which would be done by the forces, in any infinitely small time, , 
if the velocities of the points constituting the system, were at 
any instant changed to any possible iiJfinitely small velocities, 
and the accelerations unchanged. This statement, when put in 
the concise language of mathematical analysis, constitutes 
Lagrange’s application of the principle of virtual velocities” 
to express the conditions of D’Alembert’s equilibrium between 
the forces acting, and the resistances of the masses to accelera- 
tion. It comprehends,^ as we have seen, every possible condi - 
tion of every case of motion. The '' equations of motion” in 
any particular case are, as Lagra%e has shown, deduced from 
lit with great ease. 

Let m be the mass of any one of the material points (rf the 
system; y, z its reotaugular co-ordinates at time relaiively 
to axes fixed in direction (§ 249) through a pbiat repipned as 
fixed (§ 245) ; and JT, F, Z the cbmpqpents, piMlel to the bame 
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axes, of the whole force acting on it. 


Thus 




— m 



dt* ' 


are the components of the reaction a^iost acceleration. 

And these, with X, F, Z, for the whole system, must fulfil the 
conditions of equilibrium. Hence if fia?, Bz denote any arbi- 
trary variations of a?, z consistent with the conditions of the 
system, we have 

2 { {X— m^)8x + ( r— m^)8z } = 0 (1) , 

where 2 denotes summation to include all the particles of the 
system. . This may be called the indeterminate, or the variational, 
equation of motion. Lagrange used it as the foundation of his 
whole kinetic system, deriving from it all the common equations of 
motion, and his own remarkable equations in generalized co-ordi- 
nates (presently to be given). We may write it otherwise as follows : 

YB^-{-ZBz) (2), 

where the first member denotes the* work done by forces equal to 

those required to produce the real accelerations, acting through 
the spaces of the arbitrary displacements ; and the second member 
the work done by the actual forces through these imagined 
spaces. 

If the moving bodies constitute a conservative system, and if 
V denote its potential energy in the configuration specified by 
(a?, y, Zy etc.), we have of course (§§ 241, 278) 

BV^-^XBx-^^YBt/^ZBz), (3), 

and therefore the indeterminate equation of motion becomes 

'2m{xBx-\-SB2/-\-'zBz) = — BV (4), 

where BV denotes the excess of the potential energy in the con- 
figuration (aj-f-Sa?, z-\-Bzj etc.) above that in the configura- 

tion (a?, y, Zy etc.) 

One immediate particular result must of course be the common 
equation of energy, which must be obtained by supposing Bxy 
Bzy etc., to be the actual variatio^* of the co-ordinates in an 
infinitely small time Bt, Thus if we take Bx = ±Bty etc., and 
divide both members have 

'2{Xx+ +^i) (5). ^ 

Here the first member is com|>bfil^d of Newton’s Actiones Agentium; 
with his Reactionea Reaiatentium so far as friction, gravity, and 
molecular forces are conoeined, subtrifeted : and the second consists 
of the portion of the Rededonea due to acceleration. As we have 
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seen above (§ 214), the second member is the rate of increase of iCQuation 

per unit of time. Hence, denoting by v the 
velocity of one of the particles, and by W the integral of the 
first member multiplied by dt, that is to say, the integral work 
done by the working and resisting forces in any time, we have 

^mv^=zW+Eo ( 6 ), 

Eo being the initial kinetic energy. This is the integral equa- 
tion of energy. In the particular case of a conservative system, 

W is a function of the co-ordinates, irrespectively of the time, or 
of the paths which have been followed. According to the pre- 
vious notation, with besides Vq to denote the potential energy of 
the system in its initial configuration, we have W^Vq — F, and 
the integral equation of energy becomes, 

^imv^^Vo-V+Eo^ 

or, if E denote the sum of the potential and kinetic energies, a 
constant, '2^mv^ = E — F (7). 

The general indeterminate equation gives immediately, for the 
motion of a system of free particles, 

niiZi^Zi, etc. 

Of these equations the three for each particle, may of course be 
treated separately if there is no mutual influence between the 
particles : but when they exert force on one another, JT,, F,, etc., 
will each in general be a function of all the co-ordinates. 

From the indeterminate equation (1) Lagrange, by his method constraint 
of multipliers, deduces the requisite number of equations for iSte^th^n- 
determining the motion of a rigid body, or of any system of con- 
nected particles or rigid bodies, thus f — Let the number of the 
particles be and let the connexions between them be expressed 
by n equations, 

etc. etc. ) 


being the kineniatical (Equations of the^ system. By taking the 
variations of these we find that every possible infinitely small dis- 
placement .f .^ust satisfy the n linear equations 

w-' 

Multiplying the first of these by X, the second by A,,, etc., 
adding to the indeterminate equation, and than equaUng the co- 
efficients of da?!, to zero, we have 
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\ 


^dF . dF 



( 10 ). 


etc. etc. I 

These are in all di equations to determine the n unknown 
quantities A^, A^^, ..., and the 3/— n independent variables to 
which Xx^yxx reduced by the kinematical equations (8). 

The problem of finding the motion of a system subject to any 
unvarying kinematical conditions whatever, under the action of 
any given forces, is thus reduced to a question of pure analysis. 
In the still more general problem of determining the motion when 
certain parts of the system are constrained to move in a specified 
manner, the equations of condition (8) involve not only the co- 
ordinates, but also, t, the time. It is easily seen, however, that 
the equations (10) still hold. 

When there are connexions between any parts of a system, the 
motion is in general not the same as if all were free. If we con- 
aider any particle during any infinitely email time of the motion, 
and call the product of its mass into the square of the distance 
between its positions at the end of this time, on the two supposi- 
tions, the constraint: the sum of the constraints is a minimum. 
This follows easily from (1). 


npact. 294 . When two bodies, in relative motion, come into con- 
tact, pressure begins to act between them to prevent any parts 
of them from jointly occupying the same space. This force 
commences from nothing at the first point of collision, and 
gradually increases per unit of area on a gradually increasing 
suliace of co.ntact. If, as is always the case in nature, each 
body possesses some degree of elasticity, and if they are not kept 
together after the impact by cohesion, or by some artificial 
appliance, the mutual pressure between them will reach a 
maximum, will begin to diminish, and in the end will come to 
nothing, by gradually diminishing in amount per unit of area 
on a gradually diminishi% surface of contact. The whole pro- 
"cess would OQ(?upy not ‘^Ese#ly more or less than an hour if 
the bodies were of such di2]|)^m||dns as the earth, and such degrees 
of rigidity as copper, steel, or glass. It is finished, probably, 
within a thousandth of §t second if they are globes of any of 
these substances not exceeding a yard in diameter. 
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295. The whole amount, and the direction, of the Impact'* impR«^ 
experienced by either body in any such c^e, are reckoned 
according to the “ change of momentun^’ which it experiences. 

The amount of the impact is measured by the amount, and its 
direction by the direction of the change of momentum, which is 
produced. The component of an impact in a direction parallel 
to any fixed line is similarly reckoned according to the com- 
ponent change of momentum m that direction. 

296. If we imagine the whole time of an impact divided 
into a very great munber of equal intervals, each so short that 
the force does not vary sensibly during it,' the component 
change of momentum in any direcfion during any one of these 
intervals will (§ 220) be equal to the force multiplied by 
the measure of the interval. Hence the component of the 
impact is equal to the sum of the forces in all the intervals, 
multiplied by the length of each interval 

Let P be the component force in any direction at any instant, 

T, of the interval, and let I be the amount of the corresponding 
component of the whole impact. Then 

^ I^zfPdr. 

297. Any force in a constant direction acting in any cir- Time- 
cumstances, for any time great or small, may be reckoned on 
the sa^e principle ; ^ that what we may call its whole amount 
during any time, or its ** time-i'tdegral^' will measure, or be 
measured by, the whole momentum which it generates in the 
time in question. But this reckoning is not often convenient 

or useful except when the whole operation considered is ov^ 
before J:he position of the body, or configuration of the system 
of bodies, iptvolved, has altered to such a degree as to bring any 
other forces into play, or altqr forces previously acting, to such 
an extent as to produce any sensible effect on the momentum 
measured. Thus if a person presses gently with his hand, 
during a few seconds, upon a mass suspended by a cord or 
chain, he produces an effect i;^ch| if ^ we know the degree of 
the force at each instant, may ^^roughly calculated on 
elementary principles. No appix)^Npil^ion to a full determina- 
tion of the motion, or to answering such a partial question as 
how great will be the whole deflection produced ?” can be 
founded on a knowledge of the ttme-mtegral** alon^ If, for 
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instance, the force be at first very great and gradually diminish, 
the efitect will be very different from what it would be if the 
force* were to increase very gradually and to cease suddenly, 
even although the time-integral were the same in the two 
cases. But if the same body is “ struck a blow," in a horizontal 
direction, either by the hand, or by a mallet or other somewhat 
hard mass, the action of the force is finished before the suspend- 
ing cord has experienced any sensible deflection from the ver 
tical. Neither gravity nor a»iy other force sensibly alters the 
effect of the blow. And therefore the whole momentum at the 
end of the blow is sensibly eg[ual to the “ amount of the impact," 
which is, in this case, simply the time-integral 

298 . Such is the case of Kobins' Ballistic Pendulum^ a 
massive block of wood movable about a horizontal axis at a 
considerable distance above it — employed to measure the velo- 
city of a cannon or musket-shot. The shot is fired into the block 
in a horizontal direction perpendicular to the axis. The im- 
pulsive penetration is so nearly instantaneous, and the inertia 
of the block so large compared with the momentum of the shot, 
that the ball and pendulum are moving on as one mass heforc the 
'pendulum has been sensibly deflected from the vertical. This is 
the essential peculiarity of the apparatus. A sufficiently great 
force might move it^ far from the vertici in a small fj^ction 
of its time of vibration. But in order that the time-integral 
may have its simplest application to such a case, the direction 
of the force would have continually to change so as to be 
HJiways the same as that of the motion of the block. 

299 . Other illustrations of the cases in which the time- 
integral gives us the complete solution of the problem may be 
given without limit. They include all cases in which the 
direction of the force is always coincident with the direction 
of motion of the moving body, and those special cases in which 
the time of action of the force is so short that the body’s motion 
does not, during its lapse, |M^bly ajter its relation to the direc- 
tion of the force, or the aci|i^ of any other forces to which it 
may be subject. Thus, in the vertical fall of a body, the time- 
integral gives us at once the change of momentum ; and the 
same r^e applies in most cases of forces of brief duration, as 
in a ‘Vfli'ive" in cricket or golf. 
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9 * 

800 . The simplest case which we cah consider, and the one 
usually treated as an introduction to the SfUbject, is that Of the 
collision of two smooth spherical bodies whose centres before 
collision were moving in the same straight line. The force * 
between them at each instant must be in this line, because of 
the symmetry of circumstances round it; and by the third 
law it must be equal in amount on the two bodies. Hence 
(Lex II.) they must experience changes of motion at equal rates 
in contrary directions ; and at any instant of the impact the 
integral toiounts of these changes of motion must be equal. 
Let us suppose, to hx the ideas, the two bodies to be moving 
both before and after impact in the same direction in one line : 
one of them gaining on the other before impact, and either 
following it at a less speed, or moving along with if, as the 
case may be, after the impact is completed. Cases in which 
the former is driven backwards by the force of the collision, 
or in which the two moving in opposite directions meet in 
collision, are easily reduced to dependence on the same formula 
by the ordinary algebraic convention with regard to positive 
and negative signs. 

In the standard case, then, the quantity of motion lost, up 
to any instant of the impact, by one of the bodies, is equal to 
that gained by the ^her. Hence at the instant when their 
velocities are equalized they move as one mass with a mornen-^ 
turn equal to the sum of the momenta of the two before impact. 
That is to say, if v denote the common velocity at this instant, 
we have 


or 


MV+M'V' 

. M+M' ’ 


if M, M' denote the masses of the two bodies, and F, V their 
velocities before impact. * 

During this first period of the impact the bodies have been, 
on the whole, coming into clos^^ntact with one another, 
through a compression or defo];i«^on experienced by each, 
and resulting, as remarked above, in a fitting together of the 
two surfaces over a fkiite area. No body in nature is per- 
fectly inelastic; and hence, at the instant of closest approxi- 
mation, the mutual force called into action between the two 


0 
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bodies continues, and tends to separate them. Unless pre- 
vented by natural Surface cohesion or welding (such as is 
always found, as we shall see later in our chapter on Properties 
of Matter, however hard and well polished the surfaces may 
be), or by artificial appliances (such as a coating of wax, applied 
in one of the common illustrative experiments ; or the coupling 
applied between two railway carriages when run together so as 
to push in the springs, according to the usual practice at rail- 
way stations), the two bodies are actually separated by this 
force, and move away from one another. Newton f(Jund that, 
provided the imjpact is not so violent as to make any sensible per- 
manent indentation in either body, the relative velocity of 
separation after the impact bears a proportion to their previous 
relative velocity of approach, which is constant for the same 
two bodies. This proportion, always less than unity, ap- 
proaches more and more nearly to it the harder the bodies are. 
Thus with balls of compressed wool he found it f, iron nearly 
the same, glass M. The results of more recent experiments on 
the same subject have confirmed Newton’s law. These will be 
described later. In any case of the collision of two balls, let 
e denote this proportion, to which we give the name Coefficient 
of ‘ Restitution and, with previous notation, let in addition 


Z7, U' denote the velocities of the two bodies after the conclusion 


of the impact ; in the standard case each being positive, but 
IT > U, Then .we have 


U'—U-e[V—V') 

and, as before, since one has lost as much momentum as the 
other lias gained, 

mu+m'u'^mv^m' r . 

From these equations we find 

{M+M)U^MV+M'V'—eM\V—r), 
with a similar expression fof U\ 

Also we have, as above/ * 

Hence, by subtraction, 

' In in<?8t modon treatises this is called a co^eient of elasticity,” which is 
clearly a mistake ; suggested, it may be, by Newton^s words, but inconsistent with 
his facts, and utterly at variance with modem language and modem knowledge re- 
garding elasticity. 



and therefore 


DYNAMICAL LAWS AND PKINCIPLES. 


211 


Direct iin> 
pact of 

V — U^e{V—v). ^ epheres. 

Of course we have also 

These results may be put in words thus : — The relative velocity 
of either of the bodies with regard to the centre of inertia of 
the two is, after the completion of the impact, reversed in 
direction, and diminished in the ratio e: I, 

301 . Hence the loss of kinetic energy, being, according to 
§§ 267, 280, due only to change of kinetic energy relative to 
the centre of inertia, is to this part of the whole as 1 — : 1. 

Thus • 

Initial kinetic energy=^(Jlf+il!/')i)’+^if(F' — F')*. 

Final „ „ »)*. 

Loss =:i{l—e‘){M{r—vy+M'{v—V')*}. 

802 . When two elastic bodies, the two balls supposed above Distribution 
for instance, impinge, some portion of their previous kinetic afterl^act. 
energ 3 «*will always remain in them as vibrations. A portion 
of the loss of energy (miscalled the effect of imperfect elas- 
ticity) is necessarily due to this cause in every real case. 

Later, in our chapter on Properties of Matter, it will be 
shown as a result of experiment, that forces of elasticity are, 
to a very close degree of accuracy, simply proportional to the 
strains (§ 164), within the limits of elasticity, in elastic solids 
which, like metals, glass, etc., bear but small deformations with- 
out permanent change. Hence when two such bodies come 
into collision, sometimes with greater and sometimes with less 
mutual velocity, but with all other circumstances similar, the 
velocities of all particles of either body, at corresponding times 
of the impacts, will be always in the same proportion. Hence Newton's 
the velocity of separation of the centres of inertia after impact £w wS*”*** 
will bear a constant proportion to the previous velocity of JirjSfeUsl* 
approach ; which agrees with the N^wtbnian^iaw. It is there- 
fore probable that a very sensible poi||ion, if not the whole, of 
the loss of energy in the visible motions of two elastic bodies, 
after impact, experimented on by Newton, m&y have been due 
to vibrations; but unless some other cause also was laigeljr 
operative, it is difficult to see how the loss was so muchT^ater 
with iron balls than with glass. 
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303. In certain definite extreme cases, imaginable although 
not realizable, no euhrgy will be spent in vibrations, and the 
two bodies will separate, each moving simply as a rigid body, 
and having in this simple motion the whole energy of work 
done on it by elastic force during the collision. For instance, 
let the two bodies be cylinders, or prismatic bars with flat ends, 
of the same kind of substance, and of equal and similar trans- 
verse sections; and let this substance have the property of 
compressibility with perfect elasticity, in the direction of the 
length of the bar, and of absolute resistance to change in every 
transverse dimension. Before impact, let the two bodies be 
placed with their lengths in one line, and their transverse sec- 
tions (if not circular) similarly situated, and let one or both be 
i^et in motion in this line. The result, as regards the motions 
of the two bodies after the collision, will be sensibly the 
same if they are of any real ordinary elastic solid naaterial, 
provided the greatest transverse diameter of each is very small 
in comparison with its length. Then, if the lengths of4he two 
be equal, they will separate after impact with the same relative 
velocity as that with which they approached, and neither will 
retain any vibratory motion after the end of the collision 

304. If the two bars are of unequal length, the shorter will, 
after the impact, be exactly in the same state as if it had 
struck another of its own length, and it therefore Will move as 
a rigid body after the collision. But the other will, along with 
a motion of its centre of gravity, calculable from the principle 
that its whole momentum must (§ 267) be changed by an 
amount equal exactly to the momentum gained or lost by the 
first, have also a vibratory motion, of which the whole kinetic 
and potential energy will make up the deficieifty of energy 
which we shall presently calcrdate in the motions of the centres 
of inertia. For simplicity, let the longer body be supposed to 
be at rest before ttie collision. Then the shorter on striking it 
will be left at rest ; this being clearly the result in the case of 
e = 1 in the preceding formulae (§ 300) applied to the impact 
of one body striking another of equal mass previously at rest. 
The longer bar will move away with the same momentum, and 
therefore wfth less velocity of its centre of inertia, and less 
kinetic energy of this motion, than the other body had before 
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impact, in the ratio of the smaller to the greater mass. Jt wiU 
also have a very remarkable vibratory motion, which, when its 
length is more than double of that of the other, will consist of 
a wave running backwards and forwards through its length, and 
causing the motion of its ends, and, in fact, of every particle of 
it, to take place by " fits and starts,” not continuously. The 
full analysis of these circumstances, though very simple, must 
be reserved until Ve are especially occupied with wavea, and 
the kinetics of elastic solifls. It is sufficient at present to re- 
mark, that the motions of the centres of gravity of the two 
bodies after impact, whatever they may have been previously, 
are given by the preceding formulse . with for e the value 


ilf' 

If 


where M' and M are the smaller and the larger mass re- 


spectively. 

305 . The mathematical theory of the vibrations of solid elastic 
spheres Has not yet been worked out ; and its application to 
the case of the vibrations produced by impact presents con- 
siderable difficulty. Experiment, however, renders it certain, 
that but Sr small part of the whole kinetic energy of the pre- 
vious motions can remain in the form of vibrations after the 
impact of two equal spheres of glass or of ivory. This is 
proved, for instance, by the com^ion observation, that one of 
them remains nearly motionless after striking the other pre- 
viously at rest ; since, the velocity of the common centre of 
gravity of the two being necessarily unchanged by the impact, 
we infer that the second ball acquires a velocity nearly equal 
to that which the first had before striking it. But it is to be 
expected that unequal balls of the same substance coming into 
collision will, by impact, convert a very sensible proportion of 
the kinetic energy of their previous motions "Into energy of 
vibrations ; and generally, that the same will be the case when 
equal or unequal masses of different sw,bstances come into colli- 
sion ; although for one particular proportion of their diameters, 
depending on their densities and eki^ic qualities, this effect will 
be a minimum, and possibly not much more sensible than it is 
when the substances are the same and the diameters equal 

306 . It need scarcely be said that, in such cases of impact 
as that of the tongue of a bell, or of a clock-hammer striking 
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its beE (or spiral spring as in thfe American clocks), or of piano- 
forte hammers striking the strings, or of the drum struck with 
the proper implement, a large part of the kinetic energy of the 
blow is spent in generating vibrations. * 

807 . The Moment of an Impact about any axis is derived 
from the line and amount of the impact in the same way as the 
moment of a velocity or force is determined from the line and 
amount of the velocity or force, §§ 235, 2'86. If a body is 
struck, the change of its moment of fnomentum about any axis 
is equal to the moment of the impact round that axis. But, 
without considering the measure of the impact, we see (§ 267) 
that the moment of momentum round any axis, lost by one 
body in striking another, is, as in. every case of mutual action, 
equal to that gained by the other. 


Thus, to recur to the ballistic pendulum — the line of motion 
of the bullet at impact may be in any direction whatever, but the 
only part which is effective is^ the component in a plane perpen- 
dicular to the axis. We may therefore, for simplicity, consider 
the motion to be in a line perpendicular to the axis, though not 
necessarily horizontal. Let m be the mass of the bullet, v its 
velocity, and p the distance of its line of motion from the axis. 
Let .^be the mass of the pendulum with the»bullet lodged in it, 
and k its radius of gyration. Then if o) be the angular velocity 
of the pendulum when the impact^is complete, 

from which the solution of the question is easily determined. 

For the kinetic energy after impact is changed (§ 241) into 
its equivalent in potential energy when, the pendulum reaches its 
position of greatest deflection. Let this be given by the angle 
6\ then the height to which the centre of inertia is raised is 
^(1 — cos^)„if h be its distance from the axis. Thus 

MgM\ — 008 , 

jyjL K 


or 


. . $ mop 

2 sin — =s fL:, 

2 Mk*J gh 


) 


an expression for the chord of half the angle of deflection. In 
practice the chord of the angle 9 is measured by means of a 
light tape or, cord attached to a point of the pendulum, and 
slipping with small friction through a clip fixed close to the posi- 
tion occupied by that point when the pendnhim hangs at rest. 
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808 . Work done hy an m/p(M is, in general, the product of work done 
the impact into half the sum of the initial and final velocities 
of the point at which it is applied, resolved in the direction of . 
the impact; In the case of direct impact, such as that treated 
in § 300, the initial kinetic energy of the body is the 

final and therefore the gain, by the impact, is 

or, which is the same, 

M{U^V). \{U+V). 

But M{U — V) is (§ 295) equal to the amount of the impact. 

Hence the proposition : the extension of which to the most 
general circumstances is easily seen. 

Lot ( be the amount of the impulse up to time r, and I the 
whole amount, up to the end, T» That is to say, let 

Whatever may be the conditions to which the body struck is 
subjected, the change of velocity in the point struck is propor- 
tional to the amount of the impulse up to any part of its whole 
time, so that, if ^ be a constant depending on the masses and 
conditions of constraint involved, and if U, v, V denote the com- 
ponent velocities of the point struck, in the direction of the 
impulse, at the beginning, at the time r, and at the end, re- 
spectively, we have 0 

v=U+^, V=U+4,- 

Hence, for the rate of the doing of work by the force P, at the 
instant we have 

Hence for the Vhole work ( W) done by it, 

809 . It is worthy of remark, that if any number of impacts 
be applied to a body, their whole effect will be the same whether 
they be applied together or successively (provided that the 
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whole time occupied by theiif be infinitely short), although 
the work done by eaoh particular impact is in general different 
according to the order in which the several impacts are applied. 
The whole amount of work is the sum of the products obtained 
by multiplying each impact by half the sum of the components 
of the initial and final velocities of the point to which it is 
applied. 

310. The effect of any stated* impulses, applied to a rigid 
body, or to a system of material points or rigid bodies con- 
nected in airj^ way, is to be found most readily by the aid of 
D’Alembert's principle ; according to which the given impulses, 
and the impulsive reaction against the generation of motion, 
measured in amount by the momenta generated, are. in equi- 
librium ; and are therefore to be dealt with mathematically by 
applying to them the equations of equilibrium of the system. 

Let Pi, Qi, Pi bdiithe component impulses on the first particle, 
miy and let i^i, ^i, ii be the components* of the velocity in- 
stantaneously acquired by this particle. Component forces equal 
to (Pi — WiiJi), (Qi — mi^i), ... must equilibrate the system, 
and therefore we have (§ 290) 

2{(P- — — mfj8z}=0 (a) 

where S^i, ... denote the components of any infinitely small 
displacements of the particles possible under the conditions of 
the system. Or, which amount||to the same thing, since any 
possible infinitely small displacements are simply proportional to 
any possible velocities in the same directions, 

2){(P — mx)u^(Q — wy)y4-(Q — jnz)w}=0 (b) 

where Wi, Vi, Wi denote any possible component velocities of the 
first particle, etc. 

One particular case of this equatioi) is of course had by suppos- 
ing Wi, Vi, ... to be equal to the velocities Xj, yi, ... actually 
acquired ; and, by halving, etc., we find 

2(P.iir+(3.i^+P.ii)=P (c) 

where T denotes the energy of the motion generated. This 
agrees with § 308 above. 

811. Euler discovered that the kinetic eneigy acquired from 
rest by a rigid body in virtue of an impulse fulfils a maximum- 
minimum condition. Lagrange^ extended this proposition to 

^ Miccmique Analytique, 2^* partie, sactiou, § 37. 
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a system of Jodies connectedly any invariable kinematic re- 
lations, and struck with any impulsea Belaunay found that it 
is really always a maximum when the impulses are given, and 
when' different motions possible wnder the conditions of the system, 
and fulfilling the law of energy [§ 308 above, or § 310 (c)], are 
considered. Farther, Bertrand shows that the energy actually 
acquired is not merely a ‘‘ maximum,” but exceeds the enei^y 
of any other motion fulfilling these conditions ; and that the 
amount of the excess is equal to the energy of the motion which 
must be compounded with either to produce the gther. 

Let xl, y/ . . . be the tsomponent velocities of any motion what- 
ever fulfilling the equation (c), which becomes 

* P(Pi&'+ay'+i?i') = r===i2m(i?'».fy'*^ (d\ 

If, then, we take Xi — — y/=Vi, etc., we have 
T — — u)u+,,,} 

=:i'2m{xu+yv+zw) (e). 

But, by (6), * 

'2m{xu+yv+zw):ss'2(Pu+Qv+Ew ) ; 
and, by (c) and {d), 

2(Pw-f Qv+Rw)=^2T— 2r. 

Hence (e) gives 

I (/), 

which is Bertrand's result. 

312. The energy of the motion generated suddenly in a 
mass of incompressible liquid given at rest completely filling 
a vessel of any shape, when the vessel is suddenly set in 
motion, or when it is suddenly bent out of shape in any way 
whatever, subject to the condition of not changing its volume, 
is less than the energy of any other motioU' it can have with the 
same motion of its houmding surface. The consideration of this 
theorem, which, so far as we know, was first published in 
the Cambridge and Dublin Mathematical Journal [Feb. 1849], 
has led us to the general minimum property proved below 
regarding motion acquired by any system when any given velo-- 
cities are generated suddenly in any of its parts. 

313. The ^onethod of generalized co-ordinates explained 
above (§ 204) is extremely useful in its application to 
dynamics of a syi^tem ; whether for expressing and working co-oK«n«te». 
out the details of any particular case in which there is any 
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finite number of degrees of freedom, or for proving general 
principles appKcable even to cases, such as that of a liquid, as 
described in the preceding section, in which there may be an 
infinite number of degrees of freedom. It leads us to generalize 
the measure of inertia, and the resolution and composition of 
forces, impulses, and momenta, on dynamical principles corre- 
sponding with the kinematical principles explained in § 204, 
which gave us generalized component velocities : and, as we 
shall see later, the generalized equations of continuous motion 
are not only Ycry convenient for the solution of problems, but 
most instructive as to the nature of relations, however compli- 
cated, between the motions of different parts of a system. In 
the meantime we shall consider the generalized expressions for 
the impulsive generation of motion. We have seen above 
(§ 308) that the kinetic energy acquired by a system given at 
rest and struck with any given impulses, is equal to half the 
sum of the products of the component forces multiplied each 
into the corresponding component of the velocity acquired by 
its point of application, when the ordinary system of rectangular 
co-ordinates is used. Precisely the same statement holds on 
the generalized system, and if stated as the convention agreed 
upon, it suffices to define the generalized components of im- 
pulse, those of velocity having been fixed on kinematical 
principles (§ 204). Generalized components of momentum 
of any specified motion are, of course, equal to the generalized 
components of the impulse by which it could be generated from 
rest 


(a) Let 0, ,,, be the generalized co-ordinates of a material 
system at any time; and let yfr^ <!>, 0, ... be the corresponding 
generalized velocity -components, that is to say, the rates at 
which Oj ... increase per unit of time, at any instant, in 

the actual motion. If Z\ denote the common rectangular 

co-ordinates of one particle of the system, and ^i, li its com- 
ponent velocities, we have 






(!)• 


m 


etc. etc. 

Hence the kinetic energy, which k fh terms 
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of rectangular co-ordinates, becomes a quadratic function of 
yjry <j>j etc., when expressed in terms of generalized co-ordinates, 
so that if we denote it by T we have 

where ^), (4>, <^), (^, ^), etc.,' denote various functions of the wnetic 
co-ordinates, determinable according to the conditions of the 
system. The only condition essentially fulfilled by these co- 
efficients is, that they must give a finite positive value to T for 
all values of the variables. # 

(b) Again let (JTi, Fj, Zi), (JTa, Fj, Fj), etc., denote component 
forces on the particles (xi, yi, Zi), (x^, ya, <?*), etc., respectively ; 
and let (Sxi, Syi, etc., denote the components of any in- 
finitely small motions possible without breaking the conditions of 
the system. The work done by those forces, upon the system 
when so displaced, will be 

^X8x+YS^+ZSz) (3). 


To transform this into an expression in terms of generalized co- 
ordinates, we have. 


and it becomes 
where 



(4), 

etc. etc. 


^ -f- -f etc. 

> 

( 5 ), 


GeneraJized 
compooento, 
//>\ of force, 

(6). 


etc. 


etc. 


These quantities, etc., are clearly the generalized com- 

ponents of the force on the system. 

Let etc., denote component impulses, generalized on the * 

same principle ; that is to say, let 

f f ^dty etc., of impulfid. 

J 0 J 0 

where ••• denote generalized components of the continuous 

force acting at any instant of the infinitely short time r, within 
which the impulse is completed. 

If this impulse is applied to the system, previously in motion 
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in the manner specified above, and if 5*^, 5<^, ... denote the re- 
sulting augmentations of the components of velocity, the means 
of the component velocities before and after the impulse will be 

••• • 

Hence, according to the general principle explained above for 
calculating the work done by an impulse, the whole work done 
in this case is 

To avoid unnecessaryioomplications, let us suppose S<^, etc., 
*to be each infinitely small. The preceding expression for the 
work done becomes 

and, as the effect produced by this work is augmentation of 
kinetic energy from T to T+ 8T, we must have 

8 + 6tc. 

Now let the impulses be such a^ to augment yjrto ‘^+8*^, and to 
leave the other component velocities unchanged. We shall have 

= — rSyjr, 
dyjr 

dT 

Dividing both members by 8^, and observing that — r is a linear 

* 

function of <^, etc., we see that ^ i , etc., must be equal 

Sir ^ 

to the coefiicients of 9 , . . . respectively in — r • 

dyfr 

(c) From this we see, further, that the impulse required to pro- 
duce the component velocity yjr from rest, or to generate it in the 
system moving with any other possible velocity, has for its com- 
ponents 

etc. 

Hence we conclude that to generate the whole resultant velocity 
(^, ...) from rest, requires an impulse, of which the com- 

ponents, if denoted by ly, f, ... , are expressed as follows : — 

^ = <^)^+... 

etc. 

where it must be remembered that, as Seen in the original ex- 
pression for Ty from which they are derivedj (^, means the 
same thing as (^, <#>), and so on. The preceding expressions are 
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the differential coefficients of T with reference to the Telooities ; Homontu <n 
that is to say, • 

dT dT » dT 






d 6 


( 8 ). 


Kinetic 
energy in 
terms of 


(df) The second members of these equations, being linear func- 
tions of , we may, by ordinary elimination, find etc., 

in terms of 17, etc., and the expressions so obtained are of 
course linear functions of the last-named elements. And, since 
T is a quadratic fuu^tion of <^, etc., we have 

^( 9 ). 

From this, on the supposition that yjr^ <j>^ ... are expressed in momenu 
terms of 17, . . . , we have by differentiation 

„dT I , J'ir. d4 , Ad , 

Now the algebraic process by which yjr, <f>, etc., are obtained in 
terms of tj, etc., shows that, inasmuch as the coefficient of in 
the expression, ( 7 ), for is equal to the coefficient of yfr^ in th# 
expression for >7, and so on ; the coefficient of 17 in the expres- 
sion for yfr must be equal to the coefficient of ^ in the expression 
for <^, and so on ; that is to say, 

d^jr d<f> d"^ _ dO 


* •# 


etc. 


Hence the preceding expression becomes 

and therefore 


Similarly 



H, 


( 10 ) 


VelocitieH 
fn terms of 
momenta. 


These expressions solve the direct problem, — to find the velo- 
city produced by a given impulse (f, when we have the 

kinetic energy, T, expressed as a quadratic function of the com- 
ponents of the impulse. 

(e) If we consider the motion simply, without reference to the 
impulse required to generate it from rest^ or to stop it, the quanti- 
ties ?7, ... are clearly to be regarded as the oompooents of the 
momentum of the motion, accorduig to the system of generalized 
oo-ordinates. 
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(/) The following algebraic relation will be useful : — 

where, 9y, v^, etc., having the same signification as before, 
f/j Vn C,) denote the impulse- components corresponding to 
any other values, etc., of the velocity- components. It 

is proved by observing that each member of the equation becomes 
' a symmetrical function of yjr ^ ; etc.; when for etc., 

their values in terms of yfr <(> etc., and for t/, etc., their values 
in terms of <^, etc., are substituted. • 

•f 

314 . A material system of any kind, given at rest, and 
subjected to an impulse ip any specified direction, and of auy 
given magnitude, moves off so as to take the greatest amount 
of kinetic energy which the specified impulse can give it. 

Let iy,... be the .components of the given impulse, and 
<^,... the components of the actual motion produced by it, 
which are determined by the equations (10) above. Now let us 
suppose the system be guided by means of merely directive con- 
straint, to take, from rest, under the influence of the given 
impulse, some motion <^,,...) different from the actual 

motion; and let be the impulse which, with this con- 
straint removed, would produce the motion We 

shall have, for this case, as above. 

But — ^ — are the components of the impulse ex- 
perienced in virtue of the constraint we have supposed introduced. 
They can* neither perform nor consume work on the system when 
moving as directed by this constrattit ; that is to say, 

+ ( 12 ) ; 

and therefore ^ 

27’, =1^, +vi>,+C^, +etc. 

Hence we have 

2(T-T,)^^{ir-p+ri(4-4)+eto. 

= + etc. 

But, by (11) above, we have 

etc. = + etc., 
and therefore, by (12), each vanishes ; and we have 

-2(T-— 7’^)=(^ — ^J(^ — — ^i 7 ,)(^— <^,)+etc. (13); 
that is to say, T exceeds by the value of the kinetic energy 
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that would be generated by an impulse etc.) Theorems 

applied simply to the system, which, of course, is essentially term^of** 


positive. In other words. 


generalized 

co-ordinates. 


315. If the system is guided to take, under the action of a 
given impulse, any motion 0^, . . .) different from theliatural 
motion (^, . . .), it will nave less kinetic energy than that of 

the natural motion, by a difference equal to the kinetic energy 
of the motion ^ . . .). 

Cor. If a set of material points are struck independently 
by impulses each given in amount, more kinetic energy is 
generate^ if the points are perfectly free to move each in- 
dependently of all the others, than if they are connected in any 
way. And the deficiency of energy in the latter case is equal 
to the amount of the kinetic energy of the motion which 
geometrically compounded with the motion of either case would 
give that of the other. 


(а) Hitherto we have either supposed the motion to be fully given, Problems . 
and the impulses required t9 produce them, to be to be found ; or involve im- 
the impulses to be given and the motions produced by them to be 

to be found. A not lesi important class of problems is presented 
by supposing as many linear equations of condition between the 
impulses and components of motion to be given as there are de- 
grees of freedom of the system to move (or independent co-ordi- 
nates). These equations, and as many more supplied by (8) 
or their equivialents (10), suffice for the complete solution of the 
problem, to determine the impulses and the motion. 

(б) A very important ctfse. of this class is presented by prescrib- 
ing, among the velocities alone, a number of linear equations with 
constant terms, and supposing the impulses to be so directed and 
related as to do no work on any velocities satisfying another pre- 
scribed set of linear equations with no constant terms ; the whole 
number of equations of course being equal to the number of inde- 
pendent co-ordinates of the/s^stem. The equations for solving 
this problem need not be written down, as they are obvious ; but 
the following reduction is useful, as affording the easiest proof of 
the minimum property stated below. 

(c) The given equations among the velocities may be reduced 
to a set, each bXImogeneous, except one equation with a constant 
term. Those homogeneous e(|^ations diminish the number of de- 
grees of freedom ; and we may transform the co-ordinates so as 
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td have the number of independent co-ordinates diminished ac- 
cordingly. Farther, we may choose the new co-ordinates, so 
that the linear function of the velocities in the , single . equation 
with a constant term may be one of the new velocity-components 
and the linear functions of the velocities appearing in the equatioi 
connected with the prescribed conditions as to the impulses may 
be the remaining velocity-components. Thus.^the impulse will 
fulfil the condition of doing no work on any other component 
velocity than the 6ne which is given, and the general problem — 

w 

a 

316 . Given any m^erial system at rest. Let any parts of 
it be set in motion suddenly with any specified velocities pos - 
sible, according to the conditions of the system ; and let its 
other parts bQ influenced only by its connexions with those. 
It is required to find the motion : 

takes the following v6ry simple form 1-7- An impulse of the cha- 
racter specified as a particular component, according to the 
generalized method of co-ordinates, acts on a material system ; 
its amount being such as to produce a given velocity-component 
of the corresponding type. It is required to find the motion. 

The solution of course is to be found from the equations 

9y=0, f=0, etc., (16) 

which are the special equations of condition of the problem ; and 
the general kinetic equations (7), or (10). Choosing the latter, 
and denoting by etc., the coefficients of etc., 

in J', we have 



for the result. 

This result possesses the remarkable property, that the 
kinetic energy of the motion expressed by it is less than that of 
any other motion which fulfils the prescribed condition as to 
velocity. For, if etc., denote the impulses required to 

produce any other motion, ©tc., and the correspond- 

ing kinetic energy, we have, by (9), 

etc. 

But by (11), 

since, by (15)^ we have 1^=0, f=0, etc. Hence 
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Now let also tlus second oa^ motion fulfil the pre- 

scribed velocitj-condition We shall have 

f -f ) + • • • = (f-?)( t -V') 

‘ — ^){<^/ — ^)‘+{C—tK^ — 

since — *^=0, i?=0, Hence if ® denote the,kinetic 

energy of the motion generated from rest, by the impulse 

liave 

27;;=2r+2® (17)* 

But ® is essentially positive and therefore T^j the kinetic energy 
of any motion fulfilling the prescribed velocity-condition, but 
differing from the actual motion, is gffeater than T the kinetic 
energy of the actual motion ; and the amount, 8, of the differ- 
ence is given by the equation 

. — — ( 18 )- 

In other words, 

317 . The solution of the problem is, that The motion Kinetic 

^ ^ ' energy a 

actually taken by the system is that which has less 
energy than any other motion fulfilling the prescribed velocity 
conditions. And the excess of the energy of any other such 
motion, above that of the actual motion, is equal to the energy 
of the motion that would be generated by the action alone of 
the impulse which, if compounded with the impulse producing 
the actual motion, would produce this other supposed motion. 

In dealing with cases it would rarely happen that the use of the 
particular co-ordinate system required for the application of the 
solution (16) could be convenient ; but in all cases, even in such 
as in examples (2) and (3) below, which involve an infinite 
number of degrees of freedom, the minimum property now proved 
affords an easy solution. 

Example (1). Let a smooth plane, constrained to keep moving 
with a given normal velocity, come in contact with a free rigid n ^d^ia nc 
body at rest ; to find the motion produced. The velocity con- mass on a 
dition here is, that the motion shall consist of any motion what- 
ever giving to the point of the body which is struck a stated 
velocity, g, perpendicular to the impinging plane, compounded 
withiany motion whatever giving to the same point any velocity 
parallel to this plane. To express this condition, let u, t?, w be 
rectangular component linear velocities of the centre of gravity, 
and let 0 , p, <r be component angular velocities round a^es 
through the centre of gravity parallel to the lines of reference. 
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Thus, ii Xy z denote the co-ordinates of the point struck, 
relatiyely to these axes through the centre of gravity, and if 
ly niy n be the direction-cosines of the normal to the impinging 
plane, the prescribed velocity-condition becomes 

(u+pz — <r^)l+{v+<rx — isz)m+(w+vs^ — px)nss — q (a), 

the negative sign being placed before q on the understanding 
that the motion of the impinging plane is obliquely, if not directly, 
towards the centre of gravity, when /, m, n are each positive. 
If, now, we suppose the rectangular axes through the centre of 
gravity to be principal axes of the body, and denote by Mpy Mg^y 
Mh^ the moments of inertia round them, we have 

This must be made a minimum subject to the equation of con- 
dition (a). Hence, by the ordinary method of indeterminate 
multipliers. 


Mu+Xl==0y Mv+Xm=0y Mw+Xn=:0 | . s 

Jllf^zs+X(ng — mz) =0j Mg^p+X(lz — nx)=0, Mk^o-+X(mx — lg)=0 / 

These six equations give each of them the value of one of the 
‘ six unknown quantities w, v, w, ®, p, o-, in terms of X and data. 
Using the values thus found in (a), we have an equation to de- 
termine X ; and thus the solution is completed. The first three 
of equations (c) show that A., which has entered as an indeter- 
minate multiplier, is to be interpreted as the measure of the 
amount of the impulse. 

Example (2). A stated velocity in a stated direction is com- 
municated impulsively to each end of a flexible inextensible cord 
forming any curvilineal arc : it is required to find the initial 
motion of the whole cord. 

Let Xy yy z be the co-ordinates of any point P in it, and a?, y, z 
the components of the required initial velocity. Let also s be 
the length from one end to the point P. 

If the cord were extensible, the rate per unit of time of the 
stretching per unit of length which it would experience at P, in 
virtue of the motion y, i, would be 

dx dob dy dj dadz 
ds ds ds ds ' ds ds 

Hence, as the cord is inextensible, by hypothesis, 


dx dx 


dy dy . dzdz 



DYNAMICAL LAWS AND PRINCIPLES. 


227 


ftucai conaiuou o 

t=0 V 

z^w' ) 


when 5 = /, 


/: 


Subject to this, the kinematioal condition of the system, and 

y^v > when s: 
zz^w ) 

I denoting the length of the cord, and (w, v, «?), (u', v', to), the 
components of the given velocities at its two ends : it is required 
to find x, y, z at every point, so as to make 

iy>{x^+S^+z^)d8 (b) 

a minimum, /a denoting the mass of the string per unit of length, 
at the point P, which need not be uniform from point to point j 
and of course 

ds=(dx^+dy^+dz^)^ (c) 

Multiplying (a) by A, an indeterminate multiplier, and proceeding 
as usual according to the method of variations, we have 

f +f f +1 f ))*=0, 

in which we may regard x, y, z as known functions of $, and this 
it is convenient we should make independent variable. Inte- 
grating “ by parts’’ the portion of the first member which contains 
A, and attending to the terminal conditions, we find, according* to 
the regular process, for the equations containing the solution 


/ 


, d ..dx. . d ,^dy ^ , d dz. 

f^y=TM-£)> 


(d) 


ds^ ds ^ ds^ ds^^ * ds^ ds 
These three equations suffice to determine the four unknown 
quantities, i?, y, i, and A. Using them to eliminate x^ pj z 
from (a), we have 

Supposing now, for sim|)licity, that s is independent variable, and 
performing the difierentiation here indicated, with attention to 
the fcdlowing relations : — 


dx^ 


+ .sal, 


dx d^x 
da da* 


-j— ... ssO 


da* 

dx d*x 

'^da* ' "' ' ^da* 

and the expression (§ 9) for p, the radius of curvature, we 
find 




1 


1 d*Ji A 

fx da* ^ da da fxp 


5 = 0 


'(«) 


Geoeratiou 
of motion 
by Impulse 
in an m> 
extensible 
cord or 
chain. 
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The interpretation of (c) is very obvious. It shows that A. is the 
impulsive tension at the point, P of the string; and that the 
velocity which this point acquires instantaneously is the resultant 

tangential, and — towards the centre of curvature. 
^ fi ds ^ ’ pfi 

The differential equation (e) therefore shows the law of trans- 
mission of the instantaneous tension along the string, and proves 
that it depends solely on the mass of the cord per unit of length in 
each part, and the curvature from point to point, but not at all 
on the plane of curvature, of th^ initial form. Thus, for instance, 
it will be the same along a helix as along a circle of the same 
curvature. 

With reference to the fulfilling of the six terminal equations, a 
difficulty occurs inasmuch as a?, z are expressed by (d) imme- 
diately, without the introduction of fresh arbitrary constants, in 
terms of A, which, as the solution of a differential equation of the 
second degree, involves only two arbitrary constants. The ex- 
planation is, that at any point of the cord, at any instant, any 
velocity in any direction perpendicular to the tangent may be 
generated without at all altering the condition of the cord even at 
points infinitely near it. This, which seems clear enough with- 
out proof, may be demonstrated analytically by transforming the 
kinlimatical equation (a) thus. Let /be the component tangen- 
tial velocity, q the component velocity towards the centre of cur- 
vature, and p the component velocity perpendicular to the 
osculating plane. Using the elementary formulae for the direction 
cosines of these lines (§ 9), and remembering that a is now inde- 
pendent variable, we have 



p{dzd — dpd^z) 
da^ 


, w=: etc. 


Substituting these in {a) and reducing, we find 

q 

da p 

a form of the kinematical equation of a flexible line which will be 
of much use to us later. 

We see, therefore, that if the tangential components of the im- 
pressed terminal velocities have any prescribed values, we may 
give besides, to the ends, any velocities whatever perpendicular to 
the tangents, without altering the motioii acquired by any part of 
the cord. From this it is clear also, that the directions of the 
terminal impulses are necessarily tangential ; or, in other words, 
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that an impulse inclined to the tangent at either end, would ^ 
generate an infinite transverse velocity. la 

To express, then, the terminal conditions, let F and F' be the extensible 
tangential velocities produced at the ends, which we suppose chain, 
known. We have, for any point, P, as we have seen above. 



1 d\ 

^pdz 

(ff) 

and hence when 



and when 

5 = 0, , =/' 

p da 

.1 d^ jp, 

p as 

(A) 


which suffice to determine the constants of integration of (d). 

Or if the data are the tangential impulses, /, /', required at the 
ends to produce the motion, we have 
when ^=0, A,=/, 

and when A=/' 

Or if either end be free, we have A=0 at it, and any prescribed con- 
dition as to impulse applied, or velocity generated, at the other end. 

The solution of this problem is very interesting, as showing * 
how rapidly the propagation of the impulse falls off with ‘‘ change 
of direction along the cord. The reader will have no difficulty 
in illustrating this-by working it out in detail for the case of a . 



cord either uniform or such that 


d- 


IS 


constant, and given in 


the form of a circle or heHx. The results have curious, and 
dynamically most interesting, bearings on the motions of a whip 
lash, and of the rope in harpooning a whale. 

Example (8]^ Let a mass of incompressible liquid be given at impulsive 
rest completely filling a closed vessel of any shape ; and let, by incompreH- 
suddenly commencing to change the shape of this vessel, any 
arbitrarily prescribed normal velocities be suddenly produced in 
the liquid at all points of its bounding surface, subject to the 
condition of not altering the volume : It is required to find the 
instantaneous velocity of any interior point of the fluid. 

.Let Xy yj z he the co-ordinates of any point P of the space 
occupied by the fluid, and let ti, Vy tv be the components of the 
generated velocity of the fluid at this point. Then p being the 
density of the fluid, and denoting integration throughout the 
space occupied by the fluid, we have 

T^/ff\p{tJ^ + V* + uF)dxdydz * (a) 



ImpiiliiiTe 
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which, subject to*the kinematical condition (§ 193) 

• du ^ 


dv I 




dx ' d^ dz 

must be the least possible, with the given surface values of the 
normal component velocity. By the method of variation we have 

///{p{vSu-\-v6v-\-w^w)+X{^+^-\-^))dxdydz=0. (c) 

But integrating by parts we have 


^ '^dxdydz = ff \{3udydz + 3vdzdx + hvdxdy) 

dz 

-*V • -oN *»\ 

(d) 


. -^8»§+ f^^+S”#)*****, 

and if /, w, n denote the direction cosines of the normal at any 
point of the surface, dB an element of the surface, and ff in- 
tegration over the whole surface, wa have 
ff\(padydz -1- ^dzdx -f* ^wdxdy) =j^A( /8 m -f- n^w) dS = 0, 

since the normal component of the velocity is given, which 
requires that /8M-l-m8i;-|-w8M?=0. Using this in (c), (d)^ and 
equating the coefficients of Sm, 8y, we have 

dX dk d\ , V 

(e). 


pu 


dx ^ dy ^ • dz 

These, used to eliminate m, v, w from (5), give 

^ ^ C/Ay d .1 I 1 A (f\ 

dx^p dx^'^dy^p dy^^dz^p dz^ ^ 

an equation for the determination of \ whence by (c) the 
solution is completed. 

The condition to be fulfilled, besides the kinematical equation 
(ft), amounts to this merely, — ^that p{y,dX’\‘vdy’\-wd£) must be 
a complete differential. If the fluid is homogeneous, p is con- 
stant, and udX'\-vdy-\'Wdz must be a coi^lete diffigrential ; in 
other words, the motion suddenly generated must be of the 
non-rotationaP' character [§ 190, (/)] throughout the fluid mass. 
The equation to determine A becomes, in this case, 


d^k , d^k d^k ^ 
+■— +^=0 


{a)- 


dx^ ' dy* ’ dz’^ 

From the hydrodynamical principles explained later it will 
appear that A, the 'function ^f which p{udx^vdy~{^wdz) is 
the differential, is the impulsive pressure at the point (a?, y, z) 
of the fluid. Hence we may infer that the equation (/), with 
the condition that A shall have a ^ven value at every point 
of a certain closed surface, has a possible and a determinate 
solution for eveiy point within that surface. This is precisely 
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the same problem as the determination of the permanent tempe- immiteive 
rature at any point within a heterogeneous solid of which the 
surface is kept permanently with any non-uniform distribution 
of temperature over it, (/) being Fourier's equation for the 
uniform conduction of heat through a solid of which the conduct- 
ing power at the point (x, y, z) is -i- •• The possibility and the 

P . 

determinateness of this problem were both proved above [Chap. i. 

App. A, (c)] by a demonstration, the comparison of which 
with the present is instructive. The other case of superficial 
condition — that with which we have commenced here — shows 

that the equation (/), with ^ ^ S^^en arbitrarily 

for every point of the surface, has also a possible and single 
solution for the whole interior space. This, as we shall see in 
examining the mathematical theory of magnetic induction, may 
also be inferred fr6m the general theorem (e) of App. A above, 
by supposing a to be zero for all points without the given surface, 

and to have the value -i- for any internal point (x, y, z), 

P 


318 . Maupertuis' celebrated principle of Least Action has Least action, 
been, even up to the present time, regarded rather as a curious 
and somewhat perplexing property of motion, than as a useful 
guide in kinetic investigations. We are strongly impressed 
with the conviction that a much more profound importance 
will be attached to it, not only in abstract dynamics, but in the 
theory of the several branches of physical science now beginning 
to receive dynamic explanations. As an extension of it. Sir 
W. iJ. Hamilton^ has evolved his method of Varying Action, 
which undoubtedly must become a most valuable aid in future 
generalizations. 

What is meant by " Action" in these expressions is, unfor- Action, 
tunately, something very different from the Actio Agentis de- 
fined by Newton, and, it must be admitted, is a much less 
judiciously chosen word. Tsj^g it, however, as we &nd it, 
now universally used by writers on dynamics, we define the 
Action of a Moving System as proportional to the average nmo av©r- 
kinetic energy, which it has possessed for the time from any 
convenient epoch of reckoning, multiplied by the time. Ac- 

* iVaiw. 1884-1885. 
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cording to the unit generally adopted, the action of a system 
which has not varied In its kinetic energy, is twice the amount 
of the energy multiplied by the time from the epoch. Or if 
the energy has been sometimes greater and sometunes less, 
the action at time t, is the double of what we may call the 
time-integral of the energy, that is to say, is denoted in the 
integral calculus by 

where T denotes the kinetic energy at any time t, between 
the epoch and t. 

Let m be the mass, and v the velocity at time t, of any one of 
the material points of which the system is composed. We have 

( 1 ), 

and therefore, if A denote the action at time f, 

As= f ^mv^dr ( 2 ). 

J 0 

This may be put otherwise by taking ds to denote the space de- 
scribed by a particle in time dr, so that vdr^ds^ and therefore 

Azsi/^mvda * (3), 

or, if a?, y, be the rectangular co-ordinates of m at any time, 
if A=J^2m{xdx+ydy+zdz) (4). 

Hence we might, as many writers in fact have virtually done, 
define action thus : — 


of mo-" action of a system is equal to the sum of the average 

menta. momenta for the spaces described by the particles from any 
era each multiplied by the length of its path. 

Least action. 319 . The principle of Least Action is this : — Of alj the 

different sets of paths along which a conservative system may 
be guided to move from one configuration to another, with the 
sum of its potential and kinetic energies equal to a given con- 
stant, that one for which the action is the least is such that 
the system will require only to be started with the proper 
velocities, to move along it unguided. 

Let 07, y, z be the co-ordinafps of a particle, m, of the system, 
at time r, and V the potential energy of the system in its parti- 
cular configuration at this instant ; and let it be required to find 
the way to pass firom one given configuration to another with 
velocities at each instant satis^^g the condition 

-f.v* 4* i*) + Fss=& a constant (6), 
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so that il, or Least action. 

/^^(dcdx+^d^+zdz), 

may be the least possible. 

By the method of variations we must have 3^=0, where 

BAz=z/'2m(xd8x+ydB^+zdSz+Bxdx+8^d2/+Szdz) ( 6 ). 

Taking in this dx^xdr^^ dy^ydr, dz^zdr^ and remarking that 

( 7 ]^ 

we have 

/^m{^dx-{’Zydy+^zdz)^ 

Also, by integration by parts, 

/27n(i?c?&t;+ • • •) = {2m(i:Sa7+ . . .) } — [2m(£tr8a?+ . . .)]— /2m(«da?+ • . •)dT, 
where [...] and { ...} denote the values of the quantities enclosed, 
at the beginning and end of the motion considered, and where, 
further, it must be remembered that dx^s^xdr, etc. Hence, 
from above. 



8A= {2m(i?8a?+ySy+i8.2r) } — [2m(i?8a?+y8y+i8^)] 

+ d'i{BT-^'2m{Mx+y8y-^ji8z)] ( 9 ). 

Thi^ it may be observed, is a perfectly general kinematical expres- 
sion, unrestricted by any terminal or kinetic conditions. Now 
in the present problem we suppose the initial and final positions 
to be invariable. Hence the terminal variations, 80 ?, etc., must 
all vanish, and therefore the iRtegrated expressions dis- 

appear. Also, in the present problem 8T= — 8 F, by the equation 
of energy (5). Hence, to make 8 A=: 0 , since the intermediate 
variations, 8Xf etc., are quite arbitrary, subject only to the con- 
ditions of the system, we must have 

'2m{3^8x+y8y-\-z8z)+8V=0 (10), 

whiclL[(4), § 298 above] is the general variational equation of 
motion of a conservative system. This proves the proposition. 
Hence abo it follows that 


320 . In ftny nn^nidcd mot/ion Tv^hflf/GVGr^ of n consGrvstfivo why cAii6<i 

system, the Action from any one stated position to any other, 
though not necessarily a minimum, fulfils the stationary condi- ®*“*^*®“* 
tiony that is to say, the condition that the variation vanishes, 
which secures either a minimum or maximum, or maximum- 
minimum. 


This can scarcely be made intelligible without mathematical 
language. Let (a?i, ^ 1 , Zi)y {x^y y^y ^i)y etc., be the co-ordinates 
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of particles, rriiymij etc., composing the system ; at any time t of 
the actual motion. ^ Let Fbe the potential energy of the system, 
iu this configuration ; and let E denote the ^ven value of the 
sum of the potential and kinetic energies. The equation of 
energy is — 

■J{w2i(iri®+yi*+ii*)+%(aei*+i/i*+ii*)+etc.}+ V^E (1). 
Choosing any part of the motion, for instance that from time 0 to 
time we have, for the action during it, 

A=r{E-V)dr=Et-jlvdT ( 11 ).' 

Let now the system be* guided to move in any other way possible 
for it, with any other velocities, from the same initial to the same 
final configuration as in the given motion, subject only to the 
condition, that the sum of the kinetic and potential energies shall 
still be E. Let (a?/, y/ Zi), etc., be the co-ordinates, and V' 
the corresponding potential energy ; and let (i?/, Zi ), etc., 
be the component velocities, at time t in this arbitrary motion ; 
equation (2) still holding, for the accented letters, with only E 
unchanged. For the action we shall have 

A'=:Et'—j*'^V'dT (12), 

where t' is the time occupied by this supposed motion. Let now 
6 dehote a small numerical quantity, and let ^i, i;,, etc., be finite 
lines such that 


^1 yi y\ Z\'-—Z i Q 

“ ’/l ~ fl ' 

F' — V 

The principle of stationary action ’’ is, that — g — vanishes 


when 0 is made infinitely small, for every possible deviation 
etc.) from the natural way and velocities, subject only 
to the equation of energy and to the condition of passing through 
the stated initial and final configurations : and conversely, that if 
y' V • • 

— g — vanishes with 0 for every possible such deviation, from a 


certain way and velocities, specified by (a?!, Zx), etc., as the 
co-ordinates at f, tJm w&j and these velocities are ^ such that t^e 
system unguided will move accordingly if only started with proper 
velocities from the initial configuration. 


821 . From this principle of stationaiy action, founded, as 
we have seen, on a comparison between a natural motion, and 
any other motion, arbitrarily guided and subject only to the 
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law of energy, the initial and final configurations of the varying 
system being the same in each case ; Hamilton passes to the 
consideration of the variation of the action in a natural or 
unguided motion of the system produced by var^ng the ^initial 
and final configurations, and the sum of the potential and 
kinetic energies. The result is, that 

322 . The rate of decrease of the action per unit of increase^ 
of any one of the free (generalized) co-ordinates (§ 204) speci- 
fying the initial configuration, is equal to the correspond- 
ing (generalized) component momentjjm [§ 313, (c)] of the 
actual motion from that configuration : the rate of increase of 
the action per unit increase of any one of the free co-ordi- 
nates specifying the final configuration, is equal to the corre- 
sponding component momentum of the actual motion towards 
this second configuration : and the rate of increase of the action 
per unit increase of the constant sum of the potential and kinetic 
energies, is equal to the time occupied by the motion of which 
the action is reckoned. 


Ta prove this we must, in our previous expression (9) for 8.4, 
now suppose the terminal co-ordinates to vary ; hT to become 
ZEi — 8F, in which hE is a constant during the motion ; and each 
set of paths and velocities tq belong to an unguided motion of 
the system, which requires (10) to hold. Hence 
8.4 == { 2m(i:8a?+y8y -t-i:8.8f) } — [2m(i3&8a7-f-^8y-hi8^?)]-j- ^8.£J (13). 

If, now, in the first place, we suppose the particles constituting 
the system to be all free from constraint, and therefore (ar, y, z) 
for each to be three independent variables, and if, for distinct- 
ness, we denote by (a?/, y/, Zx) and (a?i, yj, z^ the co-ordinates 
of mi in its initial and final positions, and by (i?/, -^i) 

the components of the velocity it has at those points, we have, 
fiom the preceding, according to the ordinary notation of partial 
differential coefficients, 


dA 

dxi 

dA 

dxi 


• / dA , , dA 

— mia?i, 3 — ==— m,yi, -7-7 

. dA • dA 


etc. 


=miii, etc. 


(14). 


and 


dE 


=L 


In these equations we must suppose .4 to be expressed as a func* 
tion of Ihe initial and final co-ordinates^ in all six times as many 
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independent variables as there are of particles ; and one more 
variable, the sum .of the potential and kinetic energies. 

If the system consists not of free particles, but of particles con- 
nected in^any way forming either one rigid body or any number 
of rigid bodies connected with one another or not, we might, it is 
true, be contented to regard it still as a system of free particles, 
by taking into account, among the impressed forces, the forces 
necessary to compel the satisfaction of the conditions of con- 
nexion. But although this method of dealing with a system of 
connected particles is very simple, so far as the law of energy 
merely is concerned, Jiagrange^s methods, whether that of “ equa- 
tions of condition,^' or, what for our present purposes is much 
more convenient, his “ generalized co-ordinates,^^ relieve us from 
very troublesome interpretations when we have to consider the 
displacements of particles due to arbitrary variations in the con- 
figuration of a system. 

Let us suppose then, for any particular configuration (a?i, yi^Zi) 
(oTa, 2 ra)..., the expression 

to become ^3^+)y8<^+^8^-|-etc. (15), 
when transformed into terms of generalized co-ordin- 

^ates, as many in number as there are of degrees of freedom for 
the system to move [§ 313, (c)]. 

.{The same transformation applied to the kinetic eifergy of the 
* system would obviously give 

+ii*) +eto. =^$^+r}<t>+ Cf +eto.) (16), 
and hence '> 7 , etc., are those linear functions of the generalized 
velocities which we have designated as “ generalized components 
of momentum and which, when T, the kinetic energy, is ex- 
pressed as a quadratic function of the velocities (of course with, 
in general, functions of the co-ordinates 6, etc., for the co- 
efficients) are derivable from it thus : 




dT 


n= 


dT , dT . 

etc. 


(17). 


d\jr ' d(j> 

Hence, takifig as before non-accented letters for the second, and 


spectively, we have 

■m 

dA. 

dA , 

dA 

d\p'^ ^ 


dO'’^ 

dA . 

dA 

dA 


d4~'^’ 

dO^ 

and, as before, 

dA 



( 18 ). 



DYNAMICAL LAWS AND PMNOIPLES. 


23T 


These equations (18), including of course (14) as a particular case, Varying 
express in mathematical terms the proposition stated in words *®**®*‘' 
abovoj as the Principle of Varying Action. 

The values of the momenta, thus (14) and (18) expressed in 
terms of differential coefficients of must of course si^isfy the 
equation of energy. Hence, for the case of free particles, 




(19) 




( 20 ). 


m^dx^ ^ da* * 

I .dA^ . dA* . 

dz^ 

Or, in general, for a system of particles or rigid bodies connected 
in any way, we have (16) and (18), 


idA . idA , /dA . ^ ttv 




,dA 




( 21 ) 

( 22 ), 


where etc., are expressible as linear functions of 

dA dA 

^ ^ solution of the equations 

.• dA 

dA 

etc. etc. 

dA 


and yjr\ etc., as similar functions of 


I 


dA 


(23); 


d<l> 
dA 


y I etc., by 


(-#*', +(<!>', e')d'+eto.=v'=‘-^, I 

etc. etc. / 


(24), 


where it must be remembered that (v^, ^), (v^,^), etc., are func- 
tions of the specifying elements, <f>, 6, etc., depending on the 
kinematical nature of Ihe .co-ordinate system alone, and quite 
independent of the dynamic^ problem with which we are now 
concerned ; being the coefficients of the half squares and the^ 
products of the generalized velocities in the expression for the 
kinetic energy of any motion of the system; and that (^^ ^^), 
etc., are the same fimctidns with etc., written for 

<f>y 0, etc. ; but, on the other hand, that is a function of all the 
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elements etc., <l>\ etc. Thus the first member of (21) 

is a quadratic fcmction of ^ ^ » etc., with coefficients, 

known functions of <#>, etc., depending merely on the kine- 
matical relations of the system, and the masses of its parts, but 
not^at all on the actual forces or motions; while the second 
member is a function of the co-ordinates etc., depending 
on the forces in the dynamical problem, and a constant expressing 
the particular value given to the sum of the potential and kinetic 
energies in the actual motion ; and so for (22), and xp', etc. 

It is remarkable that the single linear partial differential equa- 
tion (19) of the first order and second degree, for tibe case of 
free particles, or its equivalent (21), is sufficient to determine a 
function A, such that the equations (14) or (18) express the 
momenta in an actual motion of the system, subject to the given 
forces. For, taking the case of free particles first, and differen- 
tiating (19) still on the Hamiltonian understanding that A is 
expressed merely as a function of initial and final co-ordinates, 
and of Ej the sum of the potential and kinetic energies, we hav 




d^A , dA 
r 


d*A dA d^A . 

» 3 - jJ) 


m^dx dxidx dy dx^dy dz dx^dz 
But, by (14) 

\ dA . 1 dA 


dV 




M nil 

and therefore 

d^A dx d^A dpi 

d^A dx^ 

dxi 


nil dy 


=yi, etc., 


dxi^ ^^dxi ’ 




dxi 

dyi 

dxi 


d^A 


dz 


dxidzi ^^dxi 

etc. 


dxi 


, . dxi , . dxi , . dxi . . dxi 


dxidx~'"^dxi~"''^dx^ 

Using these properly in the preceding and taking half ; and writ- 
ing out for two particles to avoid confusion as to the meaning 
of 2, we have 

dxi , dxi I 1 \ d'V t MV 
dy% dxi 

Now if we multiply the first member by dt^ we have clearly the 
change of the value of niiXi due to varying, st^l on the Hamil- 
tonian supposition, the co-ordinates of aU the points, that is to say, 
the configuration of the system, from what it is at any moment to 
what it becomes at a time dt later ; and it is therefore the actual 
change in the value of mdin in the natural motion, from the time, 
when the configuration is (a?i, y^ to the time 

t+dL It is therefore equal to Xidt^ and hence (25) becomes 
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simply r??ia5i = — 


dV 


dxx 

dV 


Similarly we find 

dV 


Vaiying 

action. 


dV 


But these are [§ 293, (4)] the elementary differential equations 
of the motions of a conservative system composed of free mutually 
influencing particles. 

If next we regard y,, Zt, x^y etc., as constant, and go 
through precisely^he same process with reference to a?i', y/, Ziy a?j', 
etc., we have exactly the same equations among the accented 
letters, with only the difference that — A appears in place of A ; 

and end with W 2 ja?x'= from which we infer that, if (20) 

• 0tOCi\ 

is satisfied, the motion represented by (14)*is a natural motion 
through the configuration (oji', y,' 2 ?,', a?a', etc.) 

Hence if both (19) and (20) are satisfied, and if when x^^Xx y 

yx=yj', Zx^Zx y a?a=a:a', etc., we have = > etc., the 

motion represented by (14) is a natural motion through the 
two configurations (xx y y/, Zx y x^'y etc.), and (a?,, y,, Zxy x^y 
etc.) Although the signs in the preceding expressions have been 
fixed on the supposition that the motion is from the former, to the 
latter configuration, it may clearly be from either towards the other, 
since whichever way it is, the reverse is also a natural motion 
(§ 271), according to the general property of a conservative 
system. 

To prove the same thing for a conservative system of particles 
or rigid bodies connected in any way, we have, in the first place, 
from (18) 

where, on the Hamiltonian principle, we suppose etc., and 
riy etc., to be expressed as functions of </>, etc.,, xff'y etc., 
and the sum of the potential and kinetic energies. On the same 
supposition, differentiating (21), we have, 

But, by (26), and by the considerations above, we have 

where ^ denotes the rate of variation of ^ per unit of time in the 
actual motion. 
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Varying 

action. 


Again, we have 

*J u. ..... ' 

df~d$ dip'^'d^ 

di d$ , ^<l> dri , . , ^yjr ^ 

d^~d$ ’ ®‘®‘ 


( 29 ), 


if, as in Hamilton’s system of canonical equations of motion, we 
suppose etc., to be expressed as linear functions of i;, etc., 
with coefficients involving <t>, etc., and if we take D to denote 
the partial differentiation of these functionli with reference to the 
system regarded as independent variables. Let 

the coefficients be denoted by ^], etc., according to the plan 
followed above ; so that, if the formula for the kinetic energy be 

+[<#•, <kW+"’+^'l', <^]fv+ etc.}" (30), 

we have 

^]l+[f, <l>]v+[^, ^f+ etc.' . 

'/']£+[<!>, ^yi+[4>> <^]f+ etc./ 

etc. etc, 

where of course <^], and [<^, mean the same. 


(31) 


Hence 


I 






etc. etc.. 


and therefore, by (29), 


. 4M] 


+ ®*®-+^^^* +2^-^^V+etc 




{d^ . jdri . . , ^DT 


whence, by (28), we see that 




(32). 


This, and (28) reduce the first member of (27) to 2^ + 2^, 

and therefore, halving, we conclude 

i.^T dV j . dV- ,„o, 

These, in all as many differential equations as there are of vari- 
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ables, <f>, etc., suffice for determiniug them in terms of i and Varying 
twice as“ many arbitrary constants. But^ every solution of the *®^*^®* 
dynamical problem, as has been demonstrated above, satisfies 
(21) and (23) ; and therefore it must satisfy these (33), which we 
have derived from theui. These (33) are therefore the equations 
of motion, of the system referred to generalized co-ordinates, as 
many in number as it has of degrees of freedom. They are the 
Hamiltonian explicit equations of motion, of which a direct de- 
monstration will be given below. Just as above, it appears 
therefore, that if (21) and (22) are- satisfied, (18) expresses a 
natural motion of the system from one to another of the two con- 
figurations (^, <#», Oy ...) (V', •••)• Hence 

323. The .determination of the motion of any conservative character- 
system from one to another of any two configurations, when the tion. 
sum of its potential and kinetic energies is given, depends on the 
• determination of a single function of the co-ordinat6s specifying 
those configurations by means of two quadratic partial differ- 
ential equations of the first order, with reference to those two 
sets of co-ordinates respectively,, with the condition that the 
corresponding terms of the two differential equations become 
separately equal when the values of the two sets of co-ordinates 
agree. The function thus determined and employed to express 
the solution of the kinetic problem was called the Characteristic 
Function by Sir W. R Hamilton, to whom the method is due. 

It is, as we have seen, the " action” from one of the configura- 
tions to the other ; but its peculiarity in Hamilton’s system is, 
that it is to be expressed as a function of the co-ordinates and 
a constant, the whole energy, as explained above. It is evi- 
dently symmetrical with respect to the two configurations, 
changing only in sign if their co-ordinates are interchanged. 

Since not only the complete solution of the problem of Characteria- 
motion gives a solution. A, of the partial differential equation 
(19) or (21), but, as we have just seen [§ 322 (33), etc.], 
every solutioik^of this equation corresponds to an actual pro- 
%ib]em relative to the motion, it becomes >an object of mathe- 
matical analysis, which could not be satisfa%torily avoided, to 
find what character of completeness a solution or integral of 
the differential equation must have in order that a complete in- 
tegral of tim dynamical equations may be derivable from jit — ^a 
question which seems to have been first noticed by Jacobi. What 

Q 
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IB called a complete integrar’ of the differential equation; that 
is to say, an expression, ,, 

(34); 

for A satisfying it and inyolving the same number, t, let us sup- 
pose, of independent arbitrary. consents, Aq, a, as there are 
of the independent variables, if', </>, etc. ; leads, as he found, to a 
complete final integral of the equations of motion, expressed as 
follows : — 



(35), 


and, as above, 

where € is the constant depending on the epoch, or era of reckon- 
ing, chosen, and are i— 1 other arbitrary constants, con- 
stituting in all, with E, a, the proper number, 2r, of arbi- 

trary coustants. This is proved by remarking that (35) are the 
equations of the “ course^’ (or paths in the case of a system of 
free particles), which is obvious. For they give 


0 : 

0 : 


d dF d dF,. , d dF,.^ 
df da^^'^dS da^^'^'" 


’drf dr'^'^d<f> Ip 


d dF d dF ^ 


etc. etc. 

in ^^ll i— 1 equations to determine the ratios dif:d<l>:dO: 
these, and (21), we find 


dif ^d^h __d6 
— , ' — • • • 
yjr <i> 0 



From 

(38), 


[since (37) are the same as the equations which we obtain by 
differentiating (21) and (23) with reference to a, succes- 
sively, only that they have dif, d<t>, d$,.., in place of yjr, 

A perfectly general solution of the partial differential equation, 
that is to say, an expression for A including every function of 
if, <l>, which can satisfy (21) may of course be found, by the 
regular process, from the complete integral (34), by eliminating 
Ao, a, ^,.. . from it by means of an arbitrary equation 

y(Ao, tt, ^,..*)ss:Q^ 
and the (£—1)* equations 

dF dF 
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where /denotes an arbitrary function bf the t element, S A ** 
now made to be variables^ depending on But the full 

meaning of the general solution of (21) will be better understood 
in connexion with the physical problem if we first go back to the 
Hamiltonian solution, and then from it to the general. Thus, 
first, Jet the equations (35) of the course be assumed to be 
satisfied for each of two sets ..., and v^', of 

the tjo-ordinates. • THey will give 2(e— l)^equations for determin- 
ing the 2 ( 2 — 1) constants a, ^8, . . ., jp, . . in 'terms of 

to fulfil these conditions. Using the values of a, 
so found, and assigning u4o so that shall vanish when 
^ etc., we have the Hamiltonian expression for A in terms of 
^9 •••> ^ •••» and JEj which is therefore equivalent to a 

“complete integral” of the partial differential equation (21). 
Now let . . ., be connected by any single arbitrary equation 

_ (39), 

and by means of this equation and the following (i — 1) equations, 
let their values be determined in terms of ..., and E : — 


dA 

dA 

dA 

dip' 

d<p' 

dO' 

dt " 

“ dff “ 

di 

dxp' 

d<p' 

dff 




(40). 


Substituting the values thus found for </>', etc., in the 
Hamiltonian A, we have an expression for A, which is the general 
solution of (21). For we see immediately that (40) expresses that 
the values of A are equal for all configurations satisfying (39), 
that is to say, we have 


dA j t f , dA jj f 

+...=0 

when etc., satisfy (39) and (40). Hence when, by maaniT 

of these equations, </!>', . . ,, are eliminated from the Hamiltonian 
expression for A^ the complete Hamiltonian differential 


becomes merely 

+ ••• (42) 

dA 

where {^)> etc., denote the differential coefficients in the Hamil- 
tonian expression. Hence, A being now a function of etc., 
both as these appear in the Hamiltonian expression and as they 
are introduced by the elimination of etc., wehaVe 


General eolu* 
tion of eha- 
racteristie 
equation. 
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dA_dA. 


dA, fdA. K . 


(43): 


and therefore the new expression satisfies the partial differential 
equation (21). That it is a completely general solution we see^ 
because it satisfies the condition that the action is equal for all 
configurations fulfilling an absolutely arbitrary equation (39). 

For the case of a single free particle, the interpretation of (39) 
is that the point (x\y\z') is on an arbitrary surface, and of (40) 
that each line of motion cuts this surface at right angles. Hence 

324 . The most general possible solution of the quadratic, 
partial, differential equation of the first order, which Hamilton 
showed to be satisfied by his Characteristic Function (either 
terminal configuration alone varying), when interpreted for the 
case of a single free particle, expresses the action up to any point 
{Xy y, z), from some point 4 >f a certain arbitrarily given surface, 
from which the particle has been projected, in the direction of 
the normal, and with the proper velocity to make the sum of 
the potential and actual energies have a givftn value. In other 
words, the physical problem solved by the most general solu- 
tion of that partial differential equation, is this : — 
fusees of Let free particles, not mutually influencing one another, be 
equal action, projecjted normally from all points of a certain arbitrarily given 
surface, each with the proper velocity to make the sum of its 
potential and kinetic energies have a given value. To find, for 
the particle which passes through a given point (x, y, z), the 
‘‘action” in its course from the surface of projection to this 
point. The Hamiltonian principles stated above, show that 
the surfaces of equal action cut the paths of the particles at 
right angles ; and give also the following remarkable properties 
of the motion ; — 

If, from all points of an arbitrary surface, particles not 
mutually influencing one another be projected with the proper 
velocities in the directions of the normals ; points which they 
reach with equal actions lie on a surface cutting the paths at 
right angles. The infinitely small thickness of the space be- 
tween any two such surfaces corresponding to amounts of 
action differing by any infinitely small quantity, is inversely 
proportional to the velocity of the particle traversing it ; being 
equ^ to the infinitely small difference of action divided by the 
whole momentum of the particle. 
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Let A, ft, V be the direction- cosines of the normal to the sur- 
face of equal action through (x, y, z), Vte have 

dA 


dx 


dA 


Xsr ^ r , etc. 

dA* dA* dA*y 

^dx*'^ dy*'^ dz*^ 


( 1 ) 


( 2 ) 


But ~ =mac, etc., and, if q denote the resultant velocity, 
dx 

,dA* , dA* 

Hence A= — , fi'=z^ ^ y=:~, 

q Q ^ 

which proves the first proposition. Again, if 8A denote the in- 
finitely small difference of action from (a?, y^ z) to any other 
point (a?+Sa 7 , y+By, z-\-dz\ we have 

Let the second 4 point be at an infinitely small distance, e, from 
the first, in the direction of the normal to the surface of equal 
action ; that is to say, let 

&r=#?A, 8z=eyf 

Hence, by (1), SA=^e(^U~!+ifJ (3); 


dz* 


whence, by (2) 




which is the second proposition. 


U 

mq 


(4). 


325. Irrespectively of methods for finding the character- 
istic function” in kinetic problems, the fact that any case of 
motion whatever can be represented by means of a single 
function in the manner explained in § 323, is most remarkable, 
and, when geometrically interpreted, leads to highly^mportant 
and interesting properties of motion, which have valuable 
applications in various branches of Natural Philosophy. One 
of the many applications of the general principle made by 
Hamilton^ led to a general theory of optical instruments, com- 
prehending the whole in one expression. 

Some of its most direct applications ; to the motions of 
planets, comets, etc., considered as free points, and to the cele- 
brated problem of perturbations, known as the Problem of Three 
Bodies, are worked out in . considerable detaU by Hamilton 

' On the Theory of Systems of Rays. Trans. R.I.A., 1824, 1880, 1882, 
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{Phil. Tram., 1834-35), and in various memoirs by Jacobi, 
liouville, Bour, Donkin, Cayley, Boole, etc. .The now aban- 
doned, but still interesting, corpuscular theory of light furnishes 
a host of good ones. In this theory light is supposed to 
consist of material particles not mutually influencing one 
another, but subject to molecular forces from the particles of 
bodies — not sensible at sensible distances, and therefore not 
causing any deviation from uniform rectilinear motion in a 
homogeneous medium, except within an indefinitely small dis- 
tance from its boundary. The laws of reflection and of single 
refraction follow correctly from this hypothesis, which therefore 
suffices for what is called geometrical optics. 

We hope to return to this subject, with sufficient detail, 
in treating of Optics. At present we limit ourselves to state 
a theorem comprehending the known rule for measuring the 
magnifying power of a telescope or microscope (by comparing 
the diameter of the object-glass with thd* diameter of pencil 
of parallel rays emerging from the eye piec^ when a point of 
light is placed at a great distance in front of the object-glass), 
as a particular case. 

3 ? 6 . Let any number of attracting or repelling masses, or 
peMctly smooth elastic objects, be fixed in space. Let two 
stations, 0 and O' be chosen. Let a shot be fired with a stated 
velocity, from 0, in such a direction as to pass through O'. 
There may clearly be more than one natural path by which this 
may be done ; but, generally speaking, when one such path is 
chosen, no other, not sensibly diverging from it, can be found ; 
and any infinitely small deviation in the line of fire from 0, will 
cause th#bullet to pass infinitely near to, but not through. O'. 
Now let a circle, with infinitely small radius r, be described 
round 0 as centre, in a plane perpendicular to the line of fire 
from this point, and let — all with infinitely nearly the same 
velocity, but fulfilling the condition that the sum of the poten- 
tial and kinetic energies is the same as that of the shot from 0 — 
bullets be fired from all points of this circle, all directed infinitely 
nearly parallel to the li^e of fire from 0, but each precisely so as 
to pass through 0\ Let a target be held at an infinitely small 
distance, a', beyond O', in a plane perpendicular to the line of 
the shot reaching it from 0. The bullets fired from the cir- 
cumference of the circle round O, will, after passing through 
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O', strike this target in the circumference of an exceedingly App ii^ on 
small ellipse, each with a velocity (corresponding of course to 
its position, under the law of energy), differing infinitely little si^iepar- 
from F', the common velocity with which they pass through 
O'. Let now a circle, equal to the former, be described round 
O', in the plane perpendicular to the central path through O', , 
and let bullets be fired from points in its circumference, each 
with the proper velocity, and in such a direction infinitely 
nearly parallel to the central path as to jnake it pass through 
0. These bullets, if a target is held to receive them perpen- 

V 

dicularly at a distance a = > beyond 0, will strike it along 


the circumference of an ellipse equal to the former and placed 
in a corresponding position ; and the points struck by the 
individual bullets will correspond in the manner explained 
below. Let P and P' be points of the first and second 
ciftles, and Q and^ Qf the points on the first and second targets 
which bullets from them strike ; then if P' be in a plane con- 
taining the cerSral path through O', and the position which Q 
would take if its ellipse were made circular by a pure strain 
(§ 183) ; Q and are similarly situated on the two ellipses. 


For, if JCOF he a plane perpendicular to the central path 
through O ; and X'O'Y' the corresponding plane through O'. Let 
A be the action ” from O to O', and the action from a point 
P{Xj y, z)y in the neighbourhood of ,0, specified Vith reference 
to the former axes of co-ordinates, to a point y', «'). 

in the neighbourhood of O', specified with reference to the latter. 

The function </> — A vanishes, of course, when a? = 0, y = 0, 
2: = 0, 0?'= 0, y'= 0, 2'= 0. Also, for the same values of the 

co-ordinates, its differential coefficients ^ , and , 

ax ay ax 


, must vanish, and must be respectively equal to 

ay dzdz 

V and F', since, for any values whatever of the co-ordinates, 

and are the component velocities parallel to the two lines 
dxdy 

OXy OY, of the particle passing through P', when it comes from 
P, and - 




, 7 and — j 7 are the components parallel to OJT', OF', 
dx dy 

of the velocity through P directed so as to reach P. Hence by 
Taylor’s (or Maclaurin’s) theoreth we have 
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A=:^—Vy+Vz 

+i{ (jr, +< F, F)y* + . . . 4- X')x'^ + . . . 

-t-2(F,^^^+... + 2(r,Z>V+... 

4-2(jr,X>a;''4-2(F, F>y'+2(Z, Z>2;' 

+2(jr, F>/+2(X,2?>r' + ...+2(Z, F')V}+A (1), 

where (JT, JT), (JT, F), etc.,' denote constants, viz., the values of 


, etc., when each of the 


the differential coefficients 

€Cx^ dxdy 

six co-ordinates a?, a?', y\ z* vanishes ; and R denotes the 

remainder after the terms of the second degree. According to 
Cauchy^s principles regarding the convergence of Taylor’s theorem, 
we have a rigorous expression for ^ — A in the same form, with- 
out i2, if the coefficients (JT, JT), etc., denote the values of the 
differential coefficients with some variable values intermediate 
between 0 and the actual values of a?, y, etc., substituted for these 
elements. Hence, provided the values of the differential co- 
efficients are infinitely nearly the same for any infinitely small 
values of the co-ordinates as for the vanishing values, R becoi^es 
infinitely smaller than the terms preceding it, when a?, y^ etc., 
are each infinitely small. Hence when each^ipf the variables 
a?, y, z^ x\ y\ z is infinitely small, we may omit R in the ex- 
pression (1) for — A. Now, as in the proposition to be proved, 
let us suppose z and z each to be rigorously zero : and we have 


r)a.+(r, jr')x'-Kr, Y'y. 

These expressions, if in them we make 07 = 0 , and ^=0, be- 
come the component velocities parallel to OX, OF, of a particle 
passing through O having been projected from P', Hence, if 

f denote its co ordinates, an infinitely small time, ~ , after 

it passes through O, we have f = a, and 


^=={(jr,jr)x'+(jr,ry}^, v=Kr,jr)x'+iY,ry}^, (2). 

Here f and ly are the rectangular co-ordinates of the point Q' in 
which, in the second case, the supposed target is struck. And 
by hypothesis (8). 

If we eliminate a?', y' between these three equations, we have 
clearly an ellipse ; and the former two express the relation of the 
‘‘corresponding” points. Corresponding equations with x and 
y for x' and y * ; with f', vf for q ; and with — (AT, AT'), 
-~(F, AT'), —(at; r), -~(F, F'), in place of (AT, AT'), (AT, F'), 
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(Y^X')y (F, F'), express the first case. Hence the proposition, 
as is most easily seen by choosing OX and O'JT' so that (JT, F') 
and ( F, X') may each be zero. 


327. The most obvious optical application of this remarkable Application 
result is, that in the use of any optical apparatus whatever, if opSca. 
the eye and the object be interchanged without altering the 
position of the instrument, the magnifying power is unaltered. 

This is easily understood when, as in an ordinary telescope, 
microscope, or opera- glass (Galilean telescope), the instrument 
is symmetrical about an axis, and is curiously contradictory of 
the common idea that a telescope “ diminishes ” when looked 
through the wrong way, which no doubt is true if the telescope 
is simply reversed about the middle of its length, eye and 
object remaining fixed. But if the telescope be removed from 
the eye till its eye-piece is close to the object, the part of the 
object seen will be seen enlarged to the same extent as when 
viewed with the telescope held in the usual manner. This is 
easily verified by looking from a distance of a few yards, 
in through th? object-glass of an opera-glass, at the eye of 
another person holding it to his eye in the usual way. 

The more general application may be illustrated thus : — Let 
the points, 0, 0' (the centres of the two circles described in 
the preceding enunciation), be the optic centres of the eyes of 
two persons looking at one another through any set of lenses, 
prisms, or transparent media arranged in any way between 
them. If their pupils are of equal sizes in reality, they will 
be seen as similar ellipses of equal apparent dimensions by the 
two observers. Here the imagined particles of hght, projected 
from the circumference of the pupil of either eye, are substituted 
for the projectiles from the circumference of either circle, and 
the retina of the other eye takes the place *of the target receiv- 
ing them, in the general kinetic statement. 

328. If instead of one free particle we have a conservative AppUcation 
system of any number of mutually influencing free particles, the 

same statement may be applied with reference to the initial in/ particles, 
position of one of the particles and the final position of another, or 
with reference to the initial positions, or to the final positions of 
two of the particles. It serves to show how the influence of an 
infinitely small change in one of those positions, on the direction 
of the other particle passing through the other position, is re- 
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lated to the influence on the direction of the former particle 
passing through the f5rmer position produced by an infinitely 
small change in the latter position. A corresponding statement, 
in terms of generalized co-ordinates, may of course be adapted 
to a*system of rigid bodies or particles connected in any way. 
All such statements are included in the following very general 
proposition : — 

The rate of increase of any one component momentum, corre- 
sponding to any one of the co-ordinates, per unit of increase of 
any other co-ordinate, is equal to the rate of increase of the com- 
ponent momentum corresponding to the latter per unit increase 
ofdiminution of the former co-ordinate, according as the two co- 
ordinates chosen belong to one configuration of the system, or 
one of them belongs to the initial configuration and the other to 
the final. 

Let \p and x b® two out of the whole number of co-ordinates 
constituting the argument of the Hamiltonian characteristic func- 
tion A ; and rj the corresponding momenta. We have 
[§ 322 (18)] dA 

dip 

the upper or lower sign being used ticcording as it is a 6nal or 
an initial co-ordinate that is concerned. Hence 

dHx'~^ dx^ “ dip ' 

d( _ drj 

'dx~^dip' 

if both co-ordinates belong to one configuration, or 

dx d^ ' 

if one belongs to the initial configuration, and the other to the 
final, which is the second proposition. The geometrical inter- 
pretation of this Statement for the case of a free particle, and two 
co-ordinates both belonging to one position, its final position, for 
instance, gives merely the proposition ' of § 324 above, for the 
case of particles projected from one point, with* equal velocities in 
all directions ; or, in other words, the case of the arbitrary sur- 
face of that enunciation, being teduced to a point. To complete 
the set of variational equations derived from § 322 we have 
dt d 

^5= ± ^ which expresses another remarkable property of con- 
servative motion. 


±t 


and therefore 
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329 . Lagrange’s generalized form of the equations of motion Lagranm's 
has been already alluded to (§ 293). tVe shall now give it, Sm^ftbe 

j j} __ 1 i* 1 * X.* ©(jufttions of 

and a few examples of its application. motion. 

As above, § 293, we have generally 

2 [(jr--m^)Sa ;+...]=0 • ( 1 ). 

Now suppose the equations of condition of the system (§ 293) 
to be 

^ / (^1) ^2) •••> "I 

yi> *•> •••> *)="> > (2)- 

etc. etc. J 

It is required to transform (1) into an equation involving only 
the time and the generalized co-ordinates <^, 0, etc., with their 
variations 3^, 3<^, 80, etc. 

We have, since each of the co-ordinates Xi, y,, 2 :,, a?«, etc., is 
in general a function of t, ip, <#>, 0, etc., 


.dx. , dx : . dx ; , 


( 8 ) 


dx, 


where (-^) vanishes if t be not explicitly involved in (2), i.e., if 

Cit m 

the kinematical relations do not vary with the time. 

The kinetic energy is therefore 

• • 

which is a quadratic function of yp, <t>, etc., the generalized com- 
ponents of velocity— ^homogeneodi only when (as in § 313, a) the 
kinematical relations are invariable. 

This gives for the partial differential coeiSicient with respect to 
yfr, so far as it is explicitly contained in 2\ 




with similar expressions for the others. 

To effect the required transformation of the general equation 
(1), it is sufficient to operate on one term, as x8x. We have, since 
d8x 


dt 




Now 


-^x8x 


( 6 ). 


Also 
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since these belong to the configuration at soiiie definite instant. 
[This remark explains the assertion of § 293, that the equations 
(9) hold even if (8) involve t explicitly.] 

But, by (3), 

dx dx 


dir # ' 


etc. 


Hence 




With these values we find, exhibiting only the terms in ^ 
and 8^, 


dt 

I ^iT/dx. , dx : dx j , -idx , 

+8VC(-^) +^V'+^-^+ . • .]^+ • • • 


dt' ' d>p'^ ' d<l> 


di 


( 7 ). 


Also 

•S'* 5 iv/^^\ I d- I Jl I T ^ r/^^\ I ti I J I *1 


dyj'' d<t> 


'd<f''-'‘dt'^d^^^d^ 


I I r/ \ I § I dx : . «i dx 


dt^ * dxp 

In (7) and (8) the terms in^V^ are equal. 
By (6), (7), and (8) we now see that 

' 2 mx 8 x = ' 2 n}^ ““ } 


( 8 ). 



-f-8<^{...}4- etc. 


Hence by inspection of (4) and (6), 

2)n(*8a!+^8y+58«)=8^{^(^)— ^}+S^{...}+ete. (9). 

But the first member is, by (1), equal to 

S{X8a?+r8j^+Z& 
or in generalized co-ordinates [§ 315 (6, 

Equating this to the second number of (9), we have the required 
transformation of (1). 

Hence, as 8^, 8<^, etc., are independent, we have, for the equa- 
tions of motion 
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dhyi/ 


dT 




Lagrange's 
y-i/v\ generalued 
(10), form of the 
equations of 
motion. 


d .dT. dT 
dt^dy 


dtp 

etc. etc. 

# 

of which the number is, of course, the same as that of the degrees 

of freedom. If the system .be a conservative one, and if Fbe the conservative 
potential energy, we have system. 

-5r='^S^+... [§293 (3)], 
and the generalized equations become 

# y ( 11 ). 

etc. etc. ) 

When the kinematical relations are invariable, that is to say, Hamilton's 
when t does not appear in the equations of condition (2), the 
equations of motion may be put under a slightly different form 
first given by Hamilton, which is often convenient ; thus : — Let 
T, <^j . . be expressed in terms of f . . ., the impulses re- 
quired to produce the motion from rest at any instant [§ 313 (c?)] ; 
so that T will now be a homogeneous quadratic function, and 
ypj ... each a linear function, of these elements, with coeffi- 
cients — ^functions of p, etc., depending on the kinematical 
conditions of the system, but not on the particular motion. 

Thus, denoting, as in § 322 (29), by i), partial differentiation with 
reference to f, ..., tp^ </>, considered as independent vari- 
ables, we have [§ 313 (10)] 


/ 


4= 


drj 


( 12 ), 


and, tdlowing d to denote, as in what precedes, the partial dif- 
ferentiations with reference to the system <l>, ..., we 

have [§ 313, (8)] 

The two expressions for T being, as above, § 313, 
i{ + • • • + . . . } =i{ + • • • } (14), 

the second of these is to be obtained from the first by substitut- 
inif for 'ir. <L, .... their expressions in terms of 17, ... Hence 

, w w , IT 

“r - : » - t jj. T 


dtp dp dtp dp 

dT. D/.ar. Dr 


d^ d^'t''td<j> tftj"!"'" 







254 


PRELIMINARY NOTIONS. 


Hamilton’s 

formed 

Lagnnm'a 

geneiramed 

equations of 

motion. 


** Canonical 
fonn '* of 
Hamilton’s 
ffeneralequa- 
Rons of mo- 
tion of a 
conservative 
a^fstem. 


From this we conclude 


dT^ J . , Dr dT , 

and, similarly, etc. 


( 15 ). 


( 16 ). 


Hence Lagrange’s equations*become 

etc 

tlie same as those (33) which we derived, in § 322, from Hamil> 
ton’s partial differential equation for his characteristic function 
and his expression of the motion by means of it. 

If we put '5^= , we have , and therefore 

^ ' at ^ 


830 . Hamilton's form of Lagrange's equations of motion in 
terms of generalized co-ordinates, expresses that what is re- 
quired to prevent any one* of the components of momentum 
from varying is a corresponding component force equal in 
amount tp the rate of change of the kinetic energy per unit 
increase of the corresponding co-ordinate, with all components 
of momentum constant : and that whatever is the amount of 
the component force, its excess above this value measures the 
rate of increase of the component momentum. 

In the case of a conservative system, the same statement 
takes the , following form : — The rate at which any component 
momentum increases per unit of time is equal to the rate, per 
unit increase of the" corresponding co-ordinate, at which the 
sum of the potential energy, and the kinetic energy for con- 
stant momenta, diminishes. This is the celebrated canonical 
form " of the equations of motion of a system, though why it 
has been so called it would be hard to say.. 


Let U denote the algebraic expression for the sum of the 
potential energy, in terms of the co-ordinates, . . ., and the 
kinetic energy in terms of the co-or(Hnates and the components 
of momentum, 17 , ... Then 

.to. ) 

dt d^ ( 

.to. C • 

dt d^ ) 

the latter being equivalent to ( 12 ), since the potential energy does 
not contain etc. * 

In the following examples we shall adhere to Lagrange's form 
( 10 ), as the most convenient for such applioatidns. 
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Example (A.) — Motion of a single point (m) referred to polar Examples of 
co-ordinates (r, From the well-known geometry of this 

case we see that Sr, rS^, and remOB(f> are the amounts of linear 
displacement corresponding to infinitely small increments, Sr, S^, n»otion. 

S<^, of the co-ordinates : also that these displacements are respec* 
tively in the direction of r, of the arc rS^ (of a great circle) 
in the plane of n and the pole, and of the arc r sin 6S<I> (of a 
small ci^ie in a plane perpendicular to the axis) ; and that they 
are therefore at right angles to one another. Hence if G, If 
denote the components of the force experienced by the point, in 
these three rectangular directions, we have 

F=iRy (7r=©, and Hr sin ; 

Ry 0, <5 being what the generalized components of force (§ 813) 
become for this particular system* of co-ordinates. We also see 
that r, r6y and r are three components of the velocity, 

along the same rectangular directions. Hence 

Jtw (r* 4” f + f*®sin*^<^*) . 

From this we have 


dT . dT A dT .. . ; 

— =wir, —^zzzmr^Uy — ^ = mr -‘sm* ; 

dr dO d4> 

^=mr(^*-f-sin®^^®), =mr*sin^cos^<^*, J^=0. 
Hence the equations of motion become 

m{^ — r(^*-t-sin*^<^*)} =F, 


■ — r*sin^cos^<^*} =GV’, 


£f(r*sin®^<^) 


=Hr sin^; 


or, according to the ordinary notation of the differential calculus, 

m{~Ar*^)—r*6\ne<iwe^}=^Or, 


dt' ' 


= //rsin^. 


If the motion is confined to one plane, that of r, By we have 

^ssO, and therefore Hs 0, and the two equations of motion 
dt 


which remain are 

,d*r 
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These equations might hjive been written down at once in terms 
of the aecond law of motion from the kinematical investigation of 

§ 82, in which it was ihown that ^ , and — 

V tib (jkh IT ax (aX 

are the components of acceleration along and perpendicular to 
the radius-vector, when the motion of a point in a plane is ex- 
pressed according to polar co-ordinates, B, 

The same equations, with instead, of are obtained from the 
polar equations in three dimensions by putting B = which 
implies that = 0, and confines the motion to the plane (r, </>). 

Example (B.) — Twq particles are connected by a string; one 
of them, m, moves in any way on a smooth horizontal plane, and 
the string, passing through a smooth infinitely small aperture in 
this plane, bears the other particle m', hanging vertically down- 
wards, and only moving in this vertical line : (the string re- 
maining always stretched in any practical illustration, but, in 
the problem, being of course supposed capable of transmitting 
negative tension with its two parts straight.) Let I be the whole 
length of the string, r that of the part of- it from m to the aperture 
in the plane, and let B be the angle between the direction of r 
and a fixed line in the plane. We have 


dT . . dT A 

v = (m4-m )r, — 

dB 


dr 

dT 




dT 


:0. 


dr~ » dB 

Also, there being no other external force than gm\ the weight 
of the second particle, 

0=0. 

Hence the equations of motion are 

(w-f-m')r— mr^*=— m'^, m^~^=0. * 

dt 


The motion of m' is of course that of a particle influenced only 
by a force towards a fixed centre ; but the law of this force, P 
(the tension of the string^, is remarkable. To find it we have 
(§ 32), P=m(— But, by the equations of the motion, 


^ MOT* r^^ MOT* 




n{g+r^), and 6= 


w+wi ” mr' 

where h (according |o the usual notation) denotes the moment 
of momentum of the fiiotion, being an arbitrary constant of in- 
tegration. Hence 
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P=: 


mm 




7(9'+ 


m* 




The particular case of projection which gives rn a circular motion caae of 
and leaves w' at rest is interesting, inasiAuch as (§ 350, below) fibriiwiluie 
the motion of m is stable, and therefore m' is in stable equi- 
librium. 

Example (C.) — A rigid body is supported on a fixed axis, and 
another rigid body is supported on the first, by another axis ; 
the motion round each axis being perfectly free. 

. Case (a). — The second axis parallel to the first. At any time, 
t, let <l> and be the inclinations of a fixed plane through the 
first axis to the plane bf *it and the second axis, and to a 
plane through the second axis and the centre of inertia of the 
second body. These two CQk-ordinates, </>, it is clear, com* 
pletely specify the position of the body. Now let a be the dis- 
tance of the second axis from the first, and h that of the centre 
of inertia of the second body from the second axis. The velocity 
of the second axis will be a4 > ; and the velocity of the centre 

of inertia of the second body will be the resultant of two velocities 
* • • 

a% and 

in lines inclined to one another at an angle equal to xj / — <^, and 
its square will therefore be equal to 

a*(f>^+2ab4>iroos(\f> — 

Hence, if m and m' denote the masses, j the radius of gyration 
of the first body about the fixed axis, and k that of the second 
body abotllf a parallel axis through its centre (^inertia; we have, 
according to §§ 280, 281, 

P= +m'[a*<t>^ +2ab4ir co8[ ^ — <f>) -f -f } . 

Hence we have, 

• • • yTnn 

— r=m'(2ftcos(^— 
dir 

4^= — 4t== sin(v^ — 

d<p dy 

The most general supposition we ca9 make as to the applied forces, 
is equivalent to assuming a couple, to act on the first body, and 
a nouple, on the second, each in a plane perpendicular to the 
axes ; and these are obviously what the generalized components of 
stress become in this particular co-ordii^ system, Hence 

the equations of motion are .. 

R 
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If there is no other applied force than gravity, and if, as we may 
suppose without losing generality, the two axes are horizontal, the 
potential energy of the system will be 
gmh{l — cos<^) +gm' { a[l — cos(<;^+ ^)] +^[1 — cos(^+ -d)] }, 
the distance of the centre of inertia of the first body from the 
fixed axis being denoted by A, the inclination of the ^ plane 
through the fixed axis and the centre of inertia of the first body, 
to the plane of the two axes, being denoted by A, and the fixed 
plane. being so taken that <^=0 when the former plane is vertical. 
By differentiating this, with reference to and we therefore 
have 

— ^=^m^sin^+^m'asin(<^+.4), — sin(^+il). 

We shall examine this case in some detail later, in connexion 
with the interference of vibrations, a subject of mucB importance 
in physical science. 

When there are no applied, or intrinsic working, forces, we 
have #s=0 and '5^=0; or, if there are mutual forces between the 
tT |0 bodies, but no forces applied from without, <^+'^=0. In 
either of these cases we have the following first integral : — 

(mj^ + m'a^)<j>+ m'ab cos(^ — <f>) ( <^+ ’^) + rn\b^ + G ; 
obtained by adding the two equations of motion and integrating. 
This, wl|jch clearly expresses the constancy of the ^ole moment of 
momentum, ^ves <l> and yjr in terms of (yjr — <j}) and Using 

these in the integral equation of energy, provided the mutual forces 
are of the conservative class, we have a single equation between 

~ "^di ^ constants, and thus the full solution of 

the problem is reduced to quadratures. 

Case (b)» — The second axis perpendicular to the first. This 
case we suggest as an exercise for the student. We may return 
to it later, as its application to the theory of centrifugal chrono- 
metric regulators is ver;^mportant. ♦ 

Example (D.) — Gyroscopic pendtdum,-^K. rigid body, P, is 
attached to one axis of a universal flexure joint (§ 109), .of which 
the other is, held fix^, and a second body, Q, is supported on P by 
a fixed axis, in lin^Vith, or parallel to, the first-mentioned arm of 
the joint. For simplicity, we diaU suppose <2 to be kinetically 
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symmetrical about its bearing axis, and OB to be a principal 
axis of a supposed rigid body, PQ, composed of P and a mass 
equal to Q collected the centre of inertia of Q and attached to P. 
Let AO be the fixed arm, O the joint, OB the movable arm 
bearing the body P, and coinciding with, or parallel to, the axis 
of Q. Let BOA' ^0 ; let be the angle which the plane AOB 
makes with a fixed plane of reference, through OA^ chosen so as 
to contain the principal axis of moment (E, of the 
imagined rigid body, PQ, when OB is placed ^ 
in line withudO; and let \p be the angle between 
a plane of reference in Q through its axis of 
symmetry and the plane AOB, These three 
co-ordinates (^, \p) clearly specify the position ^ 

of the system at any time, t. Let the moments 
of inertia of the imagined rigid body PQ, round 
its principal axis OP, and its other two, be de- 
noted by C ; and let gi', be the mo- 

ments of inertia of Q round its bearing axis, and any perpen- 
dicular axis through its centre of inertia, respectively. 

We have seen (§ 109) that, with the kind of joint we have sup- 
posed at Oj every possible motion of a body rigidly connected with 
OP, is resolvable into a rotation round O/, the line bisecting the 
angle AOB, and a rotation round the line through O perpen- 
dicular to the plane AOB, The angular velocity of the latter 
is 0, according to our present notation. The former would give 
to any point in OP the same absolute velocity by rotation round 
01, that it has by rotation with angular velocity round AA ' ; 
and is therefore equal to 



sin^'OP / 
sin/OP 


sin^ 

cosj^ 




This may be resolved into 2<^sin*-^^=^(l— cos^) round OP, 
and 2<^sin’^d cos^^=:<^sin^ round the perpendicular to OP, in 
plane A OB. Again, in virtue of the ^symmetrical character of 
the joint with reference to the line 01, the angle as defined 
above, will be equal to the angle between the plane of the body 
P, which coincided with the fixed plane of reference when ^=0, 
and the plane AOB. Hence the axis of the angular velocity 
(j>8m0, is inclined to the principal axis of moment at an angle 
equal to Resolving therefore this angular velocity, and 
into components round the axes of H and it, we find, for the 
whole component angular velocities of the ima^ned rigid body 
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PQ, round these axes, <j>8m0eoa<l>+6&m<j>, and — ^sin^sin<^ 
+^cos<^, respectively. The whole kinetic energy, T, being 
composed of that of the imagined rigid body PQ, and that of Q 
about axes through its centre of inertia, we therefore have 
2P= ^(1 — + ^(<^sin^cos<^j+ fen<^)* + ®(^sin^sin<#>~^cos<j^)* 

^(l—coad) y+§'{(})^sm^6+ 6^) 

Hence ^- 0 , 


dT 


^'= ^(l — cos^) * ^ (<^sin^ cos <^ + 6 sin<^)sin 6coa<l >+ C {<l> sin^ sin<^ — ^cos< 3 ^>)sin 9 sin^ 

^ 1 — cos ^) } (1 — cos^) + ^ ' <^sin* 

dT 

sin^ cos<#)+ 0 am<j)) [^ainO sin <^ — 6 cos<#)) + (!I (<^sin^ sin </> — 6 cos</>) (<^ sin 6 cos^ 
= ’§{<j>amO cos</> 4- ^ sin</>)sin</> — ® {^ainO sin<^ — ^ cos(^) cos<^ + 




+ ^8in</>), 


dT • • ^ 

and =^(1 — coa6)am0<l>^+'^coa0coa(j><l>((}>am0eoa<l>-i-0am<l>) 

+ C ooa9am<l><f>{<liam0am<l> — ^cos</>) +■ J'sin^^{^— (1 — cos^)<^} +^'sin^cos^<^^. 

Now let a couple, act on the body Q, in a plane perpendi- 
cular to its axis, and let L, Mj iV' act on P, in the plane perpen- 
dicular to OBy in the plane OP, and in the plane through OB 
perpendicular to the diagram. If ^ is kept constant, and </► 
varied, the couple 0 will do or resist work in simple addition 
with L. Hence, resolving P-f-0 and N into components round 
07, and perpendicular to it, rejecting the latter, and remembering 
that 2sinJ^^ is the angular velocity round 0/; we have 
^=:2sin^^{ - {L+ O)sinJ0+iYcos|0} = { - {L+ G){l-^oae)+Name}, 
Also, obviously 

^=0, e=ilf. 

Using these several expressions in Lagrange’s general forms, we 
have the equations of motion of the system. They will be of 
great use to us later, when we shall consider several particular 
cases of remarkable interest and of very great importance. 

Example (E). — Motion of a particle referred to rotating axes. 

Let Xy py z be the co-ordinates of a moving particle referred to 
axes rotating with a constant or varying angular velocity round 
the axis OZ, Let a?i, yi, Zy be its co-ordinates referred to the 
same axis, OZy and two axes OXiy OF,, fixed in the plane per- 
pendicular to it. We have 

Xi = a? cos^r-y sin^, y = a? sih^+^ cos^ ; 
x^7=sx cos^^y sin^— (a? sin^-fy cos^)^, =setc. 


Examples 

continued. 
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where 6y the angle Xi must be considered as a given func- 
tion of t Hence ’ • 

+i® + 2{xy — yx)d-\‘ (a?* } 


Also, 


dT 

dx 

dx 


=m(0+xe^), ~=m{—x6+y6'), ~ 


dT 


= 0. 


d dT ,x V d dT •/3 • a\ > 

^ — =m(y-f xO^xB), 


dt dx 

and hence the equations of motion are 


m(x — yB — "iyB — a7^*)=jr, m{y+xB-\-'ix6 — ^^■^)=F, mz=^Z, 
X, Yy Z denoting simply the components of the force on the 
particle, parallel to the moving axes at any instant. In this 
example t enters into the relation between fixed rectangular axes 
and the co-ordinate system to which the motion is referred ; but 
there is no constraint. The next is given as an example of vary- 
ing, or kinetic, constraint. 

Example (F ). — A particle^ influenced by any forces, and aU 
lacked to one end of a string of which the* other is moved with any 
constant or varying velocity in a straight line. Let B be the 
iiftjlination of the string at time t, to the given straight line, and 
the angle between two planes through this line, one containing 
the string at. any instant, and the other fixed. These two co- 
ordinates (B, <l>) specify the position, P, of the particle at any 
instant, the length of the string being a given constant, a, and 
the distance OE, of its other end E, from a fixed point, O, of the 
line in which it is moved, being a given function of t, which we 
shall denote by u. Let x, y, z be the co-ordinates of the particle 
referred to three fixed rectangular axes. Choosing OX as the given 
straight line, and YOX the fixed plane from which ^ is measured, 
we have 

x^u+aco^O, y=:«sin^cos<^, 2:=:^ sin^sin^,, 

— asin^^; 


and for y, z we have the same expression as in Example A. 
£Eciic0 

T=\m(u^ — 2w^asin^) + ® 

where S denotes the same as T with r = 0, and rs=a, in that 
example. Hence, denoting as there, by O and H the two com- 
ponents of the force on the particle, perpendicular to PP, %8pec- 
tively in the plane of B and perpendicular to it, we find, for the 
two required equations of motion, 


Bxampleii of 
the use of 
Lagrange's 
goueralized 
equations of 
motion. 
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at 

These show that the motion is the same as if ^ were fixed, and 
a force equal to ^mu were applied to the particle in a direction 
parallel to EX ; a result that might have been arrived at at once 
by superimposing on the whole system an acceleration equal and 
opposite to that of Ej to effect which on P the force — mu is 
required. 

* 

331 . Problems in fluid motion of remarkable interest and 
iiqlSdr^'*' importance, not hitherto attacked, are very readily solved by 
the aid of Lagrange’s generalized equations of motion. For 
brevity we shall designate a mass which is absolutely incom- 
pressible, and absolutely devoid of resistance to change of shape, 
by the simple appellation of a liquid. We need scarcely say 
that matter perfectly satisfying this definition does not exist 
in nature : but we shall see (under properties of matter) how 
nearly it is approached by water and other common real 
liquids. And we shall find that much practical and interesting 
information regarding their true motions is obtained by deduc- 
tions from the principles of abstract dynamics applied to the ideal 
perfect^liquid of our definition. We shall see later, under hydro- 
dynamics, that the motion of a homogeneous liquid, whether of 
infinite extent, or contained in a finite closed vessel of any 
form, with any rigid or flexible bodies moving through it, if it 
has ever been at rest, is the same at each instant as that deter- 
minate motion (fulfilling, § 312, the condition of having the 
least possible kinetic energy) which would be impulsively 
produced from rest by giving instantaneously to every part 
of the bounding surface, and of the surface of each of the solids 
within it, its actual velocity at that instant. So that, for 
example, however long it may have been moving, if all these 
surfaces were suddenly or gradually brought to rest, the whole 
fluid mass would come to rest at the same time. , Hence, if 
none of the surfaces is flexible, but we have one or, more rigid 
bodies moving in any way under the influence of any forces, 
through the liquid, the kinetic energy of the Whole motion 
at ai^ instant Will depend solely on the finite number of co- 
ordinates and component velocities, specifying the position and 
motion of those bodies, whatever may be the positions reached 
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by particles of the fluid (expressible only by an infinite number Hy«ro- 
of co-ordinates)* And an expression for the whole, kinetic eSSipief^ 
energy in terms of such elements, finite in number, is precisely SiicationW 
what is wanted, as we have seen, ag the foundation of Lagrange’s egSaSS# of 

i • • i * 1 mofiioxi* 

equations in any particular case. 


It will clearly, in the hydrodynamical, as in all other cases, bo 
a homogeneous quadratic function of the components of velocity, 
if referred to an invariable co-ordinate system; and the coefficients 
of the several termS will in general be functions of the co-ordinates, 
the determination of which follows immediately from the solution 
of the minimum problem of Example (3), § 817, in each particular 
case. 

Example (1 .) — A ball set in motion through a mass of incom- 
pressible fluid extending inflnitely in all directions one side of an 
infinite plane^ and originally at rest. Let a?, y, z be the co- 
ordinates of the centre of the ball at time /, with reference to 
rectangular axes through a fixed point 0 of the bounding plane, 
with OX perpendicular to this plane. If at any instant either 
component ^ or i of the velocity be reversed, the kinetic energy 
will clearly be unchanged, and hence no terms yz, zx, or xy can 
appear in the expression for the kinetic energy : which, on this 
account, and because of the symmetry of circumstances with 
reference to y and is 

Also, we see that P and Q are functions of x simply, since the 
circumstances are^ similar for all values of y and z. Hence, by 
differentiation. 


dT ry dT dT 
d dT. -n.^dP.^ ' d dT. dQ.. 

dT itdP,^.dQ.^ .j.. dT 
and the equations of motion are 


dx 


I dQi m • •wjr I d(^, • 

Principles sufficient for a practical solution of ibe problem of 
determining P and Q, will be given later. In the meantime, it 
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is obvious that each decreases as x increases. Hence the equa 
tions of motion shW that 


l^^of a 332 . A ball projected through a liquid perpendicularly 

an infinite plane boundary, and influenced by no other 
* forces than those of fluid pressure, experiences a gradual ac- 
celeration, quickly approximating to a limiting velocity which 
it sensibly reaches when its distance from the plane is many 
times its diameter. But if projected parallel to the plane, it 
experiences, as the resultant of fluid pressure, a resultant attrac- 
tion towards the plane. The former of these results is easily 
proved by first considering projection tmvards the plane (in 
which case the motion of the ball will obviously be retarded), 
and by taking into account the general principle of reversibility 
(§ 272) which has perfect application in the ideal case of a per- 
fect liquid. The second result is less easily foreseen without 
the aid of Lagrange’s analysis ; but it is an obvious consequence 
of the Hamiltonian form of his equations, as stated in general 
terms in § 330 above. In the precisely equivalent case, of a 
liquid extending infinitely in aU directions, and given at rest ; 
and two equal balls projected through it with* equal velocities 
perpqi^dicular to the line joining their centres — the result that 
the two balls will seem to attract one another is most re- 
markable, and very suggestive. 

Example (2 .) — A solid of rexoluiion moving through a liquid 
so as to keep its axis always in one plane. Let w be the angular 
velocity of the body at any instant about any axis perpendicular 
to the fixed plane, and let u and q be the component velocities 
along and perpendicular to the axis Of figure, of any chosen point, 
O', of the body in this line. By the general principle stated in 
§ 331 (since changing the sign of u cannot alter the kinetic 
ellergy), we have 

Vi'^’\-Efaq) («). 

where A^ p/, and E are cdhstants depending on the figure of 
the body, its mass, and the density of the liquid. Now let v denote 
the velocity, perpendicular to the axis, of a point which we shall 
^callthe centre of reaction, being a point in the axis ana at a dis- 


Hydro- 

dynamical 

.examples 

.continued. 


E 


IP 

tance ^ frona O, so that (§ 87) Then, denoting 


E^ 

2B 


by we have 


(a')- 
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Let X and y be the co-ordinates of the centre of reaction relatively 
to any fixed rectangular axes in the plane of motion of the 
of figure, and let $ be the angle between this line and OX^ at yU o atum of 
any instant, so that of 

0 ) = u — SkosO+y sin^, v = — j&sin^+y cos^ (5). 

Substituting in J', differentiating, and retaining the notation 
w, V where convenient for brevity, we have 

- fiOj ^ = Au cos^— sin^,. ^ -Au mxB+Bv oos0, 


Y (oh 


= 0 . 


T,\ ^ dT ^ * 

^(A-B)uv, ^ = 0, ^ = 0. 

Hence the equations of motion are 
fib-^{A — B)uv = L, 

d{Au cobB-^Bv sind) _ _ d(Au ainB+Bv cosB) _ y Y (d)} 

Jt Jt " 

where JT, Y are the component forces in lines through O parallel 

to OX and 0 F, and L the couple, applied to the body. 

Denoting by X, ly the impulsive couple, and the components 

of impulsive force through G required to produce the motion at 

any instant, we have of course [§ 313 (c)], 

. dT A , dT dT . . 

= = >7 = -^ («). 

and therefore, by (c), and (i), 

u^^i^coaB+rfamB), «? = i(— ^ sin^-f-iy cos0), ^ = ~ (/) 

A. Jj M» 


X= (^+^^)^+(l-l)em0oo8er], 


(3h 


and the equations of motion become 

The simple case of X= 0, F= 0, L = 0, is particularly interesting. 
In it f and rj are each constant, and we may therefore, choose the 
axes OX, OY, so that r) shall vanish. Thus we have by (y) two 
first integrab of the equations of motion, 

. j^^cos*^ . sin*^^ . -4— 

and the first of equations {h) becomes 
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Motion 
a solid of ^ ’ 
revolution 
tliroiu^ a 
liquid. 




In this let, for a moment, and It becomes 


Hr^+ffWsm4>^0, 

which is the equation of motion of a coiSmon pendulum, of mass 
and moment of inertia ii round its fixed axis, if be the 
angle from the position of equilibrium to the position at time t. 
As we shall see, under kinetics, the final integral of this equation 
expresses ^ in terms of t by means of an elliptic function. 
By using the value thus found for $ or in (^), we have 
equations giving x and y in terms of t by common integration ; 
and thus the full solution of our present problem is reduced to 
quadratures. The detailed working out to exhibit both the actual 
curve described by the centre of reaction, and the position of 
the axis of the body at any instant, is highly interesting. It is 
very easily done approximately for the case of very small angular 
vibrations; that is to say, when either A— is positive, and 
always very small, or negative, and ^ very nearly 

equal to ^tt. But without attending at present to the final integ- 
rals, rigorous or approximate, we see from (A:) and {1) that 


Quadrantal 

pendvZum 

defined. 


333. If a solid of revolution in an infinite liquid, be set in 
motion round any axis perpendicular to its axis of figure, or 
simply*projected in any direction without rotation, it will move 
with its axis always in one plane, and every point of it moving 
only parallel to this plane ; and the strange evolutions which 
it will, in general, perform, are perfectly defined by comparison 
with the common pendulum thus. First, for brevity, we shall 
call by the name of quadrantal pendulum (which will be further 
exemplified in various cases described later, under electricity 
and magnetism; for instance, an elongated. mass of soft iron 
pivoted on a vertical axis, in a ''uniform field of magnetic 
force'*), a body moving about an axis, according to the same 
law with reference to a quadrant on each side of its position of 
equilibrium, as the common pendulum with reference to a half 
circle on each side. 

Let now the body in question be set in motion by an im- 
pulse, in any l^e through the centre of reaction, and an 
impulsive couple % the plane of that line and the axis. This 
will (as will be pjoved later in the theory of statical couples) 
have the same ell<^t ^ a simple impulse j (applied to a point, 
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if not of the real body, connected with it by an imaginary in- 
finitely light framework) in a certain line, which we shall call 
the line of resultant impulse, or of resultant momenta, being 
parallel to the former line, and at a distance from it equal to 

h • The whole momentum of the motion generated is of course 

(§ 295) equal to f.* The body will move ever afterwards 
according to the following conditions : — (1.) The angular velo- 
city^round the centre of reaction follows the law of the quad- 
rantal pendulum. (2.) The distance of tlie centre of reaction 
from the line of resultant impulse varies simply as the angular 
velocity. (3.) The velocity of the centre of reaction parallel 
to the line of impulse is found by dividing the excess of the 
whole constant energy of the motion above the part of it due 
to the angular velocity round the centre of reaction by half the 
momentum. (4.) li A, B, and denote constants, depending 
on the mass of the solid and its distribution, the density of the 
liquid, and the form and dimensions of the solid, such that 

™ — are the linear velocities, and the angular velocity, 
A B [i , ^ 


respectively produced by an impulse f along the axis, an im- 
pulse f in a line through the centre of reaction peipendicular 
to the axis, and an impulsive couple X in a plane through the 
axis; the length of the simple gravitation pendulum, whose 
motion would keep time with the periodic motion in question. 




and, when the angular motion is vibratory, the 


vibrations will, according as A> B,ov AcB, consist of the 
. axis, or of a line perpendicular to the axis, vibrating on 
each side of the line of impulse. The angular motion will 
in fact be vibratoiy if the distance of the line of resultant 
impulse from the centre of reaction is anything less than 


V 


{Af^B)iJi, 

AB 


cos a where a denotes either the inclination-bf the im- 

# 


pulse to the initial position of the axis, or its complement, as ot 
B is the greater. In this case the path of the centre of reactidn 
wiU be a sinuous curve symmetrical on the two sides of the 
line of impulse ; every time it cuts this line, tl^. lingular motion 
will reverse, and the maximum incUnatic^ be attaitied ; 
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and every time the centre of reaction is at its greatest distance 
on either side, the angular velocity will be at its greatest, 
positive or negative, value, and the linear velocity of the centre 
of reaction will be at its least. If, on the other hand, the 
line of the resultant impulse be at a greater distance than 

V > ^ centre of reaction, the angular motion 


will be always in one direction, but will increase and diminish 
periodically, and the centre of reaction wiU describe a sinjious 
curve on one side of that line ; being at its greatest and least 
deviations when the angular velocity is greatest and least. 
At the same points the curvature of the path will be greatest 
and least respectively, and the linear velocity of the describ- 
ing point will be least and greatest. 

334 . At any instant the component linear velocities along 


and perpendicular to the axis of the solid will be 


^ cos^ 

~A~ 


and 


^sin^ 

"5” 


respectively, if 6 be its inclination to the line of resultant 


• * 

impulse ; and the angular velocity will be — if y be the 

t U 

% f ^ 

distance of the centre of reaction from that line. The whole 
kinetic energy of the motion will be 

2A 2B 2/it ' 

and the last term is what we have referred to above as the 
part due to rotation round the centre of reaction. To stop 
the whole motion at any instant, a simple impulse equal and 
opposite to f in the fixed “ line of resultant impulse ” will . 
suffice (or, of course, an equal and ptollel impulse in any line 
through the body, with the proper impulsive couple, according 
to the principle already referred to). 

335 . From Lagrange's equations applied as above to the case 
of a solid of revojption moving through a liquid, the couple 
which must be kept applied to it to prevent it from turning is 
immediately foimd to be 


uv{A — B), 

if u and v be th^:'%)mponent velocities along and perpendicular 
to the axis, or [§*^32 (/)] 
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— J5)sm2d 
* 2AB ' 


as(didVf 
reyollttiloii 
througfi a 


if, as before, | be the generating impulse, and 0 the angle be- uquid* 
tween its line and the axis. The direction of this couple must 


be such as to prevent ^ from dii^inishing or from increasing, 
according as -d or ^ is '"the greater. The former will clearly 
be the case of a flat disc, or oblate spheroid ; the latter that of 
an elongated, or oval- shaped body. The actual values of A 
and B we shall how to calculate (hydrodynamics) for 

sevel*al cases, including a body bounded by two spherical sur- 
faces cutting one another at any angle a submultiple of two 
right angles ; two complete spheres rigidly connected ; and an 
oblate or a prolate spheroid. 

336. The tendency of a body to turn its flat side, or its observed 
length (as the case may be) across the direction of its motion 
through a liquid, to which the accelerations and retardations of 
rotatory motion described in § 333 are due, and of which we 
have now obtained the statical measure, is a remarkable illus- 
tration of the statement of § 330 ; and is closely connected 
with the dynamical explanation of many curious observations 
well known in practical mechanics, anTong which may be men- 
tioned ; that the towing- rope of a canal boat, when the rudder is 
left straight, takes a position in a vertical piane cutting me axis 
before its middle point ; that a l5oat sculled rapidly across the 
direction of the wind, always (unless it is extraordinarily unsym- 
metrical in its draught of water, and in the amounts of surface 
exposed to the wind, towards its two ends) requires the weather 
oar to be worked hardest to prevent it from running up on the 
wind, and that a sailing vessel generally "carries a weather helm” 
for the same reason ; that in a heavy gale it is exceedingly difli- 
cult, and often found impossible, to get a ship out of "the 
trough of the sea,” and that it cannot be done at all without 
rapid motion ahead, whether by steam or sails ; that an 
elongated rifle-bullet requires rapid rotation about its axis to 
keep its point foremost. The curious motions of a flat disc, 
oyster-sheU, or the like, when dropped obliquely into Water, 
resemble, no doubt, to some extent those described in § 33^, 

But it must be remembered that the rea.! cir^^stances differ 
greatly, because of fluid friction, from tliose olliit^ abs£ract pro- 
blem, of which we take leave for the present. 



270 


PRELIMINARY NOTIONS. 


837 . By the help of Lagrange's form of the equations of 
motion, § 329, we niay now, as a preliminary to the considera- 
tion of stability of motion, investigate the motion of a system 
infinitely little disturbed from a position of equilibrium, an4 
left free to move, the velocities sof its parts being initially in- 
finitely small. The resulting equations give the values of the 
independent co-ordinates at any future time, provided the dis- 
placements continue infinitely small; and the mathematical 
expressions for their values must of course show the nature of 
the equilibrium, giving at the same time an interesting example 
of the coexistence of small motions, § 89. The method con- 
sists simply in finding what the equations of motion, and their 
integrals, become fot co-ordinates which differ infinitely little 
from values corresponding to a configuration of equilibrium — 
and for an infinitely small initial kinetic energy. The solution 
of these differential equations is always easy, as they are linear 
and have constant coefficients. If the solution indicates that 
these differences remain infinitely small, the position is one of 
stable equilibrium ; if it shows that one or more of them may 
increase indefinitely, the result of an infinitely small displace- 
ment from the position df equilibrium may be a finite departure 
fronrit — and thus the equilibrium is unstable. 

Since there is a position of equilibrium, the kinematic relations 
must be invariable. * As before, 

<#>)^<^4’Gtc. ...} (1) 

which cannot be negative for any values of the co-ordinates. 
Now, though the values of the coefficients in this expression are 
not generally constant, they are to be taken as constant in the 
approximate investigation, since their variations, depending on 
the infinitely small variations of etc., can only give rise to 
terms of the third or higher orders of small quantities. Hence 
Lagrange’^s equations become simply 

and the first member of each of these equations is a linear func- 
• • • • ^ 

tion of etc, with constant coefficients. 

Now, since we may take what origin we please for the gene- 
ralized co-ordinates, it will be convenient to assume that </>, 6 
. etc., ^6 measured from the position of equilibrium considered ; 
and that their values^re therefore always iiffinitely small. 


d^dT. 

dt^dy 
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Hence infinitely small quantities of higher orders being 
neglected, and the^ forces being supposed to be independent of the 
velocities, we shall have linear expressions |6r etc., in 

terms of etc., which we may write as follows : — 

^ sss V (3)* 

etc. etc. ) 

Equations (2) consequently become linear differential equations 
of the second order, with constant coefficients ; as many in number 
as there are variables <j!>, etc., to be determined. 

The regular processes explained in elementary treatises on dif- 
ferential equations, lead of course, independently of any particular 
relation between the coefficients, to a general form of solution 
(§ 343 below). But this form has very lemarkable characteristics 
in the case of a conservative system ; which we therefore examine 
particularly in the first place. In this case we have 

# ’ ’ ••• 

where V is, in our approximation, a homogeneous quadratic funo- 
tion of yj/, if we take the origin, or configuration of equili- 
brium, as the configuration from which (§ 273) the potential 
energy is reckoned. Now, it is obvious,^ from the common 
tbpory of the transformation of quadratic functions, that we may. 


^ For in the first place any such assumption as 

6t)0«* ©tc# 

gives equations for y/r, <f>j etc., in terms of etc., with the same 

coefficients. A, B, etc., if these are independent of t. Hence (the 
co-ordinates being i in number) let the quadratic expression for 2 T 
in terms of yfr<f>^ etc., be reduced to the form by 

proper assignment of values to A, etc. This may be done arbi- 
trarily, in an infinite number of ways, without the solution of any alge- 
braic equation of degree higher than the first ; as we may easily see 
by working out a synthetical process algebraically according to the 
analogy of finding first the donjugate diametral plane to any chosen 
diameter of an ellipsoid, and then the diameter of its elliptic section^ 
conjugate to any chosen diameter of this ellipse. Now let 

+m^ +... 

W/,+»»9„+ — 

etc., etc., 

where /, m, ..., m satisfy the equations 
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by a determinate linear transformation of the co-ordinates, reduce 
the expression for' 27^, which is essentiaJdy positive, to a sum of 
squares, of generalized component velocities, and at the same time 
F to a sum of the squares of the corresponding co-ordinates, each 
multiplied by a constant, which may be either positive or nega- 
tive, but is essentially real. Hence maybe so chosen 

that 


and F=^(a^®-f/?<^*+etc. j ^ ^ 

a, Pj etc., being real positive or negative constants. Hence 

Lagrange^s equations become 

• • • • 

— a^, </)= — P<f>y etc.j (5). 

The solutions of these equations are 

i/'=.dsin(f\|li+€), </>=-4'sm(fVj8+€'), etc. (6), 

Ay €, -4', e', etc., being the arbitrary constants of integration. 
Hence we conclude the motion consists of a simple harmonic 
variation of each co-ordinate, provided that a, jS, etc., are all posi- 
tive. This condition is satisfied when F is a true minimum at 
the configuration of equilibrium ; which, as we have agen (§ 292), 
is necessarily the case when the equilibrium is stable. If any 
one or more of a, yS, ... vanishes, the equilibrium might be either 
stable or unstable, or neutral ; but terms of higher orders in the 
expansion of F in ascending powers and products of the ot-ordin- 
ates would have to be examined to test it ; and if it were stable, 
the period of an infinitely small oscillation in the value of the 
corresponding co-ordinate or co-ordinates would be infinitely 
great. If any or all of a, /S, y, . . . are negative, F is not a mini- 
mum, and the equilibrium is (§ 292) essentially unstable. The 


ll . . . =0, l' l" m" etc., 

and ^ -hm® •+•... = 1, + = etc. 

We shall still have, obviously, the same form for 2Ty that is . — 

And, according to the known theory of the transformation of quadratic 
functions, we may find /, m, . . ., l\ w', ... so as to make the products 
of the co-ordinates disappear from the expression for F, and give 

2 F= -f . . ., 

where a, p, y, etc.,- are the roots, necessarily real, of an equation of 
the 2 th degree of which the coefficients depend on the coefficients of 
the squares and products in the expression for Fin terms of 
etc. Later [(7) and (8) of § 843], a single process for carrying out 
this investigation, when T and F are given as any two homogeneous 
qnadratic^functions, will be indicated. 
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form (6) for the solution, for each co-ordinate for which this is the^ 
case, becon^es ima^ary, and is to be dhangetl into the ezponenllkl 
form, thus ; for instance, let a= — a', a' being positive. Thus 

,(7) 

which (unless the disturbance is so adjusted as to make the 
arbitrary constant A vanish) indicates an unlimited increase 
in the deviation. This form of solution expresses the approxi- 
mate law of falling away from a configuration of unstable equili- 
brium. In general, of course, the approxunation becomes less 
and less a<^urate as the deviation increases. 

One example for the present will suffice. Let a solid, im- 
mersed in an infinite liquid (§ 331), be prevented from any motion 
of rotation, and left only freedom to move parallel to a certain 
fixed plane, and let it be influenced by forces subject to the con- 
servative law, which vanish in a particular position of equilibrium 
Taking any point of reference in the body, choosing its position 
when the body is in equilibrium, as origin of rectangular co- 
ordinates OJT, OF, and reckoning the potential energy from it, 
we shall have, as in general, 

; 2F=<w?®-|-5y*-f'2ca5y, 

the principles stated in § 331 above, allowing us to regard the 
co-prdiuates x and y as fully specifying the system, provided 
always, as is understood, that if the body is given at rest, or is 
brought to rest, the whole liquid is at rest at the same time. By 
solving the obviously determinate problem of finding that pair of 
conjugate diameters which are in the same directions for the ellipse 

+ 2 Ozy = const., 
and the ellipse or hyperbola, 

era?* 2ca7y = const., 

and choosing these as oblique axes of 6o-ordinates (a?,, y,), we 
shall have 

2!r=-4iari*-(-B,yi*, and 

And, as A,, are essentially positive, we may, merely to shorten 
our expressions, take x^^A , = yiVB, == <^ ; so that we shall have 

the normal expressions, according to the general form shown 
above. 

The interpretation of the general solution is as follows : — 

338 « If a conservative system is infinitely little displaced 
from a configuration of stable equiUbrium,4t will^ after 
vibrate about this configuration, remaining itffinitely near it ; 

s 
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peurticle of the fystem performing a motion which is com- 
po|3d of simple harmonic vibrations. If there are i degrees of 
about’acon- to move, and we consider any system (§ 202) of gene- 

SqSmbrium^ ralized co-ordinates specifying its position at any time, the 
deviation of any one of these co-ordinates from its value for the 
configuration of equilibrium will vary according to a complex 
harmonic function (§ 68), composed in general of i simple 
harmonics of incommensurable periods, and therefore (§ 67) 
the whole motion of the system will not recur periodically 
through the same series of configurations. There are in general, 
however, i distinct determinate displacements, which we shall 
piaSments normal displacemerds, fulfilling the condition, that if any 

" one of them be produced alone, and the system then left to 
itself for an instant at rest, this displacement .will diminish and 
increase periodically according to a simple harmonic function 
of the time, and consequently every particle of the system 
will execute a simple harmonic movement in the same period. 
This result, we shall see later, includes cases in which there 
are an infinite number of degrees of freedom ; as for instance 
a stretched cord ; a mass of air in a closed vessel ; waves in 
water, or oscillations in a vessel of water of- limited extent, or 
an elastic solid ; and in these applications it gives the theory 
of thd so- called fundamental vibration,^' and successive har- 
monies” of the cord, and of all the different possible simple 
modes of vibration in the other cases. 


Case of equa- 
lity amo^ 
periods. 


889 . If, as may be in particular cases, the periods of the 
vibrations for two or more of the normal displacemeiits are equal, 
any displacement compounded of them will also fulfil the con- 
dition of a normal displacement. And if the system be dis 
placed according to any one such normal displacement, and 
projected with velocity corresponding to another, it will execute 
a movement, the resultant of two simple harmonic movements 
in equal periods. The graphic representation of the variation 
of th^ corresponding co-ordinates of the system, laid down as 
two rectangular co-ordinates in a plane diagram, will conse- 
quently (§ 65) be a circle or an ellipse ; which Will therefore, 
of course, be the form of the orbit of any particle of the system 
which has a distinct direction of motion, for two of the displace- 
xneij|B ill question. But it must be remembered that some of 
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the principal parts (as for instance the bpd^ supported on 
fixed axis, in the illustration of § 330, Exmtt^h C) may have 
only one degree of freedom ; or even that each part olnjthe 
system may have only one degree of freedom, as for instance if 
the system is composed of a set of particles each constrained to 
remain on a given line, or of rigid bodies on fixed axes, mutually 
influencing one another by elastic cords or otherwise. In such 
a case as the last, no particle of the system can move otherwise 
than in one line ; and the ellipse, circle, or other graphical re- 
presentation of the composition of the harmonic motions of the 
system, is merely an aid to comprehension, and not a repre- 
sentation of any motion actually taking place in any part of 
the system. 

340 . In nature, as has been said above (§ 278 ), every system 
uninfluenced by matter external to it is conservative, when 
the ultimate molecular motions constituting heat, light, and 
magnetism, and the potential energy of chemical affinities, 
are taken into account along with the palpable motions 
and measurable forces. But (§ 275) practically we are obliged Dissipative 

& VSi IjAID ft 

to admit forces of friction, and resistances of the other classes 
there enumerated, as causing losses of energy to be reckoned, 
in abstract dynamics, without regard to the equivalents of 
heat or other molecular actions wBich they generate. Hence 
when such resistances are to be taken into account, forces 
opposed to the motions of various parts of a system must 
be introduced into the equations. According to the approxi- 
mate knowledge which we have from experiment, these forces 
are independent of the velocities when due to the friction of 
solids ; and are simply proportional to the velocities when due 
to fluid viscosity directly, or to electric or magnetic influences, 
with corrections depending on varying temperature, and on the 
varying configuration of the system. In consequence of the 
last-mentioned cause, the resistance of a real liquid (which is 
always more or less viscous) against a body moving very rapidly 
through it, and leaving a great deal of irregular motion, such as view« of 
“eddies,'" in its wake, seems to be nearly in proportion to the re»i«Snc6t6 
square of the velocity ; although, as Stokes has sho^, at the S^Vrough 
lowest speeds the resistance is probably in simple proportion to * “ ‘ 

. the velocity, and fot^all speeds may, it is probable, be approxi- 
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go^^^^-mately Expressed as Jihe sum of two terms, one simply as the 
velocity, and the otter as the square of the velocity. 

Friction of 3€L. The effect of friction of solids rubbing against one 
* ^ another is simply to render impossible the infinitely small 

vibrations with which we are now particularly concerned ; and 
to allow any system in which it is present, to rest balanced 
when displaced within certain finite limits, from a configuration 
of frictionless equilibrium. In mechanics it is easy to estimate 
its effects with suflScient accuracy when any practical case of 
finite oscillations is in question. But the other classes of dis- 
sipative agencies give rise to resistances simply as the velocities, 
Resistances without the Corrections referred to, when the motions are in- 
velocities, finitely small ; and can never balance the system in a configura- 
tion deviating to any extent, however small, from a configuration 
of equilibrium without friction. In the theory of infinitely 
small vibrations, they are to be taken into account by adding 
to the expressions for the generalized components of force, 
terms consisting of the generalized velocities each multiplied 
by a constant, which gives us equations still remarkably amen- 
able to rigorous mathematical treatment. The result of the 
integration for the case of a single degree of freedom is very 
simple ; and it is of extreme importance, both for the explana- 
tion magy natural phendhiena, and for use in a large variety 
of experimental investigations in Natural Philosophy. Partial 
conclusions from it, in the first place, stated in generdi terms, 
are as follows : — 

342 . If the resistance is less than a certain limit, in any 
particular case, the motion is a simple harmonic oscillation, 
with amplitude decreasing by equal proportions in equal suc- 
cessive intervals of time. But if the resistance exceeds this 
limit, the system when displaced from its position of equili- 
brium, and left to itself, returns gradually towards its position 
of equilibrium, never oscillating through it to the other side, 
and only reaching it after an infinite time. 

In the unresisted motion, let n^' be the rate of acceleration, 
when the displacement is unity ; so thai^ (§ 57) we have 

— : and let the rate of retardation due to the resistance 
n 

•4 

corresponding to unit velocity be fe Thetf the motion is of the 
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oscillatory or lion-oscillatory class according as i? < 2n> or . A? 

2^. In the first case, the period of the oscillation is increased ^ 

^ simple mo> 

by the resistance from T to which *^0“- 

the Napierian logarithm of the amplitude diminishes per unit 
of time is JA;. 

343. The general solution of the problipi, to find the motion infinitely 
of a system having any number, i, of degrees of freedom, when of ams^^- 
infinitely little disturbed from a position of equilibrium, and 
left to move subject to resistances proportional to velocities, 
shows that the whole motiop may be resolved, in general 
determinately, into 2i different motions each either simple 
harmonic with amplitude diminishing according to the law 
stated above (§ 342), or non-osciUatory, and consisting of equi- 
proportionate diminutions of the components of displacement 
in equal successive intervals of time. 


For the case of one degree of freedom, the differential equation 
of motion is 

^+kylr+n*^=iOy 
of which the complete integral is 

\^'={-4sinn'<+!^cosn'i}€‘i*^^, where n'=^(n* — 
or, which is the same, 

jf/=z ((7€“ where — »*)• 

A ^nd B in one case, or C and C' in the other, being the arbitrary 
constants of integration. Hence the propositions stated in § 342 
for this case. 

j 

The most general suppositions we can make regarding the in- 
finitely small motions of a system give, as the differential equa- 
tions, 

etc. ’etc. 

(forces of the non- conservative class, dependent on position not 
on motion, being not excluded unless the relaticfib b^a\ 
etc., hold). 

The theory of rimultaneous linear differential equations with 
constant coefficients shows that the general solution for each 
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small motloii 
of a dissipa- 
tive system. 


element is the sum of particular solutions, and that a particular 
solution is of the f6rm 

etc. (2). 

Assuming, then, this to be a solution, and substituting in the 
differential equations, we have 


^~di 

dm 


■m 

f” of l~^h' tji *4" 




• • s 


} 


=0 



etc. etc. 

where S denotes the same homogeneous quadratic function of 
Ij m, that T is of <^, ..: These equations, i in number, 
determine X by the determinantal equation 

(XM+Xg,+a), (X*^+Xf +6), ... =0 

(X^A' + X^'+a'), (X®7?'+^S +^0) ••• 


if A, jB, C, A\ B\ C\ etc., denote the coefficients of Z, m, n, etc., in 
, etc., which are of course subject to the relations 

dl dm 

B^A\ G^A'\ C'=zB'\ etc. (6). 

The equation (4) is of the degree 2/, in X ; and if any one of its 
roots be used for X in the i linear equations (3), these become 
bstmonized and give the i — 1 ratios l:m, Ixn^ etc. ; and we have 
then, in (2) a particular solution with one arbitrary constant, /. 
Thus, from the 2/ roots, when unequal, we have 2/ distinct par- 
ticular solutions, each with an arbitrary constant ; and the addi- 
tion of these solutions, as explained above, gives the general 
solution. Cases in which there are equal roots leave a corre- 
sponding number of degrees of indeterminateness in the ratios 
/ : m, lx fly etc., and so allow the requisite number of arbitrary 
constants to be made up. 

When the forces not due to motion are of the conservative class, 
we have 

hz=za'ycz=za"yc'^h" ‘ ( 6 ) 

a, by etc., being such that 

etc., are either all positive, or when those of 
them which are negative are limited to such magnitudes as they 
could have in nature, roots of the equation for X, if real, must 
be negative, or if imaginary must have their real parts negative ; 
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80 that every particular solution may • be composed of terms of inioiteiy 

either of the forms ' orfd£5pII“ 

or ttveBystem. 

where p is essentially positive 1 This we see because terms such 
as would represent a motion returning again and again 

with continually increasing energy through the configuration of 
equilibrium. The mathematical analysis of these conditions, which 
has not, so far as we are aware, been worked out, deserves atten- 
tion from mathematicians. 

We fall back on the case of no resistance, by taking 
^=0, |P=0, ... ^'=0, etc., 
and the determinantal equation becomes 

(A*^+a), ... =0 

(XM'+a'), (7). 


Case of no 
resistance. 


This is of the degree i in A,*. Its i roots are of course, for the 
case of a conservative syslSfem, the values of a, ..., of our first 
investigation (§ 337) ; and we infer that, for this case, they are 
all real from what was proved there. The equations (3) to de- 
termine Z, m, ..., become 

(AM+a)/+(A®^+6)m-f ...=0 ) 

lx^A'+a')l+{X^B'+b')m + ..,=:0 > ( 8 ), 

etc. etc. ) 

and thus, in (7) and (8), we have the promised solution in one 
completely expressed process. The property of the determinantal 
equation (7), that its roots are all real when the relations (6) and 
(6) are satisfied, is very remarkable. It seems to have escaped 
the notice of modern algebraists. When these relations are not 
satisfied [as with the well-known wr^ cubic, §181(3)], the values of 
A® may be all real, or some of them, if no t all, may be imaginary. 
When they are not aU real, let be a pair of imaginary 

roots. The corresponding values of A, or the square roots of 
those, may be denoted by ±(^p±q^ — 1). Hence in the general 
solution terms of the form 

sin qt 

wiU occur. That is to say, there are infinitely small displace- 
ments from a position of equilibrium which would give rise to 
harmonic oscillations with amplitude increasing according to the 
logarithmia law as long as the^displacement remains small enough 
to allow our approximation to hold. This is of course a way of 
diverging from a position of unstable equilibrium which is im- 
possible except with artificial arrangements giving not a con- 
servative, but an accumulative system of force. 



Artificial or 
ixoagiiuiry 
aociimula- . 
tive system. 
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344. When the forces of a system depending on configura- 
tion, and hot on motion, or, as we may call them for brevity, 
the forces of position, violate the law of conservatism, we have 
seen (§ 272) that energy without limit may be drawn from it 
by guiding it perpetually through a returning cycle of configu- 
rations, and we have inferred that in every real system, not 
supplied with energy from without, the forces of position fulfil 
the conservative law. But it is easy to arrange a system 
artificially, in connexion wi£h a source of energy, so that its 
forces of position shall be non-conservative ; and the considera- 
tion of the kinetic effects of such an arrangement, especially of 
its oscillations about or motions round a configuration of equi- 
librium, is most instructive, by the contrasts which it presents 
to the phenomena of a natural system. The preceding investi- 
gation gives the general solution of the problem — to find tlie 
infinitely small motion of a system infinitely near a position 
of equilibrium, when there is deviation from conservatism both 
by resistances, and by the character of the forces of position. 
In the case of no resistance, with which alone we need occupy 
ourselves at present, the character of the equilibrium as to 
stability or instability is discriminated according to the character 
of the roots of an algebraic equation of degree equal to the 
numbei* of degrees of freedom of the system. 

If the roots (A*) of the determinantal equation § 343 (7) are 
all real and negative, the equilibrium is stable : in every other 
case it is unstable. 

345 . But although, when the equilibrium is stable, no 
possible infinitely small displacement and velocity given to 
the system can cause it, when left to itself, to go on moving 
either faiiher and farther away till a finite displacement is 
reached, or till a finite velocity is acquired; it is very re- 
markable that stability should be possible, considering^ that 
even in the case of stability an endless increase of velocity 
may, as is easily seen from § 272, be obtained merely by con- 
straining the system to a particular closed course, or circuit of 
configurations, nowhere deviating by more than an infinitely 
small amount from the configuration of equilibrium, and leaving 
it at rest anywhere in a ceitain part of this circuit. This 
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result, and the distinct peculiarities of the cases of stability Artmow or 

• -1 ' imaglnaiy 

and instability, will be sufficiently illustrated by the simplest 
possible example, — ^that of a material particle moving in a 
plane. 

Let the mass be unity, and the components of force parallel to 
two rectangular axes be and y? when the position 

of the particle is (a?, y). The equations of motion will be 

y=^ax+b'y (1^ 

Let ^(a'+ft)=c, and 5) = e : 

the components of the force become 

ax-^-cy’-^ey, and cx-\-h'y+ex^ 
dV , dF , 

. dx dy^ ^ 

where . F= — ^[ax'^+h'y^-\‘2cxy). 

The terms — ey and +ex are clearly the components of a force 
e(a?®4“y*)^> perpendicular . to the radius- vector of the particle. 

Hence if we turn the axes of co-ordinates through any angle, the 
corresponding terms in the transformed components are still 
— ey and + ex. If, therefore, we choose the axes so that # 

^ V=^^{ax^+/3y^) (2), 

the equations of motion become, without loss of generality, 

x=: — ax . — ey, y= — /3|y+ca?. 

To integrate these, assume, as in general [§ 343 (2)], 


a?=Z€^*, yzszrnd^^. 

Then, as before [§ 343 (8)], 

(A.®-}-a)^+cw=0, and 

Whence (A^+a)(A*+y8) = — e* (3), 

which gives 

X*= — ^(a+^)±{i(a — /3)’ — «»)1 


This shows that the equilibrium is stable if both a/3+e^, and 
a+/3 are positive and e* < J(a — [that is, if e is between the 
values — d) and — ^{/3 — a)] but unstable in every other case. 

But let the particle be constrained to remain on a circle, of 
radius r. Denoting by 0 its angle-vector from OJT, and, trans- 
forming. (§ 27) the equations of motion, we have 

— (j3 — a) sin^cos^+e= — ^(/8 — a)sin 2^-1-c (4). 


If we had e=0 (a conservative system of force) the positions of 
equilibrium would be at ^=0, Osstt, and Ossz^tt; and 

the motion would be that of the quadrantal pendulum. But when 
e has any finite value less than ^(jS — a) which, for convenience, 
we may suppose positive, there are positions of equilibrium at 
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Artiftcial or 
imaginary 
accumula- 
tlvo system. 


^=ir+&, and 6=^-^, 


where ^ is half the acute angle whose sine is 


2e 


the first and 


a 


third being positions of stable, and the second and fourth of un- 
stable, equilibrium. Thus it appears that the effect of the con- 
stant tangential force is to displace the positions of stable and 
unstable equilibrium forwards and backwards on the circle through 
angles each equal to And, by multiplying (4) by 20dt and 
integrating, we have as the integral equation of energy 

— a) cos 2^-1- 2c (6) 

From this we see that the value of C, to make the particle just 
reach the position of unstable equilibrium, is 

(7= — — a) cos (tt — 2^) — e(ir — 2^), 

= t/ — e*+e(ir — , 

4 p — a' ^ 

and by equating to zero the expression (6) for 6*, with this 
value of C substituted, we have a transcendental equation in 6, 
of which the least negative root, gives the limit of vibrations 
^ the side reckoned backwards from a position of stable equili- 
brium. If the particle be placed at rest on the circle at any dis- 


tance less than 



2^ before a position of stable equilibrium, or 


les,^ than — 0^ behind it, it will vibrate. But if placed any- 
where beyond those limits and left either at rest or moving with 
any velocity in either direction, it will end by flying round and 
round forwards with a periodically increasing and diminishing 
velocity, but increasing every half turn by equal additions to its 
squares. 

If on the other hand J(/?— a), the positions both of stable 
and unstable equilibrium are imaginary ; the tangential force pre- 
dominating in every position. If the particle be left at rest in 
any part of the circle it will fly round with continually increasing 
velocity, but periodically increasing and diminishing acceleration. 


Kinetic sta- 346 . There is scarcely any question in dynamics more im- 
wuty. portant for Natural Philosophy than the stability of instability 
of motion. We therefore, before concluding this chapter, pro- 
pose to give some general explanations and leading principles 
regarding it. 

A “conservative disturbance of motion” is a disturbance 
in the motion or configuration of a conservative system, not 
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altering the sum of the potential and kinetic enei^ies. A SSurSmce* 
conservative disturbance of the motion through any particular 
configuration is a change in velocities, or component velocities, 
not altering the whole kinetic energy. Thus, for example, a 
conservative disturbance of the motion of a particle through 
any point, is a change in the direction of its motion, unaccom- 
panied by change of speed. 

347. The actual motion of a system, from any particular 
configuration, is said to be stable if every possible infinitely 
small conservative disturbance of its motion through that con- nated. 


figuration may be compounded of conservative disturbances, 
any one of which would give rise to an alteration of motion 
which would bring the system again to some configuration 
belonging to the undisturbed path, in a finite time, and without 
more than an infinitely small digression. If this condition is 
no^ fulfilled, the motion is said to be unstable, 

348. For example, if a body, A, be supported on a fixed Examples, 
vertical axis ; if a second, B, be supported on a parallej axis 
belonging to the first ; a third, (7, similarly supported on B, and 

so on ; and if B, C, etc., be so placed as to have each its centre 
of inertia as far as possible from the fixed axis, and the whole 
set in motion with a common angular velocity about this axis, 
the motion will be stable, from every configuration, as is evi- 
dent from the principles regarding the resultant centrifugal 
force on a rigid body, to be proved later. If, for instance, each 
of the bodies is a flat rectangular board hinged on one edge, it 
is obvious that the whole system will be kept stable by centri - 
fugal force, when all are in one plane and as far out from the 
axis as possible. But if A consist partly of a shaft and crank, 
as a common spinning-wheel, or the fly-wheel and crank of a 
steam-engine, and if B be supported on the ci’ank-pin as axis, 
and turned inwards (towards the fixed axis, or across the fixed 
axis), then, even although the centres of inertia of C, D, etc., 
are placed as far from the fixed axis as possible, consistent with 
this position of B, the motion of the system will be unstable. 

349. The rectilinear motion of an elongated body lengthwise, 
or of a flat disc edgewise, through a fluid is unstable. But the 
motion of either body, with its length or its broadside peipen- 
dicular to the direction of motion, is stable. This is demon - 
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strated for the ideal case of a perfect liquid (§ 331), in § 332, 
drodSiiaSc Example (2) ; and the results explained in § 333 show, for a 
example. Qf revolution, the precise character of the motion con- 

sequent upon an infinitely small disturbance in the direction 
of the motion from being exactly along or exactly perpendicular 
to the axis of figure ; whether the infinitely small oscillation, 
in a definite period of time, when the rectilineal motion is 
stable, or the swing round to an infinitely nearly-inverted posi- 
tion when the rectilineal motion is unstable. Observation 


Circular 

simple 

pendulum. 


Circular 

orbit. 


proves the assertion we have just made, for real fluids, air and 
water, and for a great variety of circumstances affecting the 
motion. Several illustrations have been referred to in § 336; 
and it is probable we shall return to the subject later, as Toeing 
not only of great practical importance, but profoundly interest- 
ing although very difficult in theory. 

350 . The motion of a single particle affords simpler ajid 
not less instructive illustrations of stability and instability. 
Thus if a weight, hung from a fixed point by a light inexten- 
sible cord, be set in motion so as to describe a circle about a 
vertical line througli its position of equilibrium, its motion is 
stable. Por, as we shall see later, if disturbed infinitely little 
in direction without gain or loss of energy, it will describe a 
sinuous path, cutting the undisturbed circle at points succes- 
sively distant from one another by definite fractions of the cir- 
cumference, depending upon the angle of inclination of the 
string to the vertical. When this angle is very small, the 
motion is sensibly the same as that of a particle confined to 
one plane and moving under the influence of an attractive 
force towards a fixed point, simply proportional to the distance ; 
and the disturbed path cuts the imdisturbed circle four times 
in a revolution. Or if a particle confined to one plane, move 
under the influence of a centre in this plane, attracting with a 
force inversely as the square of the distance, a path infinitely ” 
little disturbed from a circle will cut the circle twice in a re- 
volution.* Or if the law of central force be the ^th power 
of the distance, and if w + 3 be positive, the disturbed path will 
cut the imdisturbed circular orl3it at successive emgular in- 


tervals, each equal to * 


if n be negative, and — n > 3. 


But the motion will be unstable 
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The criterion of stability is easily investigated for circular Kinetic sta. 
motion round a centre of force from the* differential equation of orbit 
the general orbit (§ 36), 

d^u , P 


Let the value of h be such that motion in a circle of radius 

P 

satisfies this equation. That is to say, let when w=a. 

Let now tt=a+p, p being infinitely small. We shall have 

d P 

if a denotes the value of «=« : and therefore 

tfie differential equation for motion infinitely nearly circular is 

d^p 

-^.+ap=0. 

The integral of this is most conveniently written 

sin(^Va'+yS) when a is positive, 

and * when a is negative. 

Hence we see that the circular motion is stable in the former 
case, and unstable in the latter. 

For instance, if P=:pr^z=.pu~^y we have 

P 

and putting — ^ = w = a, in this we find a=w+3 ; whence the 

fl u 

result stated above. 

Or, taking example (B) of § 330, and putting mP for P, and mh 


for h, 


m 


d 


7(-^W ® + w). 


du 




, 2m'g 

p 


m+m' 


Hence, putting and making h^:=iSI!!L. so that motion in a 

ma^ 

circle of radius may be possible, we find 

3m 

a=: . 

m+m 

Hence the circular motion is always stable ; and the ‘period of the 
variation produced by an infinitely small disttirbance from it is 


27rv 


,m+m 


/ • 


3m 
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Kinetic sta- 351 . The case of a particle moving on a smooth fixed 
^fcfe ^ surface under the influence of no other force than that of the 
8nr- Constraint, and therefore always moving along a geodetic line 
face. surface,- affords extremely simple illustrations of stability 

and instability. For instance, a particle placed on the inner 
circle of the surface of an anchor ring, and projected in the 
plane of the ring, would move perpetually in that circle, but 
unstably, as the smallest disturbance would clearly send it 
away from this path, never to return until after a digression 
round the outer edge. (We suppose of course that the particle 
is held to the surface, as if it were placed in the infinitely 
narrow space between a solid ring and a hollow one enclosing 
it.) But if a particle is placed on the outermost, or greatest, 
circle of the ring, and projected in its plane, an infinitely small 
disturbarce will cause it to describe a sinuous path cutting the 
circle at points round it successively distant by angles each 


equal to ttv^ » or intervals of time, ~ > where a denotes 


the radius of that circle, g) the angular velocity in it, and b the 
radius of the circular cross section of the ring. This is jproved 
by remarking that an infinitely narrow band from the outermost 
part of the ring has, at each point, a and b for its principal 
radii of curvature, and therefore (§ 150) has for its geodetic 
lines the great circles of a sphere of radius upon which 
(§ 152) it may be bent. 

352 . In all these cases the undisturbed motion has been 
circular or rectineal, and, when the motion has been stable, the 
effect of a disturbance has been •periodic^ or recurring with the 
same phases in equal successive intervals of time. An illustra- 
tion of thoroughly stable motion in which the effect of a dis- 
turbance is not ‘"periodic,” is presented by a particle sliding 
down an inclined groove under the action of gravity. To take 
the simplest case, we may consider a particle sliding down along 
the lowest straight li^^ of an inclined hollow cylinder. If 
slightly disturbed from this straight line, it will oscillate on 
each side of it perpetually in its descent, but not with a uni- 
form periodic motion, though the durations of its excursions to 
each side of the stmight line are all equal. 

858 . A very curious case of stable motion is presented by 
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a particle constrained to remain on the surface of an anchor- Kinetic eta- 
ring fixed in a vertical plane, and projected along the great commensur- 
circle from any point of it, with any velocity. An infinitely 
small disturbance will give rise to a disturbed motion of which 
the path will cut the vertical circle over and over again for 
ever, at unequal intervals of time, and unequal angles of the 
circle ; and obviousljfc not recurring periodically in any cycle, 
except with definite particular values for the whole energy, 
some of which are less and an infinite number are greater than 
that which just suffices to bring the particle to the highest 
point of the ring. The full mathematical investigation*of these 
circumstances would afford an excellent exercise in the theory 
of differential equations, but it is not necessary for our present 
illustrations. 

354. In this case, as in all of ^stable motion with only two oscinato^ 
degrees of freedom, which we have just considered, there has wiity. 
been stability throughout the motion ; and an infinitely small 
disturbance from any point of the motion has given a disturbed 
path which intersects the undisturbed path over and over again 
at finite intervals of time. But, for the sake of simplicity at 
present confining our attention to two degrees of freedom, we 
have a limited stability in the motion of an unresisted pro - Limited 
jectile, which satisfies the criterion of stability only at points wnt-y. 
of its upward, not of its downward, path. Thus if MOPQ be 
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Kinetic sta- 
bility of a 
projectile. 


General 

criterion. 


Examples. 


Motion on 
an anticlas 
tic surface 
proved un- 
stable. 


the path of a pyojectilOi and if at 0 it be disturbed by an in- 
finitely small force either way perpendicular to its instantaneous 
direction of motion, the disturbed path will cut the undisturbed 
infinitely near the point P where the direction of motion is 
perpendicular to that at 0 : as we easily see by considering 
that the line joining two particles projected jBpotn one point at 
the same instant with equal velocities in4:h.e directions of any 
two lines, will always remain perpendicular to the line bisect- 
ing the angle between these two. 

355 . The principle of vs^ing action gives a mathiuiatical 
criterion for stability or instability in every case of motion. 
Thus in the first place it is obvious, and it will be proved below 
(§§ 358, 361), that if the action is a true minimum in the motion 
of a system from any one configuration to the configuration 
reached at any other time^^ however much later, the motion 
is thoroughly unstable. For instance, in the motion of a 
particle constrained to remain on a smooth fixed surface, and 
uninfiuenced by gravity, the action is simply the length of 
the path, multiplied by the constant velocity. Hence in the 
particular case of a particle iminfluenced by gravity, moving 
round the inner circle in the plane of an anchor-ring con- 
sidered above, the action, or length of path, is clearly a 
minimum from any one point to the point reached at any sub- ' 
sequent time. (The action is not merely a minimum, but is 
the least possible, from any point of the circular path to any 
other, through less than haK a circumference of the circle.) 
On the other hand, although the path from any point in the 
greatest circle of the ring to any other at a distance from it 
along the circle, less than is clearly least possible if along 
the circumference ; the path of absolutely least length is not 
along the circumference between two points at a greater circular 
distance than ttV^ from one another, nor is the path along the 
circumference between them a minimum at all in this latter 
case. On any surface whatever which is everywhere anticlastic, 
or along a geodetic of any surface which passes altogether 
through an anticlastic region, the ^notion is thoroughly un- 
stable. For if it were stable from any point 0, we should have 
the given undisturbed path, and the disturbed path from 0 
cutting it at some point Q ; — ^two dififer^%^ geodetic lines join- 
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ing two points; which is impossible on an anticlastic surface, Mouonofa 
inasmuch as the sum of the exterior angles of any closed an^tiolait- 
figure of geodetic lines exceeds four right angles (§ 136) unstaWeT’ 
when the integral curvature of the enclosed area is negative, 
which (§§ 138, 128) is the case for every portioi^of surface 
thoroughly anticlastic. But, on the other hand, it is easily 
proved that if we have an endless-origid band of curved surface 
everywhere synclastic, with a geodetic line running through its on a syn- 
middle, the motion of a particle projected along this line will face, stable, 
be stable throughout, and an infinitely slight disturbance will 
give a disturbed path cutting the given undisturbed path again 
and again for ever at successive distances differing according to 
the different specific, curvatures of the intermediate portions of 
the surface. If from any 
point, iV, of the undis- 
turbed path, a perpen- 
dicular be drawn to cut 
the infinitely near dis- ()v 
turbed path in the 
angles OEN and NOE 
must (§138) be together 
greater than a right angle by an amount equal to the integral of 

curvature of the area EON, From this the differential equation 
of the disturbed path may be obtained immediately. 



Let -cEON^za, ON=Sy and NE=zu; and let a known 
function of s, be the specific curvature (§ 136) of the surface in 
the neighbourhood of N Let also, for a moment, <l> denote the 
complement of the angle OEN We have 

a — </> = / S-Mcfo. 

J 0 

Hence = 


But, obviously, 
hence 


. du 


d^u 




f^=0. 


When ^ is constant (as in the case of the equator of a surface of 
revolution considered above, § 351), this gives 

U sss .4 C08( , 

T 
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agreeing with the result (§ 351) which we obtained by develop- 
ment into a spherical surface. 

The case of two or more bodies supported on parallel axes 
in the manner explained above, and rotating with the centre 
of inertia of the whole at the least possible distance from 
the axis, affords a very good illustration also of this proposition 
which may be safely left as Jm exercise to* the student. 

356 . To investigate the effect of an infinitely small con- 
servative disturbance produced at any instant in the motion of 
any conservative system, may be reduced to a practicable pro- 
blem (however complicated the required work may be) of 
mathematical analysis, provided the undisturbed motion is 
thoroughly known. 


(a) First, for a system haying but two degrees of freedom to 
move, let 

2T= (1 ), 

where P, Q, R are functions of the co-ordinates not depending 
on the actual motion. Then 


dy d(p 

d dT p V dP / 2 , / dP dR ^ : j . dRj 

and the Lagrangian equations of motion [§ 329 (10)] are 

dP ; 


( 2 ); 


(3). 


We shall suppose the system of co-ordinates so chosen that 
none of the functions P, Q, R, nor their differential coefficients 


d<l> ^ 


etc., can ever become infinite. 


(6) To investigate the effects of an infinitely small disturbance, 
we may consider a motion in which, at any time the co-ordinates 
are and P and ^ being infinitely sniall ; and, by 

simply taking the variations of equations (3) in the usual manner, 
we arrive at two simultaneous differential equations of the second 
degree, linear with respect to 

Pf 9') Py 4y Py 9y 

but having variable coefficients which, when the undisturbed 
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motion <f> is fully known, may be supposed to be known General in- 
functions of L In these equations obvioudy none of the coeffi- of di«uirbed 
cients can at any time become infinite if the data correspond to 
a real dynamical problem, provided the system of co>ordinates is 
properly chosen (a) ; and the coefficients of p and q are the values, 
at the time t, of P, P, and P, Q, respectively, in the order in 
which they appear in (3), P, ft P being the coefficients of a 
homogeneous quadratic function which is essentially positive. 

These properties being taken into account, it may be shown that 
in no case can an infinitely small interval of time be the solution 
of the problem presented (§ 347) by the question of kinetic 
stability or instability, which is as follows : — 

(c) The component velocities <j> are at any instant changed 

to ‘^+a, subject to the condition of not changing the 

value of T, Then, a and /3 being infinitely small, it is required 

q <l> 

to find the interval of time until — first becomes equal to -y • 

P 

(d) The differential equations in p and q reduce this problem, 
and in fact the full problem of finding the disturbance in the 
motion when the undisturbed motion is given, to a practicable 
form. But, merely to prove the proposition that the disturbed 
course cannot meet the undisturbed course until after some finite 
time, and to estimate a limit which this time must exceed in any 
particular case, it may be simpler to proceed thus : — 

(e) To eliminate i from the general equations (3), let them 
first be transformed so as not to have t independent variable. 

We must put 



dtd^yp — d^dH 




dtd^<f> — d<l>d^t 
dt^ 



And by the equation of energy we have 

, _ {Pd\/^^+Qd<f>*+2Rd^d<l>)^ 

^ {2{E— V)}^ 

it being assumed that the system is conservative. Eliminating 
dt and d^t between this and the two equations (3), we find a 
differential equation of the second degree between ^ and which 
is the differential equation of the course. For simplicity, let us 
suppose one of the co-ordinates, <f> for instance, to be independent 
variable ; that is, let d*<l>=0. We have, by (4) 



— <i> ^ ) and therefore ifdt* = 

d<p a<p 

and the result of the elimination becomes 
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dip' 


2(A’-r) 


( 6 ), 


^ function o£^ of the third degree, with vari-* 

able coefficients, none of which can become infinite as long as 
E — F, the kinetic energy, is finite. 

(/) Taking the variation of this equation^ on the supposition 
that ^ becomes ^+p, where p is infinitely small, we have 


(PQ 




P), 


where L and M denote known functions of </>, neither of which 
has any infinitely great value. This determines the deviation, p^ 
of the course. Inasmuch as the quadratic (1) is essentially 
always positive, PQ — 22® must be always positive. Hence, if 

for a particular value of <^, p vanishes, and has a given value 

d<p 

which defines the disturbance we suppose made at any instant, 
must increase by a finite amount (and therefore a finite time 
must elapse) before the value of p can be again zero ; that is to 
say, before the disturbed course can again cut the undisturbed 
course. 

(g) The same proposition consequently Holds for a system 
having any number of degrees of freedom. For the preceding 
proof shows it to hold for the system subjected to any frictionless 
constraint, leaving it only two degrees of freedom; including 
that particular frictionless constraint which would not alter either 
the undisturbed or the disturbed course. The full general inves- 
tigation of the disturbed motion, with more than two degrees of 
freedom, takes a necessarily complicated form, but the principles 
on which it is to be carried out are sufficiently indicated by what 
we have done. 

(h) If for p y— -- we substitute a constant 2a, less than its 

least value, irrespectively of sign, and for — , a constant 

P greater algebraically than its gi'eatest value, we have an 
equation 




( 8 ), 


d<f>» ' ~-d^ 

Here the value of p vanishes for values of successively ex- 



DYNAMICAL LAWS AND PRINCIPLES. 


293 


ceeding one another by —75 r, , which is clearly less than 

a*) 

the increase that must have in the actual problem before p 
vanishes a second time. Also, we see from this, that if 
the actual motion is unstable. It might of course be unstable 
even if a* c/3; and the proper analytical methods for finding 
either the rigorous solution of (7), or a sufficiently near practical 
solution, would have to be used to close the criterion of stability 
or instability, and to thoroughly determine the disturbance of the 


General iu- 
veetigation 
of ilieturbed 
path. 


course. 


(e) When the system is only a single particle, confined to a 
plane, the differential equation of the deviation may be put under 
a remarkably simple form, useful for many practical problems. 
Let N be the normal component of the force, per unit of the mass, 
at any instant, v the velocity, and p the radius of curvature of 
the path. We have (§ 259), 


niflerentlnl 

i»f 

disturbed 
path of 
single par- 
ticle in a 
plane. 


a 


p 

Let, in the diagram, ON be the undisturbed, and OE the 
disturbed path. Let 
EN, cutting ON at 
right angles, be de- 
noted by w, and ON 
by s. If further we ^ 
denote by p the 
radius of curvature 
in the disturbed path, 

remembering that u is infinitely small, we easily find 

p'~ p» 

Hence, using 8 to denote variations from N to Ej we have 



« « V * ^ 9 / 


P P 

But, by the equation of energy, 

F), 

and therefore 


(9). 


( 10 ). 


8(v*) 

Hence (10) becomes 


28V=2Nu 




u. 


d^u 3 m 
“Tli' 


m 


dp^ 


V 


3 


:0 


( 11 ), 
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or, if we denote py ( the rate of variation of iV, per unit of dis- 
tance from the point N in the normal direction, so that 8N= fw, 

This includes, as a particular case, the equation of deviation from 
a circular orbit, investigated above (§ 350). 

357 . If, from* any one configuration, two courses differing 
infinitely little from one another, have again a configuration in 
common, this second configuration will be called a kinetic focus 
relatively to the first : or (because of the reversibility of the 
motion) these two configurations will be called conjugate kinetic 
foci. Optic foci, if for a moment we adopt the corpuscular 
theory of light, are included as a particular case of kinetic foci 
in general. By § 356 (^) we see that there must be finite in- 
tervals of space and time between two conjugate foci in every 
motion of every kind of system, only provided the kinetic 
energy does not vanish. 

358 . Now it is obvious that, provided only a sufiiciently 
shoit course is considered, the action, in any natural motion of a 
system, is less than for any other course between its terminal 
configurations. It will be proved presently (§361) that the first 
configuration up to which the action, reckoned from a given 
initial configuration, ceases to be a minimum, is the first kinetic 
focus ; and conversely, that when the first kinetic focus is 
passed, the' action, reckoned from the initial configuration, 
ceases to be a minimum ; and therefore of course can never 
again be a minimum, because a course of shorter action, de- 
viating infinitely little from it, can be found for a part, without 
altering the remainder of the whole, natural course. 

359 . In such stateihents as this it will frequently be con- 
venient to indicate particular configurations of the system by 
single letters, as 0, P, Q, It; and any particular course, in 
which it moves through configurations thus indicated,^will be 
called the course O...P...Q...iJ. The action in any natural 
course will be denoted simply by the terminal letters, taken in 
the order of the motion. Thus OR will denote the action from 
0 to JJ ; and therefore OR = — RO» - When there are more 
real natural courses from 0 to R than one, the anal)d)ical ex- 
pression for OR will have more than one real value ; and it 
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may be necessary to specify for which oj[ these courses the 
action is reckoned Thus we may have 

OR for 

OR for O...E\..R, 

ORiovO...E\..R, 


three different values of one algebraic irrational expression. 

360 . In terms of this notation the preceding statement Theorem of 
(§ 358) may be expressed thus : — If, for a conservative system, 
moving on a certain course the first kinetic 

focus conjugate to 0 be O', the action OP, in this course, will 
be less than the action along any other course deviating in- 
finitely little from it : but, on the other hand, OP' is greater 
than the actions in some courses from 0 to P' deviating in- 
finitely little from the specified natural course O...P...O'...P'. 


361 . It must not be supposed that the action along OP is Two or mort* 
necessarily the least 'possible from 0 to P. There are, in fact, minimum 
cases in which the action ceases to be least of all possible, before possible. 


a kinetic focus is reached. Thus if OEAPOEA^ be a sinuous 


geodetic line cutting the outer circle of^,an anchor ring, or 
tlie equator of an oblate spheroid, in successive points 0, 
A, A\ it is easily seen that O', the first kinetic focus 
conjugate to 0, must lie somewhat beyond A. But the, 
length OEAP, although a minimum (a stable position for a 



stretched string), is not the shortest distance on the surface of two 
from 0 to P, as this must obviously be a line lying entirely on Sid*S*not 
one side of the great circle. From 0, to any point, Q, short of 
A, the distance along the geodetic OEQA is clearly the least iwSiuwo 
possible : but if Q be near enough to A (that is to say, between 
A and the point in which the envelope of the geodetics drawn 



296 


PRELIMINARY NOTIONS. 


Case of two 
minimum, 
and one uot 
minimum, 

f geodetic 
ines be- 
tween two 
points. 


Difference 
i>etweeii two 
sides and 
the third of 
a kinetic 
triangle. 


from 0, cuts 0EA)j, there will also be two other geodetics from 
0 to Q. The length of one of these will be a minimum, and that 
of the other not a minimum. If Q is moved forward to A, the 
former becomes OE/i, equal and similar to OEA, but on the 
other side of the great circle : and the latter becomes the great 
circle from 0 to If now Q be moved on, to P, beyond A, 
the minimum geodetic OEAP ceases to be the less of the two 
minima, and the geodetic OFP lying altogether on the other side 
of the great circle becomes the least possible line from 0 to P. 
But until P is advanced beyond the point, O', in which it is 
cut by another geodetic from 0 lying infinitely nearly along 
it, the length OEAP remains a minimum, according to the 
general proposition of § 358, which we now proceed to prove. 
(a) Referring to the notation of § 360, let P^ be any configura- 
tion differing infinitely little from P, but not on the course 
O...P...O'...P' ; and let be a configuration on this course, 
reached at some finite time after P is passed. Let be 

the co-ordinates of P, and ... those of P^, and let 

Thus, by Taylor’^ theorem, 




-f etc. 

But if ... denote the components of momentum at P in the 
course O...P, which are the same as those at P in the continua- 
tion, P.../8, of this course, we have [§ 322 (18)] 

dPS dOP dP8 


^ d<p 


y • • 


dip d<i> ~ d<t> 

Hence the coefficients^ of the terms of the first degree of Sip, 
in the preceding expression vanish, and we have 


OP, +P,^- . . . } 




(1 


( 2 ), 


+ etc. 

{b) Now, assuming 

a?2 — -|- 
etc. etc. 

according to the known method of linear transformations, let 
tti, ... a,, ... be so chosen that the. preceding quadratic 

function be reduced to the form 


1 
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AiXi*+AiX^^ + • • . +AiiXi*y 

the whole number of degrees of freedom being i. 

This may be done in an infinite variety of ways ; and, towards 
fixing upon one particular way, we may take ai=^, /3i^<l>, etc. ; 
and subject the others to the conditions 

+ ^at+<j>l3t + ...= 0 , etc. 

This will make Ai^O : for if for a moment we suppose to be 
on the course we have 

and therefore 
ylr 

a?f=^(5^® + S<#»« + ...), a7i_i = 0, ... a?8 = 0, a?i = 0. 

But in this case OP^+P^S=OS\ and therefore the value of the 
quadratic must be zero; that is to say, we must have .4^=0. 
Hence we have 


OP^ + P^S— 0/S= +A^x^* + . . . + ^ 

+E 


} 


( 3 ) 


where R denotes a remainder consisting of terms of the third and 
higher degrees in 8^, 8<^, etc., or in x^, etc. 

(c) Another form, which will be used below, may be given to 
the same expression thus : — Let 17^, ...) and (^/, 17/, (/, ...) 
be the components of momentum at P^, in the courses OP^ and 
P^S respectively. By § 322 (18) we have 

. dOP' 

d^r 

and therefore by Taylor’s theorem 


^ dOP , (POP^ , . d‘OP^^ , 


Similarly, 


di// d\p^ 


dtpd<l> 


.. dPS , d^PS^, , d^PS^. , , , 


dx/y 


and therefore, as = 

dip 


dip^ ^ dipd<f> 
dP8 
dip ’ 


and so for 17' — '*7^, etc. Hence (1) is the same as 

OP, + P>-- 05 = ~ f ) 5 ^+ (17/- 17,)S<^+ . . . } ) 

j 

where R denotes a remainder consisting of terms of the third and 
higher degrees. Also the transformation from Btp, Sip, ... to 
a?,, a?a, ..., gives clearly 


( 5 ), 


Difference 
between two 
sides and 
the third of 
a kinetic 
triangle. 


• • e 
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= + ... "I 

= —(BipiXi+Bip^Xi + . . .+Bi^i/3i^iXi^t) V (6). 

etc. etc. J 

(d) Now for any infinitely small time the velocities remain 
sensibly constant; as also do the coefficients (^,V)> etc., 

in the expression [§ 313 (2)] for T: and therefore for the action 
we have / 2Tdt== 

where (^oj •••) are the co-ordinates of the configuration from 
which the action is reckoned. Hence, if P, P', P" be any three 
configurations infinitely near one another, and if Q, with the 
proper differences of co-ordinates written after it, be used to 
denote square roots of quadratic functions such as that in the 
preceding expression, we have 

PP' =v^a {(^ -n -</>'). •••} ) 

p'p"=V^r.G{(f-n(<^'-n •••} } in 

F'P = V22\ Q{{r -/),(<!>" -<!>'), ■■■} ) 

In the particular case of a single free particle, these expressions 
become simply proportional to the distances PP', P'P", P"P; 
and by Euclid we have 

P'P+.PP"cP'P" 
unless P is in the straight line P'P". 

The verification of this proposition by the preceding expressions 
(7) iL inerely its proof by co-ordinate geometry with an oblique 
rectilineal system of co-ordinates, and is necessarily somewhat 
complicated. If (^, ^) = (</>, = ^)=0, the co-ordinates be- 

come rectangular and the algebraic proof is easy. There is no 
difficulty, by following the analogies of these known processes, to 
prove that, for any number of co-ordinates, x//, etc., we have 

P'P+PP">P'P", 

unless 

<l > — </>' 0 — $' 

(expressing that P is on the course from P to P") in which case 

t#p'p^ PP' ' = P'P' 

P'P, etc., being given by (7). And further, by the aid of (1), 
it is easy to find the proper expression for P'P+PP"— P'P", 
when P is infinitely little off the course from P' to P" : but it is 
quite unnecessary for us here to enter on such purely algebraic 
investigations. 

(c) It is obvious indeed, as has been already said (§ 358), that 
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the action along any natural course is the least possible between 
its terminal configurations if only a sufficiently short course is 
included. Hence for all cases in which the time from 0 to /S is 
less than some particular amount, the quadratic term in the ex- 
pression (3) for OP^+P^S--OS is necessarily positive, for all 
values of a?i, a?*, etc, ; and therefore Aiy must each be 

positive. 

(/) Let now 8 be removed further and further from 0, along 
the^definite course until it becomes O'. When it is 

O', let P^ be taken on a natural course through 0 and O', de- 
viating infinitely little from the course OP O'. Then, as OP^O' is 
a natural course, 

and therefore (5) becomes 

0P,-fP^0'-00'=P, 

which proves that the chief, or quadratic, term in the other ex- 
pression (3) for the same, vanishes. Hence one at least of the 
coefficients Ai, A^^... must vanish, and if one only, Ai-i=^0 for 
instance, we must have 


Difference 
between two 
sides and 
the third of 
a kinetic 
triangle. 


Actions on 
different 
courses in- 
finitely near 
one another 
between two 
conjugate 
kinetic foci, 
proved ulti- 
mately equal. 


a?i=0, a?a=0,...a?i-.a=:0. 

These equations express the condition that P^ lies on a natural 
course from 0 to O'. 


(g) Conversely if one or more of the coefficients A^ Atj 
vanishes, if for instance 8 must be a kinetic focus, 

if we take P^ so that 


etc., If two sides, 
■n deviating 
Por infinitely 
little fh>m 
* the third, 


a7i=0, a?2=0,...a?^_2=0, 

we have, by (6), 

(h) Thus we have proved that at a kinetic focus conjugate to 
O the action from 0 is not a minimum of the first order,' and 


are together 
equal to it, 
they con- 
stitute an 
unbroken 
natiual 
course. 


that the last configuration, up to which the action from 0 is a 
minimum of the first order, is a kinetic focus conjugate to 0, 

(i) It remains to be proved that the action from 0 ceases to 
be a minimum when the first kinetic focus conjugate to 0 is passed. 
Let, as above (§ 360), O...P...O'...P' be a natural course ex- 
tending beyond O', the first kinetic fo^s conjugate to 0. Let P 
and P' be so near one another that there is no focus conjugate to 


either, between them; and let O...P^...O' be a natural course 
from 0 to 0' deviating infinitely little from 0...P...0'. By what 


' A maximum or minimum the first order of any function of one or more 
vaiiables, is one in which the differential cf the fiist degree vanishes, but not that of 
the second degree. 
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we have just proved {e\ the action 00' along 0,.,P^,,,0' differs 
only by Rj an infinitely small quantity of the third order from the 
action 00' along and therefore 

Ac,{0, . ,P. . . O', ,,P')^Ac,{0..,P,.,.0') + O' P' + R, 

* =0P,+P,0'+0'P'+R. 

But, by a proper application of (c) we see that 

PP'+0'P'=^P,P'+Q 

where Q denotes an infinitely small quantity of the second order, 
which is essentially positive. Hence 

Ac{ O...P,.,0',, .P') = OP, +P,P' + Q+P, 
and therefore, as R is infinitely small in comparison with Q, 
ilc(0. . .P. . .O'. . .P') > OP, + P,P'. 

Hence the broken course 0.,.P^y P,...P' has less action than 
the natural course O...P...O'...P', and therefore, as the two 
are infinitely near one another, the latter is not a minimum. 

362. As it has been proved that the action from any con- 
figuration ceases to be a minimum at the first conjugate kinetic 
focus, we see immediately that if O' be the first kinetic focus 
conjugate to 0, reached after passing 0, no two configurations 
on this course from 0 to 0' can be kinetic foci to one another. 
For, the action from 0 just ceasing to be a minimum when O' 
is reached, the action between any two intermediate configura- 
tions of the same course is necessarily a minimum. 

363. When there are ^ degrees of freedom to move there 
are in general, on any natural course from any particular con- 
figuration, 0, at least i — 1 kinetic foci conjugate to 0. Thus, 
for example, on the course of a ray of light emanating from a 
luminous point 0, and passing through the centre of a convex 
lens held obliquely to its path, there are two kinetic foci 
conjugate to 0, as defined above, being the points in which the 
line of the central ray is cut by the so-called " focal lines of 
a pencil of rays diverging from 0 and made convergent after 
passing through the lens. But some or all ^of these kinetic 
foci may be on the coilrte previous to 0 ; as for instance in the 
case of a common projectile when its course passes obliquely 
downwards through 0. Or some or all may be lost ; as when, 
in the optical illustration just referred to, the lens is only 
strong enough to produce convergence in one of the principal 

‘ In our second volume we hope to give all necessary elementary explanations on 
this subject. 
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planes, or too weak to produce convergence in either. Thus 
also in the case of the undisturbed rectilineal motion of a in any caao. 
point, or in the motion of a point uninfluenced by force, on 
an anticlastic surface (§ 355), there are no upal kinetic foci. 

In the motion of a projectile (not confined to one vertical 
plane) there can only be one kinetic focus on each path, con- 
jugate to one given point ; though there are three degrees of 
freedom. Again, there may be any number more than i — 1, 
of foci in one course, all conjugate to one configuration, as for 
instance on the course of a particle, uninfluenced by force mov- 
ing round the surface of an anchor ring, along either the outer 
great circle, or along a sinuous geodetic such as we have con- 
sidered in § 361, in which clearly there are an infinite number 
of foci each conjugate to any one point of the path, at equal 
successive distances from one another. 

Referring to the notation of § 361 (/), let S be gradually 
moved on until first one of the coefficients, for instance, 
vanishes ; then another, ^i-a, etc. ; and so on. We have seen that 
eftch of these positions of ^ is a kinetic focus : and thus by the 
successive vanishing of the /—I coefficients we have e— 1 foci. 

If none of the coefficients can ever vanish, there are no kinetic 
foci. If one or more of them, after vanishing, comes to a mini- 
mum, and again vanishes, as S is moved on, there may be any 
number more than 2—1 of foci each conjugate to the same con- 
figuration, O. 

364. If ^ — 1 distinct^ courses from a configuration 0, each Tlieorem of 
differing infinitely little from a certain natural course 0 . , E , action. 

. . . Og . . Q, cut it in configurations Oi, Og, Og,. . . 

and if, besides these, there are not on it any other kinetic foci 
conjugate to 0, between 0 and Q, and no focus at all, conjugate 
to E, between E and Q, the action in this natural course from 
0 to Q is the maximum for all courses O...P^y ; being 

a configuration infinitely nearly agreeing with some configura- * 

tion between E and Oj of the standard course 0. . jE'. . Oj . . Og 

0^_i..Q, and 0...P,, denoting the natural courses 

between 0 and P„ and P, and Q, which deviate infinitely little 
from this standard course. 

«* 

‘ Two courses are not called distinct if they differ from one another only in the 
absolute magnitude, not in the proxmrtions of the components, of the deviations by 
which they differ from the standard course. 
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Theorem of In § 361 (*), let O' be anyone, Oi, of the foci, Oi, 0„...0i-i, 

and let be called P^ in this case. The demonstration there 

given shows that OQ > OPi+PiQ. 

Hence there j^re e— 1 different broken courses 

0. * .-Pj, jPj . » .Q 5 ()•• mP^j P^»»»Cty etc., 
in each of which the action is less than in the standard course 
from 0 to 0. But whatever be the deviation of P^, it may 
clearly be compounded of deviations P to Pi, P to P*, P to Pg, 
..., P to Pi- 1 , corresponding to these /—I cases respectively; 
and it is easily seen from the analysis that 
0P,+P,Q-0Q=(0Pi+PiQ-0a)+(0Pa+P2Q-0Q)+.... 
Hence OP^-\-P^Q-^ OQj which was to be proved. 

Applications 365 . Considering now, for simplicity, only cases in which 

Sedom t)ut two dcgrccs (§§ 195, 204) of freedom to move, we 

see that after any infinitely small conservative disturbance 
of a system in passing through a certain configuration, the 
* system will first again pass through a configuration of the un- 
disturbed course, at the first configuration of the latter at which 
the action in the undisturbed motion ceases to be a Inini- 
mum. For instance, in the case of a particle, confined to a 
surface, and subject to any conservative system of force, an 
infinitely small conservative disturbance of its motion through 
any poipt, 0, produces a disturbed path, which cuts the undis- 
turbed path at the first point. O', at which the action in tlie 
undisturbed path from 0 ceases to be a minimum. Or, 
if projectiles, under the influence of gravity alone, be thrown 
from one point, 0, in all directions with equal velocities, 
in one vertical plane, their paths, as is easily proved, in- 
tersect one another consecutively in a parabola, of which the 
focus is 0, and the vertex the pmnt reached by the particle 
projected directly upwards. The actual course of each particle 
from 0 is the course of least possible action to any point, P, 
reached before the enveloping parabola, but is not a course of 
minimum action to any point, Q, in its path after the envelope 
is passed. 

366 . Or again, if a* particle slides round along the greatest 
circle of the smooth inner surface of a hollow anchor ring, the 
action,” or simply the length of path, from point to point, will 
be least possible for lengths (§ 351) less than ttV ah. Thus if 
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a string be tied round outside on the greatest circle of a per- Applications 
fectly smooth anchor ring, it will slip d& unless held in«posi- 
tion by staples, or checks of some kind, at distances of not less ” 
than this amount, ttV ah, from one another in succession round 
the circle. With reference to this example, see also § 361, 
above. 

Or, of a particle sliding down an inclined cylindrical groove, 
the action from any point will be the least possible along the 
straight path to any other point reached in a time less than 
that of the vibration one way of a simple pendulum of length 
equal to the radius of the groove, and influenced by a force 
equal g cos i, instead of g the whole force of gravity. But the 
action will not be a minimum from any point, along the straight 
path, to any other point reached in a longer time than this. 

The case in which the groove is horizontal (^= 0) and the par- 
ticle is projected along it, is particularly simple and instructive, 
and may be worked out in detail with great ease, without 
assuming any of the general theorems regarding action. 

367. In the preceding account of the Hamiltonian principle, Hamilton 

ipi ^ , 1 * ±. 1 *1 sgcoihI form. 

and of developments and applications which it has received, we 
have adhered to the system (§§ 321, 323) in which the initial and 
final co-ordinates and the constant sum of potential and kinetic 
energies are the elements of which the action is supposed to 
be a function. Another system was also given by Hamilton, ac- 
cording to which the action is expressed in terms of the initial 
and final co-ordinates and the tiTne prescribed for live motion ; 
and a set of expressions quite analogous to those with which 
we have worked, are established. For practical applications 
this method is generally less convenient than the other ; and 
the analytical relations between the two are so obvious that we 
need not devote any space to them here. 

368. We conclude by calling attention to a very novel 
analytical investigation of the motion ofa conservative system, theorem, 
by Liouville {Comptes Rendus, June 16, 1856), which leads im- 
mediately to the principle of least action, and the Hamiltonian 
principle with the developments by Jacobi and others ; but 
which also establishes a very remarkable and absolutely new 
theorem regarding the amount of the action along any con- 
strained course. For brevity we shall content ourselves with 
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Liouville’s 

kinetic 

theorem. 


giving it for a single free particle, referring the reader to the 
original article for Libuville’s complete investigation in terms 
of generalized co-ordinates, applicable to any conservative 
systepx whatever. 

Let (x, y, is) be the co-ordinates of any point through which 
the particle may move : V its potential energy in this position : 
jE the sum of the potential and kinetic energies of the motion in 
question : A the action, from any position (xo, y©, ^o) to (a?, y, z) 
along any course arbitrarily chosen (supposing, for instance, the 
particle to be guided along it by a frictionless guiding tube). 
Then (§ 318), the mass of a particle being taken as unity. 

Now let ^ be a function of a?, y, z^ which satisfies the partial 
differential equation 


4 


b 


Then 


dx^ ‘ dy" * dz^ 






ay 

But 


_-_jg 

¥-^){dx*-\rdy^+dz^') 


dx 




dx+-^dy+-^de=d'i^, 


dx ■ rfy • dz 
and, if x, y, z denote the actual component velocities along the 
arbitrary path, and ^ the rate at which ^ increases per unit of 
time in this motion, 

dx^^xdt, dy^ydt^ dz^^zdt, d^=^dt. 

Hence the preceding becomes 


A=ydW{l-h 
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dx' 
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EXPERIENCE. 

369. By the term Experience, in physical science, we desi Obsorviition 
nate, according to a suggestion of Herschers, our means of 
becoming acquainted with the material universe and the laws 
which regulate it. In general the actions which we see ever 
taking place around us are com;plcx‘y or due to the simultaneous 
action of many causes. When, as in astronomy, we endeavour 

to ascertain these causes by simply watching their effects, we 
observe; when, as in our laboratories, we interfere arbitrarily 
with the causes or circumstances of a phenomenon, we are said 
to experiment, 

370. For instance, supposing that w^e are possessed of instru- Ubsorvation. 
mental means of measuring time and angles, we may trace out 

by successive observations the relative position of the sun and 
earth at different instants ; and (the method is not susceptible 
of any accuracy, but is alluded to here only for the sake 
of illustration) from the variations in the apparent diameter 
of the former we may calculate the ratios of our distances from 
it at those instants. We have thus a set of observations in- 
volving time, angular position with reference to the sun, and 
ratios of distances from it ; sufSeient (if numerous enough) to 
enable us to discover the laws which connect the variations 

of these co-ordinates. 

\ 

Similar methods may be imagined as applicable to the 
motion of any plan^ about the sun, of a satellite about its • 
primary, or of one star about another in a binary group. 

371. In general all the data of Astronomy are determined 
in this way, and the same may be said of such subjects as 
Tides and Meteorology. Isothermal Lines, Lines of Equal Dip 

u 
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Observation, or Intensity, Lines of No Declination, the Connexion of Solar 
Spots with Terrestrial Magnetism; and a host of other data 
and phenomena, to be explained under the proper heads in 
the course of the work, are thus deducible from Observation 
merely. In these cases the apparatus for the gigantic experi- 
ments is found ready arranged in Nature, and all that the 
philosopher has to do is to watch and measure their progress to 
its last details. 

372 . Even in the instance we have chosen above, that of 
the planetary motions, the observed effects are complex; because, 
unless possibly in the case of a double star, we have no instance 
of the undisturbed action of one heavenly body on another ; 
but to a first approximation the motion of a planet about the 
sun is found to be the same as if no other bodies than these 
two existed; and the approximation is sufficient to indicate 
the probable law of mutual action, whose full confirmation is 
obtained when, its truth being assumed, the disturbing effects 
thus calculated are allowed for, and found to account com- 
pletely for the observed deviations from the consequences of 
the first supposition. This may serve to give an idea of the 
mode of obtaining the laws of phenomena, which can only be 
observed in a complex form — and the method can always be 
directlv applied when one cause is known to be pre-eminent. 

Experiment. 371 ). Let US take a case of the other kind — that in which 
the effects are so complex that we cannot deduce the causes 
from the observation of combinations arranged in Nature, but 
must endeavour to form for ourselves other combinations which 
may enable us to study the effects of each cause separately, or 
at least with only slight modification from the interference of 
other causes. 

A stone, when dropped, falls to the ground ; a brick and a 
boulder, if dropped from the top of a cliff at the same moment, 
fall side by side, and reach the ground together. But a brick 
and a slate do not; and while the former falls in a nearly 
vertical direction, the latter describes a^ most complex path. 
A sheet of paper or a fragment of gold leaf presents even greater 
irregularities than the slate. But by a slight modification of 
the circumstances, we gain a considerable insight into the 
nature of the qu,estion. The paper and gold leaf, if rolled into 



KXPEKIENCE. 


307 


balls, fall nearly in a vertical line. Here, then, there are evi> Bxperimtnt. 
dently at least two causes at work, one which tends to make 
all bodies fall, and that vertically ; and another which depends 
on the form and substance of the body, and tends to retard 
its fall and alter its vertical direction. How can we study 
the effects of the former on all bodies without sen'sible com- 
plication from the latter ? The effects of Wind, etc., at once 
point out what the latter cause is, the air (whose existence we 
may indeed suppose to have been discovered by such effects) ; 
and to study the nature of the action of the former it is necessaiy 
to get rid of the complications arising from the presence of air. 

Hence the necessity for Experiment By means of an apparatus 
to be afterwajrds described, we remove the greater part of tlje 
air from the interior of a vessel, and in that we try again our 
experiments on the fall of bodies ; and now a general law, 
simple in the extreme, though most important in its con 
sequences, is at once apparent — viz., that all bodies, of what- 
ever size, shape, or material, if dropped side by side at the 
same instant, fall side by side in a space void of air. Before 
experiment had thus separated the phenomena, hasty philo- 
sophers had rushed to the conclusion that some bodies possess 
the quality of heaviness, others that of lightness, etc. Had this 
state of things remained, the law of gravitation, vigorous though 
its action be throughout the universe, could never have been 
recognised as a general principle by the human mind. 

Mere observation of lightning and its effects could never have 
led to the discovery of their relation to the phenomena pre- 
sented by rubbed amber. A modification of the course of 
nature, such as the bringing down of atmospheric electricity into 
our laboratories, was necessary. Without experiment we could 
never even have learned the existence of terrestrial magnetism 

374 . In all cases when a particular agent or cause is to be buIm forth# 
studied, experiments should be arranged in such a, way as to oxpeSmenu. 
lead if possible to results depending on it alone; or, if this 
cannot be done, they should be armnged so as to increase the 
effects due to the cause to be studied till these so far exceed 
the unavoidable concomitants, that the latter may be con- 
sidered as only disturbing, not essentially modifying, the effects 
of the principal agent. 
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wraduct Thus, in order to find the nature of the action of a galvanic 
experiments, current upon a magnetized needle, we may adopt either of these 
methods. For instance, we may neutralize the disturbing effects 
of the earth’s magnetism on the needle by properly placing a 
magnetized bar in its neighbourhood. This is an instance of 
the first method. 

Or we may, by increasing the strength of the current, or by 
coiling the wire many times about the needle (as will be ex- 
plained when we describe the galvanometer), multiply the 
effects of the current so that those of the earth’s magnetism 
mav be negligible in comparison. 

375. In some cases, however, the latter mode of procedure 
ia utterly deceptive — as, for instance, in the use of multiplying 
condensers for the detection of very small electro-motive forces. 
In this case the friction between the parts of the condenser 
often produces more electricity than that which is to be 
measured, so that the true results cannot be deduced : a feeble 
positive charge, for instance, may be trebled, neutralized, or 
even changed to a negative one, by variations of manipulation 
so delicate as to be undiscoverable, and therefore unavoidable. 

376. We thus see that it is uncertain which of these methods 


may l^e preferable in any particular case ; and indeed, in dis- 
covery, he is the most likely to succeed who, not allowing 
himself to be disheartened by the non- success of one form of 
experiment, carefully varies his methods, and thus interrogates 
in every conceivable manner the subject of his investiga- 
tions. 


Residual 

phenomena. 


377. A most important remark, due to Herschcl, regards 
what are c^XL^dirtsidual phenomena. When, in an experiment, 
all known causes being allowed for, there remain certain un- 
explained effects (excessively slight it may be), these must 
be carefully investigated, and every conceivable variation of 
arrangement of apparatus, etc., tried; until, if possible, we 
manage so to exaggerate the residual phenomenon as to be able 
to detect its cause. It is here, perhaps, that in the present 
state of science we may most reasonably look for extensions 
of our knowledge ; at all events we are warranted by the recent 
history of Natural Philosophy in so doing. Thus, to take only 
a very few instances, and to say nothing of the discovery of 
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electricity and magnetism by the ancients, the peculiar smell ReaiduAi 
observed in a room in which an electrical machine is kept in 
action, was long ago observed, but called the "smell of electricity,” 
and thus left unexplained. The sagacity of Schonbein led to 
the discovery that this is due to the formation of Ozone, a most 
extraordinary body, of enormous chemical eneigies ; whose 
nature is still uncertain, though the attention of chemists has 
for years been directed to it. 

378. Slight anomalies in the motion of Uranus led Adams 
and Le Verrier to the discovery of a new planet ; and the fact 
that a magnetized needle comes to rest sooner when vibrating 
above a copper plate than when the latter is removed, led Arago 
to what was once called magnetism of rotation, but has since 
been explained, immensely extended, and applied to most im- 
portant purposes. In fact, this accidental remark about the 
oscillation of a needle led to facts from which, in Faraday’s 


hands, was evolved the grand discovery of the Induction of 
Electrical Currents by magnets or by other currents. We need 
not enlarge upon this point, as in the following pages the proofs 
of the truth and usefulness of the principle will continually 
recur. Our object has ‘been not so much to give applications 
as methods, and to show if possible how to attack a new com- 
bination, with the view of separating and studying in detail the 
various causes which generally conspire to produce observed 
phenomena, even those which are apparently the simplest. 


379. If on repetition several times, an experiment con- unexpected 
tinually gives different results, it must either have been very discordance 
carelessly performed, or there must be some disturbing cause different 
not taken account of. And, on the other hand, in cases where 


no very great coincidence is likely on repeated trials, an unex- 
pected degree of agreement between the results of various trials 
should be regarded with the utmost suspicion, as probably due 
to some unnoticed peculiarity of the apparatus employed. In 
either of these cases, however, careful observation cannot fail 


to detect the cause of the discrepancies or of the unexpected 
agreement, and may possibly lead to discoveries in a totally 
unthought-of quarter. Instances of this kind may be given 
without limit ; one or two must suffice. 

380. Thus, with a very good achromatic telescope a star 
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i>n«^ted appears to have a sensible disc. But, as it is observed that 

d^SSnce”^ the discs of all stars appear to be of equal angular diameter, 

darerent we of course suspect some common error. Limiting the aper- 
ture of the object-glass increases the appearance in question, 
which, on full investigation, is found to have nothing to do with 
discs at all. It is, in fact, a diffraction phenomenon, and will 
be explained in our chapters on Light. 

Again, in measuring the velocity of Sound by experiments 
conducted at night with cannon, the results at one station 
were never found to agree exactly with those at the other ; 
sometimes, indeed, the differences were very considerable. But 
a little consideration led to the remark, that on those nights in 
which the discordance was greatest a strong wind was blowing 
nearly from one station to the other. Allowing for the obvious 
effect of this, or rather eliminating it altogether, the mean velo- 
cities on different evenings were found to agree very closely. 

H ypotheses. 381 . It may perhaps be advisable to say a few words here 

about the use of hypotheses, and especially those of very 
different gradations of value which are promulgated in the 
form of Mathematical Theories of different branches of Natural 
Philosophy. 

382 . Where, as in the case of the planetary motions and 
disturbances, the forces concerned are tljoroughly known, the 
mathematical theory is absolutely true, and requires only analysis 
to work out its remotest details. It is thus, in general, far 
ahead of observation, and is competent to predict effects not yet 
even observed — as, for instance. Lunar Inequalities due to the 
action of Venus upon the Earth, etc. etc., to which no amount 
of observation, unaided by theory, would ever have enabled us to 
assign the true cause. It may also, in such subjects as Geometrical 
Optics, be carried to developments far beyond the reach of 
experiment ; but in this science the assumed bases of the 
theory are only approximate, and it fails to explain in all their 
peculiarities even such comparatively simple phenomena as 
Halos and Rainbows — though it is perfectly successful for the 
practical purposes of the maker of microscopes and telescopes — 
and has, in these cases, carried the construction of instruments 
to a degree of perfection which merely tentative processes never 
could have reached. 
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383 . Another class of mathematical theories, based to a Hypothesen. 
certain extent on experiment, is at present useful, and has even 

in certain cases pointed to ne\<^and important results, which 
experiment has Subsequently verified. Such are the Dynamical 
Theory of Heat, the Undulatory Theory of Light, etc. etc. In 
the former, which is based upon the experimental fact that 
Jieat is motion, many formulae are at present obscure and unin- 
terpretable, because we do not know what is moving or how it 
moves. Eesults of the theory in which these are not involved, 
are of course experimentally verified. The same diflBculties 
exist in the Tlieory of Light. But before this obscurity can be 
perfectly cleared up, we must know something of the ultimate, 
or molecular, constitution of the bodies, or groups of molecules, 
at present known to us only in the aggregate. 

384 . A third class is well represented by the Mathematical 
Theories of Heat (Conduction), Electricity (Statical), and 
Magnetism (Permanent). Although we do not know how 
Heat is propagated in bodies, nor what Statical Electricity 
or Permanent Magnetism are — the laws of their forces are 
as certainly known as that of Gravitation, and can therefore 
like it be developed to their consequences, by the application 
of Mathematical Analysis. The works of Eourier,^ Green,^ 
and Poisson,^ are remarkable instances of such development. 

Another good example is Ampere’s Theory of Electro-dynamics. 

And this leads us to a fourth class, which, however ingenious, 
must be regarded as in reality pernicious rather than useful 

385 . A good type of such a theory is that of Weber, which 
professes to supply a physical basis for Ampere's Theory of 
Electro-dynamics, just mentioned as one of the admirable and 
really useful third class. Ampere contents himself with ex- 
perimental data as to the action of closed currents on each 
other, and from these he deduces mathematically the action 
which an element of one current ought to exert on an element 
of another — if such a case could be submitted to experiment. 

This cannot possibly lead to confusion. But Weber goes 

* further, he assumes that an electric current consists in the 

1 Thiorie Analytique de la Chalmr, Paris. 1822. 

s Essay on the ApjpUcation of Mathematical Analysis to the Theories of Electricily 
and Magnetism. Nottingham. 1828. Reprinted in CreUe’s 'Journal. 

» Mimoires sur le Magniiisme. M^m. de l*Acad. dea Sciences. 1811. 
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motion of particles of two kinds of electricity moving in 
opposite directions through the conducting wire ; and that 
these particles exert forces on^ther such particles of electricity, 
when in relative motion, different from those they would exert 
if at relative rest. In the present state of science this is wholly 
unwarrantable, because it is impossible to, conceive that the 
hypothesis of two electric fluids can be true, and besides, be- 
cause the conclusions are inconsistent with the Conservation of 
Energy, which we have numberless experimental reasons for 
receiving as a general principle in nature. It only adds to the 
danger of such theories, when they happen to explain further 
phenomena, as those of induced currents are explained by that of 
Weber. Another of this class is the Corpuscular Theory of Light, 
which for a time did great mischief, and which could scarcely 
have been justifiable unless a luminous corpuscle had been 
actually seen and examined. As such speculations, though 
dangerous, are interesting, and often beautiful (as, for instance, 
that of Weber), we will refer to them again under the proper 
heads. 

386. Mathematical theories of physical forces are in general 
of one of two species. First, those in which the fundamental 
assumption is far more general than is necessary. Thus the 
equation of Laplace^s Functions [Chap. i. App. B, (a)] contains 
the mathematical foundation of the theories of Gravitation, 

f 

Statical Electricity, Permanent Magnetism, Permanent Flux of 
Heat, Motion of Incompressible Fluids, etc. etc., and has there- 
fore to be accompanied by limiting considerations when applied 
to any one of these subjects. 

Again, there are those which are built upon a few experi- 
ments, or simple but inexact hypotheses, only ; and which re- 
quire to be modified in the way of extension rather than 
limitation. As a notable example of such, we may give the 
whole subject of Abstract Dynamics, which reqiiires extensive 
modifications (explained in Division hi.) before it can in general 
be applied to practical purposes. 

387. When the most probable result is required from a 
number of observations of the same quantity which do not 
exactly agree, vre must appeal to the mathematical theory of 
probabilities to guide us to a method of combining the results 
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of experience, so as to eliminate from theln, as far as possible, ® ^ 
the inaccuracies of observation. Of course it is to be under- 

11 1 . . /• 1 . ^ num- 

stood that we do not here cla# as inaccuracies of observation berofobser- 
any errors which may affect alike every one of a series of 
observations, such as the inexact determination of a zero point* 
or of the essential units of time and space, the personal equa- 
tion of the observer, etc. The process, whatever it may be, 
which is to be employed in the elimination of errors, is ap- 
plicable even to these, but only when several distinct series of 
observations have been made, with a change of instrument, or 
of observer, or of both. . 

388. We understand as inaccuracies of observation the 
whole class of errors which are as likely to lie in one 
direction as another in successive trials, and which we may 
fairly presume would, on the average of an infinite number of 
repetitions, exactly balance each other in excess and defect. 
Moreover, we consider only errors* of such a kind that their 
probability is the less the greater they are ; so that such errors 
as an accidental reading of a wrong number of whole de- 
grees on a divided circle (which, by the way, can in general be 
probably corrected by comparison with other observations) are 
not to be included. 

389. Mathematically considered, the subject is by no means 
j,n easy one, and many high authorities have asserted that the 
reasoning employed by Laplace, Gauss, and others, is not well 
founded ; although the results of their analysis have been 
generally accepted. As an excellent treatise on the subject has 
recently been published by Airy, it is not necessaiy for us to 
do more than sketch in the most cursory manner a simple and 
apparently satisfactory method of arriving at what is called the 
Method of Least Squares, 

390. Supposing the zero- point and the graduation of an 
instrument (micrometer, mural circle, thermometer, electrometer, 
galvanometer, etc.) to be absolutely accurate, successive readings 
of the value of a quantity (linear distance, altitude of a star, 
temperature, potential, strength of an electric current, etc.) may, 
and in general do, continually differ. What is 9 iost probably 
the true value of the observed quantity ? 

The most probable value, in all such cases, if the observa- 
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tions are all equally reliable, will evidently be the simple 
mean; or if they are not equally reliable, the mean found by 
attributing weights to the several observations in proportion to 
their presumed exactness. But if several such means have 
been taken, or several single observations, and if these several 
means or observations have been differently qualified for the 
determination of the sought quantity (some of them, being 
likely to give a more exact value than others), we must assign 
theoretically the best method of combining them in practice. 

391 . Inaccuracies of observation are, in general, as likely to 
be in excess as in defect, They are also (as before observed) more 
likely to be small than great ; and (practically) large errors are 
not to be expected at all, as such would come under the class 
of avoidable mistakes. It follows that in any one of a series of 
observations of the same quantity the probability of an error 
of magnitude x must depend upon and must be expressed 
by some function whose value diminishes very rapidly as x 
increases. The probability that the error lies between x and 
&r, where hx is very small, must also be proportional to &r. 

^Hence we may assume the probability of an error of any 
magnitude included in the range of x to x + 8x to be 

<l>(x^)8x. 

Now the error must be included between + oo and — oo . 
Hence, as a first condition, 

f <f>(x^)dx=:l (1). 

J — -00 

The consideration of a very simple case gives us the means of 
determining the form of the function involved in the preceding 
expression.' 

Suppose a stone to be let fall with the object of hitting a mark 
on the ground. Let two perpendicular lines be drawn through 
the mark, and take them as axes of x and y respectively. The 
chance of the stone falling at a distance between x and x 8x 
from the axis of y is <l>(x^)8x. 

Of its falling between y and y + 8y from the axis of x the chance 
is 

The chance of its falling on the eleiUentary area 8x8y^ whose co- 
ordinates are x^ y, is therefore (since these are independent events, 

' Compare Boole, Trans. R.S.E., 1867. 
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and it is to be observed that this is the assumption on which the Deduction <»f 
whole investigation depends) Sable result 

or w“fow* 

if a denote the indefinitely small area about the point cry. vationa. 

Had we taken any other set of rectangular axes with the same 
origin, we should have found for the same probability the ex- 
pression a<^(a?'*) 

X , y' being the new co-ordinates of a. Hence we must have 
<^(a7*)<^(y*) = <^(a:'*)<^(y'*), if a7®+y*=x'®-f y'*. 

From this functional equation we have at once 

where A and m are constants. We see at once that m must be 
negative (as the chance of a large error is very small), and we 

may write for it — ~ > so that h will indicate the degree of de- 
licacy or coarseness of the system of measurement employed. 

Substituting in (1) we have 


'I 


+ <30 


dx - 


1 , 


oo 


whence A = =- , and the law of error is 

fjirh 

1 Sir 

f i * 

VTT- n 

The law of error, as regards distance from the mark, without 
reference to the direction of error, is evidently 

J/'<i>{x’)<l>'y)dxdy, 

taken through the space between concentric circles whose radii 
are r and *^Dd is therefore 

2 

which is of the same form as the law of error to the right or left 
of a line, with the additional factor r for the greater space for 
error at greater distances from the centre. As a verification, we 
see at once that ♦ 


IjUW of error. 


2 

h^ 


I. 


ll 

*2 rdr = I 


as was to be expected, 

892. The Probable Error of an observation is a numerical 
quantity such that the error of the observation is as likely to 
exceed as to fall short of it in magnitude. 



316 


PRELIMINARY NOTIONS. 


Probable 

error. 


Probable 
error of a 
sum, differ- 
ence, or 
multiple. 


Practical 

application. 


If we assume -the law of error just found, and call P the 
probable error in one trial, . * 

/ £^h^dxs=l B Wdx, 

Jo J P 

The solution of this equation by trial and error leads to the 
approximate result 

P=0-477 h. 

393 . The probable error of any given multiple of the value 
of an observed quantity is evidently the same multiple of the 
probable error of the quantity itself. 

The probable error of the sum or difference of two quantities, 
affected by independent errors, is the square root of the sum of 
the squares of their separate probable errors. 

To prove this, let us investigate the law of error of 

x± r= z 

where the laws of error of X and Y are 


1 ^Sldx 
B a‘i 

vtt a 


, 1 ^J^dy 

and -7=g 62 7 

V TT ^ 


respectively. The chance of an error in Z, of a magnitude not 
exceeding the limits [z^ z + is evidently 


•+ 00 rz+^z — X 

. BTljfl dx / 5' 

Traoj — 00 J z-x 


Lr 

^abj 


h‘^dy. 


For, whatever value is assigned to x, the value of y is given by 
the limits z — x and z ^ 8z — x [or z x, Z + 8Z + X-, but the 
chances of ± a; are the same, and both are included in the limits 
(± oo) of integration with respect to x]. 

The value of the above integral becomes, by effecting the in- 
tegration with respect to y^ 

* 8^ sfl (^— a;)2 

and this is easily reduced to 




8z 


f—B «“+ 62 - ■ 

VTT . 

IF. 

Thus the probable error is 0*477^0®+^, whence the proposition. 
And the same theorem is evidently true for any number of quan- 
tities. 

391 . As above remarked, the principal use of this theory is 
in the deduction, from a large series of observations, of the 
values of the quantities sought in such a form as to be liable 
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to the smallest probable error. As an instance — by the prin- 
ciples of physical astronomy, the place of a planet is calculated 
from assumed values of the dements of its orbit, and tabulated 
in the Nautical Almanac. The observed places do not exactly 
agree with the predicted places, for two reasons — first, the data 
for calculation are not exact (and in fact the main object of the 
observation is to correct their assumed values) ; second, the 
observation is in error to some unknown amount. Now the 
difference between the observed, and the calculated, places 
depends on the errors of assumed elements and of observation. 
Our methods are applied to eliminate as far as possible the 
second of these, and the resulting equations give the required 
corrections of the elements. 

Thus if B be the calculated K..A. of a planet : 8a, 8e, 8ts, etc., 
the corrections required for the assumed elements — the true 
R.A. is ^-f-ASa-h-^^Sc-f-IISts-l-etc., 

where A, E, 11, etc., are approximately known. Suppose the 
observed B,.*A. to be 0, then 

0 A8a’\‘ E8e"\“'^bzs ... — 0 
or A 5^1 -|- E8e -f- US® -|- . . . = Q — 0, 

a known quantity, subject to error of observation. Every obser- 
vation made gives us an equation of the same form as this, and 
in general the number of observations greatly exceeds that of the 
quantities 8a, 8e, Sts, etc,, to be found. But it will be sufficient to 
consider the simple case where only one quantity is to be found. 

Suppose a number of observations, of the same quantity x, lead 
to the following equations : — 

etc., 

and let the probable errors be Ei, E^, ... Multiply the terms of 
each equation by numbers inversely proportional to Ei, E^, .... 
This will make the probable errors of the second members of all 
the equations the same, e suppose. The equations have now the 
general form ax=-b, 

and it is required to find a system of linear factors, by which 
these equations, being multiplied in order and added, s^U lead 
to a final equation giving the value of x with the probable error a * 
minimum. Let them be /i, /a, etc. Then the final equation is 

(2a/)a7=2(6/) 
and therefore P*(2a/)*=:e*2(/*) 
by the theorems of § 393; if P denote the probable error of x. 


Practical 
application. 
Method of 
least squares. 
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Method of 
letuit squares. 



Hence ^ minimum, and its differential coefEicients 

with respect to each separate factor /must vanish. 

This gives a series of equations, whose general form is 

f2{cff) — a7:{/*)=0, 

which give evidently /i==«i, etc. 

Hence the following rule, which may easily be seen to hold for 
any number of linear equations containing a smaller number of 
unknown quantities, 


Make the 'prdbahle error of the second member the same in each 
equation, by the employment of a prcyper factor ; multiply each 
equation by the coefficient of x in it and add all, for one of the 
final equations ; and so, with reference to y, z, etc., for the others. 
The probable errors of the values of x, y, etc., foiind from these 
final equations will be less than those of the values derived 
from any other linear method of combining the equations. 

This process has been called the method of Least Squares, 
because the values of the unknown quantities found by it are 
such as to render the sum of the squares of the errors of the 
original equations a minimum. 

That is, in the simple case taken above, 

— by=i minimum. 

For it is evident that this gives, on differentiating with respect 
to X, lLa(ax — &) = 0, 

which is the law above laid down for the formation of the single 
equation. 

Methods of 395 . Wlieii a series of observations of the same quantity 

representing , 

experimental has been made at different times, or under different circum- 

results. . ; 

stances, the law connecting the value of the quantity with the 
time, or some other variable, may be derived from the results 
in several ways — all more or less approximate. Two of these 
methods, however, are so much more extensively used than the 
others, that we shall devote a page or two here to a preliminary 
notice of them, leaving detailed instances of their application 
^till we come to Heat, Electricity, etc. They consist in (1.) a * 
Curve, giving a graphic representation of the relation between 
the ordinate and abscissa, and (2.) an Empirical Formula con- 
necting the variables. 

896 . Thus if the abscissae represent intervals of time, and 



EXPEKIENCE. 


319 


the ordinates the corresponding height of the barometer, we curve*, 
may construct curves which show at a glance the dependence 
of barometric pressure upon the time of day ; and so on. Such 
curves may be Accurately drawn by photographic processes on a 
sheet of sensitive paper placed behind the mercurial column, 
and made to move past it with a uniform hQj*izontal velocity 
by clockwork. A similar process is applied to the Temperature 
and Electricity , of the atmosphere, and to the components of 
terrestrial magnetism. 

397. When the observations are not, as in the last section, 
continuous, they give us only a series of points in the curve, 
from which, however, we may in general approximate very 
closely to the result of continuous observation by drawing, 
liherd manu, a curve passing through these points. This pro- 
cess, however, must be employed with great caution ; because, 
unless the observations are sufficiently close to each other, 
most important fluctuations in the curve may escape notice. It 
is applicable, with abundant accuracy, to all cases where the 
quantity observed changes very slowly. Thus, for instance, 
weekly observations of the temperature at depths of from 6 to 
24 feet ufiderground were found by Forbes sufficient for a very 
accurate approximation to the law of the phenomenon. 

398. As an instance of the processes employed for obtaining interpou- 
an empirical formula, we may mention methods of iTiterjpold- empirical 
iioTi^ to which the problem can always be reduced. Thus from 
sextant observ^ations, at known intervals, of the altitude of the 

sun, it is a common problem of astronomy to determine at what 
instant the altitude is greatest, and what is that greatest alti- 
tude. The first enables us to find the true solar time at the 
place, and the second, by the help of the Nautical Almanac, 
gives the latitude. The dififerential calculus, and the calculus 
of finite differences, give us formulae for any required data; 
and Lagrange has shown how to obtain a very useful one by 
elementary algebra. 

By Taylor's Theorem, if y=/(a?), we have 
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Interpola- 
tion and 
empirical 
formnlsB. 




where ^ is a proper fraction, and Xq is any quantity whatever. 
This formula is useful only when the successive derived values 
of f(xo) diminish very rapidly. 

In finite differences we have • 

f(x+h) = D^f(x) = (1 + ^y^fipo) 

,/(x)+/;A/(x)+^’2Ay(x)+':.. (2). 

a very useful formula when the higher differences are snijall. 

(1) suggests the proper form for the required expression, but it 
is only in rare cases that f (a?o), etc., are derivable directly 

from observation. But (2) is useful, inasmuch as the successive 
differences, Ay(a?), etc., are easily calculated from the 

tabulated results of observation, provided these have been taken 
for equal successive increments of x. 

If for values a?,, oja, ... Xn^ function takes the values yu 
^8, ... ^n) Lagrange gives for it the obvious expression 


[ y» 1 

X — Xi {xi—Xi){Xi — a7,)...(a7i — x^) 


Ih 

X Xjf \x2“^Xi^^Xg ^ 3 ) • • • 


-f- .. .J x ^ ^ 


Here it is of course assumed that the function required is a 
rational and integral one in x of the n — degree ; and, in 
general, a similar limitation is in practice applied to the other 
formulae above ; for in order to find the complete expression for 
f{x) in either, it is necessary to determine the values of f'{xo)f 
/'{xo)j ... in the first, or of A/(a?), Ay{x), ... in the second. If 
n of the coefficients be required, so as to give the n chief terms 
of the general value of f{x), we must have n observed simul- 
taneous values of x and /(a;), and the expressions become deter- 
minate and of the n— 1*^ degree in x-~x^ and h respectively. 

In practice it is usually sufficient to employ at most three terms 
of either of the first two series. Thus to express the length I 
of a rod of metal as depending on its temperature we may 
assume from (1) 

/o being the measured length at any temperature 
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MEASURES AND INSTRUMENTS. 

399. Having seen in the preceding chapter that for the 
investigation of the laws of nature we must carefully watch 
experiments, either those gigantic ones which the universe 
furnishes, or others devised and executed by man for special 
objects — and having seen that in all such observations accurate 
measurements of Time, Space, Force, etc., are absolutely neces- 
sary, we may now appropriately describe a few of the more 
useful of the instruments employed for these purposes, and the 
various standards or units which are employed in them. 

400. Before going into detail we may give a rapid r4smn4 
of the principal Standards and Instruments to be described in 
this chapter. As most, if not all, of them depend on physical 
principles to be detailed in the course of this work — we shall 
assume in anticipation the establishment of such principles, 
giving references to the future division or chapter in which the 
experimental demonstrations are more particularly explained. 
This course will entail a slight, bub unavoidable, confusion — 
slight, because Clocks, Balances, Screws, etc., are familiar even 
to those who know nothing of hTatural Philosophy ; unavoid- 
able, because it is in the very nature of our subject that no one 
part can grow alone, each requiring for its full development the 
utmost resources of all the others. But if one of our depart- 
ments thus borrows from others, it is satisfactory to find that it 
more than repays by the power which its improvement affords 
them. 

401. We may divide our more important and fundamental 
instruments into four classes — 


Necessity 
of accurate 
measure- 
ments. 


X 
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Classes of ThosQ for measuring Time: 

instraments. ^ ^ , 

„ „ Space, linear or angular ; 

„ „ Force ; 

„ „ Mass. 

Other instruments, adapted for special purposes such as the 
nfeasurement of*^emperature. Light, Electric Currents, etc., will 
come more naturally under the head of the particular, physical 
energies to whose measurement they ^are applicable. 

402. We shall now consider in order the more prominent 
instruments of each of these four classes, and some of their 
most important applications : — 

Clock, Chronometer, Chronoscope, Applications to Ob- 
servation and to self- registering Instruments. 

Vernier and Screw-Micrometer, Cathetometer, Sphere - 
meter. Dividing Engine, Theodolite, Sextant or Circle. 

Common Balance, Bifilar Balance, Torsion Balance, Pen- 
dulum, Dynamometer. 

Among Standards we may mention — 

1. Time. — Day, Hour, Minute, Second, sidereal and solar. 

2. Space. — Yard and M6tre : Degree, Minute, Second. 

3. Force. — Weight of a Pound or Kilogramme, etc., in any 

particular locality (gravitation unit) ; kinetic unit. 

4. Mass. — Pound, Kilogramme, etc. 

403. Although without instruments it is impossible to pro- 
cure or apply any standard, yet, as without the standards no 
instrument could give us absolute measure, we may consider the 
standards first — referring to the instruments as if we already 
knew their principles and applications. 

Angular 404. We need do no more than mention the standard of 
meaaure. angular measure, the Degree or ninetieth part of a right angle, 

and its successive subdivisions into sixtieths called Minutes, 
Seconds, Thirds, etc. This system of division is extremely in- 
convenient, but it has been so long universally adopted by all 
Europe, that the far preferable form, the decimal division of the 
right angle, decreed by the French Kepublic when it success- 
fully introduced other more sweeping changes, utterly failed. 
Seconds, however, are generally divided into decimal parts. 

The decimal division is employed, of course, when circular 
measure is adopted, the unit of circular measure being the angle 
subtended at the centre of any circle by an arc equal in length 



MEASUKES AND INSTRUMENTS. 


323 


to the radius. Thus two right angles have the circular measure Angular 
TT or 3*1 4159, so that tt and 180 represent the same angle : and 
the unit angl^ or the angle of which the arc is equal to radius, 
is 57°*29578..., or 57°"17'w44"*8. — (Compare § 41.) * 

Hence the number of degrees n in any angl%^ given in circular 
measure, or the converse, will be found at once by the equation 

— =—,and therefore n=^X 57^*29578.. . = ^X 67‘^»17'"44"*8... 

w 180 

405. The practical standard of time is the Sidereal Day^ being Measure 
the period, nearly constant, of the earth’s rotation about its axis 

(§ 247). It has been calculated from ancient observations of 
eclipses that this has not altered by T d:oo(rbo ^ length 

from 720 B.c. From it is easily derived the Mean Solar Day, 
or the mean interval which elapses between successive passages 
of the sun across the meridian of any place. This is not so nearly 
as the former, an absolute or invariable unit; secular changes in 
the period of the earth’s rotation about the sun affect it, though 
very slightly. It is divided into 24 hours, and the hour, like 
the degree, is subdivided into successive sixtieths, called minutes 
and seconds. The usual subdivision of seconds is decimal. 

It is well to observe that seconds and minutes of time 
are distinguished from those of angular measure by notation. » 

Thus we have for time 13^ 43*" 27^*58, but for angular measure 
13^" 43' 27"-58. 

When long periods of time are to be measured, the 
mean solar year, consisting of 366*242203 sidereal days, or 
365*242242 mean solar days, or the century consisting of 100 
such years, may be conveniently employed as the unit. 

406. The ultimate standard of accurate chronometry must f 

(if the human race live on the earth for a few million years) be ^ndard. 
founded on the physical properties of some body of more con- suggested, 
stant character than the earth : for instance, a carefully arranged 
metallic spring, hermetically sealed in an exhausted glass vessel. 

The time of vibration of such a spring would be necessarily more 
constant from day to day than that of the balance- spring of the 
best possible chronometer, disturbed as this is by the train of 
mechanism with which it is connected : and it would almost cer- 
tainly be more constant from age to age than the time of* rota- 
tion of the earth (cooling and shrinking, as it certainly is, to an 
extent that must be very considerable in fifty million years). 
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Measure 
of length, 
founded on 
artificial 
metallic 
standards. 


Earth’s 
dimensions 
not constant, 


nor easily 
measured 
with great 
accuracy. 


407. The British standard of length is the Imperial Yard, 
defined as the distance between two marks on a certain metallic 
bar, preserved in the Tower of London, when the whole has a 
temperaftire' of 60^ Fahrenheit. It Was not directly derived 
from any fixed quantity in nature, although some important 
relations with such have been measured with great accuracy. 
It has been carefully compared with the length of a’^second’s 
pendulum vibrating at a certain station in the neighbourhood of 
London, so that if it should again be destroyed, as it was at the 
burning of the Houses of Parliament in 1834, and should all 
exact copies of it, of which several are preserved in various 
places, be also lost, it can be restored by pendulum observa- 
tions. A less accurate, but still (except in the event of 
earthquake disturbance) a veiy good, means of reproducing it 
exists in ilie measured base-lines of the Ordnance Survey, 
and the thence calculated distances between definite stations 
in the British Islands, which have been ascertained in terms 
of it with a degree of accuracy sometimes within an inch 
per mile, that is to say, within about . 

408. In scientific investigations, we endeavour as much as 
possible to keep to one unit at a time, and the foot, which is 
defined to be one-third part of the yard, is, for British measure- 
ment, generally the most convenient. Unfortunately the inch, 
or one-twelfth of a foot, must sometimes be used, but it is 
subdivided decimally. The statute mile, or 1760 yards, is 
unfortunately often used when great lengths are considered. 
Thus it appears that the British measurement of length is more 
inconvenient in its several denominations than the European 
measurement of time, or angles. 

409. A far more perfect metrical system than the British, 
is the French, in which the decimal division is exclusively 
employed. Here the standard is the MUre, defined originally 
as the ten-millionth part of the length of the quadrant of the 
earth's meridian from the pole to the equator ; but now defined 
practically by the accurate standard metres laid up in various 
national repositories in Europe. It is somewhat longer than 
the yard, as the following Table shows. Its great convenience 
is the decimal division. Thus in any egression the units 
represent metres, the tens decametres, etc. ; the first decimal 
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place represents decimetres, the second centimetres, the third 
millimetres, and so on. 

Inch =: 25*39954 millimetres. Millimetre = *03937079 inch. 

Foot = 3*047945 decimetres. Decimetre = *3280899 foot. 

Mile =1609*315 metres. Kilometre =*6213824 mile. 

410. The unit of superficial measure is in Britain the 
square yard, in France the metre carre. Of course we may use 
square inches, feet, or miles, as also square millimetres, kilo- 
metres, etc, or the Hectare 10,000 square metres. 

Square inch = 6*451367 square centimetres. 

„ foot = 9*28997 „ decimetres. 

„ yard = 83*60971 „ decimetres. 

Acre = *4046711 of a hectare. 

Square mile = 258*9895 hectares. 

Hectare = 2*471143 acres. 

411. Similar remarks apply to the cubic measure in the JJ*voiume 
two countries, and we have the following Table : — 

Cubic inch = 16*38618 cubic centimetres. 

„ foot = 28 315312 „ decimetres, or Litres. 

Gallon = 4*54346 litres. 

,, = 277*274 cubic inches. 

Litre = 0*035317 cubic feet. 

412. The British unit of mass is the Pound (defined Measure 
by standards only) ; the French is the Kilogramme^ defined 
originally as a litre of water at its temperature of maximum 
density ; but now practically defined by existing standards. 

Grain =64'*79896 milligrammes. Gramme =15*43235 grains. 

Pound =453*5927 grammes. Kilogram. =2*20462125 lbs. 

Professor W. H. Miller finds {Phil, Trans, 1857) that the 
kilogramme des Archives'* is equal in mass to 15432*34874 
grains ; and the kilogramme type laiton," deposited in the 
Ministere de ITnt^rieure in Paris, as standard for French com- 
merce, is 15432*344 grains. 

413. The measurement of force, whether in terms of the 
weight of a stated mass in a stated locality, or in terms of the 
absolute or kinetic unit, has been explained in Chap. II. (See 
§§ 220-226.) From the measures of force and length, we 
derive at once the measure of work or mechanical effect. That* 
practically employed by engineers is founded on the gravita- 
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tion measure of force. Neglecting the difference of gravity at 
London and Paris, we see from the above tables that the follow- 
ing relations exist between the London and the Parisian reckon- 
ing of work 

Foot-pound = 0*13825 kilogramme-metre. 

Kilogramme-metre = 7*2331 foot-pounds. 

Clock. 414. A Gloch is primarily an instrument which, by means 
of a train of wheels, records the number of vibrations executed 
by a pendulum ; a Chronometer or Watch performs the same duty 
for the oscillations of a flat spiral spring — just as the train of 
wheel-work in a gas-meter counts the number of revolutions of 
the main shaft caused by the passage of the gas through the 
machine. As, however, it is impossible to avoid friction, re- 
sistance of air, etc., a pendulum or spring, left to itself, would 
not long cjutinue its oscillations, and, while its motion con- 
tinued, would perform each oscillation in less and less time as 
the arc of vibration diminished : a continuous supply of energy 
is furnished by the descent of a weight, or the uncoiling of 
a powerful spring. Tliis is so applied, through the train of 
wheels, to the pendulum or balance-wheel by means of a 
mechanical contrivance called an Escapementy that the oscilla- 
tions are maintained of nearly uniform extent, and therefore 
of nearly uniform duration. The construction of escapements, 
as well as of trains of clock- wheels, is a matter of Mechanics ^ 
with the details of which we are not concerned, although it may 
easily be made the subject of mathematical investigation. The 
means of avoiding errors introduced by changes of temperature, 
which have been carried out in Compensation pendulums and 
balances, will be more properly described in our chapters on 
Heat. It is to be observed that there is little inconvenience 
if a clock lose or gain regularly ; that can be easily and ac- 
curately allowed for : irregular rate is fatal. 

Electrically 415. By means of a recent application of electricity to be 
afterwards described, one good clock, carefully regulated from 
time to time to agree with astronomical observations, may be 
made (without injuiy to its own performance) to control any 
number of other less-perfectly constructed clocks, so as to com- 
pel their pendulums to vibrfi.te, beat for beat, with its own. 

OhronoBCOpe. 416. In astronomical observations, time is estimated to 
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tenths of a second by a practised observer, .who, while watching chronoicop«. 
the phenomena, counts the beats of the clock. But for the very 
accurate measurement of short intervals, many instruments have 
been devised. Thus if a small orifice be opened in a lai^e and 
deep vessel full of mercury, and if we know by trial the weight 
of metal that escapes say in five minutes, a simple proportion 
gives the interval which elapses during the escape of any given 
weight. It is easy to contrive an adjustment by which a vessel 
may be placed under, and withdrawn from, the issuing stream 
at the time of occurrence of any two successive phenomena? 

417. Other contrivances, called Stop-watches, Chronoscopes, 
etc., which can be read off at rest, started on the occurrence of 
any phenomenon, and stopped at the occurrence of a second, 
then again read off ; or which allow ortihe making (by pressing 
a stud) a slight ink -mark, on a dial revolving at a given rate, 
at the instant of the occurrence of each phenomenon to be 
noted ; and such like, are common enough. But, of late, these 
have almost entirely given place to the Electric Chronoscope, 
an instrument which will be fully described later, when we 
shall have occasion to refer to experiments in which it has 
been usefully employed. 

418. We now come to the measurement of space, and of 
angles, and for these purpose® the most important instruments 
are the Vernier and the Screw. 

419. Elementary geometry, indeed, gives us the means of 

dividing any straight line into any assignable number of equal 
parts; but in practice this is by no p 

means an accurate or reliable method. __Z I 8 

It was formerly used in the so-called 
Diagonal Scale, of which the con- 
struction is evident from the diagram. 

The reading is effected by a sliding 

piece whose edge is perpendicular to 

the length of the scale. Suppose 

that it is PQ whose position on the . 

scale is required. This can evidently 

cut only one of the transverse lines. Its number gives the number 
of tenths of an inch [4 in the figure], and the horizontal line 
next above the point of intersection gives evidently the number 
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Dij^nai of hundredths [in tlje preseiht case 4], Hence the reading is 
7*44. As an idea of the comparative uselessness of this 
method, we may mention that a quadrant of 3 feet radius, 
which belonged to Napier of Merchiston, and is divided on 
the limb by this method, reads to minutes of a degree ; no 
higher accuracy than is now attainable by the pocket sextants 
made by Troughtoii and Simms, the radius of whose arc is 
virtually little more than an inch. The latter instrument is 
read by the help of a Vernier. 

vernier ^Q, The Vernier is commonly employed for such instru- 

ments as the Barometer, Sextant, and Cathetometer, while the 
Screw is applied to the more delicate instruments, such as 
Astronomical Circles, Micrometers, and the Spherometer. 

421 . The vernier consists of a slip of metal which slides 
along a divided scale, the edges of the two being coincident. 
Hence, when it is applied to a divided circle, its edge is circular, 
and it moves about an axis passing through the centre of the 
divided limb. 

In the sketch let 0, 1,2,... 10 be the divisions on the vernier, 
0 , 1 , 2 , etc., any set of consecutive divisions on the limb or scale 

along whose edge it slides. If, when 0 and o coin- 
cide, 10 and 11 coincide also, then 10 divisions of 
the vernier are equal in length to 1 1 on the limb ; 
and therefore each division on the vernier is Hths, 
or of a division on the limb. If, then, the ver- 
nier be moved till 1 coincides with i, 0 will be tVth 
of a division of the limb beyond o ; if 2 coincide 
with 2 , 0 will be i%^ths beyond o; and so on. 
Hence to read the vernier in any position, note 
first the division next to 0, and behind it on 
the limb. This is the integral number of divi- 
sions to be read. For the fractional part, see 
which division of the vernier is in a line with 
one on the limb; if it be the 4th (as in the 
figure), that indicates an addition to the reading of iftrths of a 
division of the Hmb; and so on. Thus, if the figure represent 
a barometer scale divided into inches and tenths, the reading 

in 

is 30*34, the zero line of the vernier being adjusted to the level 
of the mercury. 
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422. If the limb of a sextant be divided, as it usually is, to vemier. 
third parts of a degree, and the vernier be formed by dividing 

21 of these into 20 equal parts, the instrument can be read to 
twentieths of divisions on the limb, that is, to minutes of arc* 

If no line on the vernier coincide with one on the limb, then 
since the divisions of the former are the longer there will be 
one of the latter included between the two lines of tlie vemier, 
and it is usual in practice to take the mean of the readings 
which would be given by a coincidence of either pair of bound- 
ing lines. 

423. In the above sketch arid description, the numbers on 
the scale and vernier have been supposed to run opposite ways. 

This is generally the case with British instruments. In some 
foreign ones the divisions run in the same direction on vernier 
and limb, and in that case it is easy to see that to read to 
tenths of a scale division we must have ten divisions of the 
vemier equal to nine of the scale. 

In general, to read to the nth part of a scale division, n divi- 
sions of the vernier must equal n+1 or n — 1 divisions on the 
limb, according as these run in opposite or similar directions. 

424. I he principle of the ScTevj has been already noticed sorew. 
(§ 102). It may be used in either of two ways, i.e., the nut 
may be fixed, and the screw advance through it, or the screw 
may be prevented from moving longitudinally by a fixed collar, 

in which case the nut, if prevented by fixed guides from rotat- 
ing, will move in the direction of the common axis. The 
advance in either case is evidently proportional to the angle 
through which the screw has turned about its axis, and this 
may be measured by means of a divided head fixed perpendi- 
cularly to the screw at one end, the divisions being read off by 
a pointer or vemier attached to the frame of the instmment. 

The nut carries with it either a tracing point (as in the divid- 
ing engine) or a wire, thread, or half the object-glass of a tele- 
scope (as in micrometers), the thread or wire, or the play of the 
tracing point, being at right angles to the axis of the screw. 

425. Suppose it be required to divide a line into any 
number of equal parts. The line is placed parallel to the axis "" 
of the screw with one end exactly under the tracing point, or 
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Screw. under the fixed wire ,of a microscope carried by the nut, and 
the screw-head is read off. By turning the head, the tracing 
point or microscope wire is brought to the other extremity of 
the line ; and the number of turns and fractions of a turn re- 
quired for the whole line is thus ascertained. Dividing this by 
the number of equal parts required, we find at once the number 
of turns and fractional parts corresponding to one of the 
required divisions, and by giving that amount of rotation to, 
the screw over and over again, drawing a line after each rota- 
tion, the required division is effected. 

426 . In the Micrometer, the movable wire carried by the 
nut is parallel to a fixed wire. By bringing them into optical 
contact the zero reading of the head is known ; hence when 
another reading has been obtained, we have by subtraction the 
number of turns corresponding to the length of the object to 
be measured. The absolute value of a turn of the screw is de- 
termined by calculation from the number of threads in an inch, 
or by actually applying the micrometer to an object of known 
dimensions. 

Spherometer. 427 . For the measurement of the thickness of a plate, or 
the curvature of a lens, the Spherometer is used. It consists of 
a cylindrical stem through the axis of which a good screw 
works. The stem is supported by three feet, equidistant from 
each other, and having their extremities in a plane perpendi- 
cular to the axis. The lower extremity of the screw, when 
worked down into this plane, is equidistant from each of the 
feet— and the extremities of all are delicately pointed. The 
number of turns, whole or fractional, of the screw, is read off 
by a divided head and a pointer fixed to the stem. Suppose it 
be required to measure the thickness of a plate of glass. The 
three feet of the instrument are placed upon a truly fiat surface, 
and the screw is gradually turned until its point just touches 
the surface. This . is determinable with the utmost accuracy,' 
by the whole system commencing to rock, if slightly touched, the 
instant that the screw point passes below the plane of the three 
feet. The reason of this is, of course, that it is geometrically 
impossible to make a perfectly rigid body stand on four feet, . 
without infinitely perfect fitting. At the instant at which this 
rocking (which is exceedingly distinct to the toilch, and even 
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to the ear) commences, the point of the screw is jmt below the 8pheromet«r. 
plane of the feet of the instrument. The screw -head is now 
read off, and the screw turned backwards until room is left for 
the insertion, beneath its point, of the plate whose thickness is 
to be measured. The screw is now turned until the rocking 
just recommences, in which case it is evident that if the screw- 
point were depressed through a space equal to the thickness of 
jbhe plate, it would be again just below the plane of the feet. 

From the difference of the readings of the head, we therefore 
easily calculate the thickness of the plate, the value of one turn 
of the screw having been, once for all, ascertained. 

428 . If the curvature of a lens is to be measured, the in- 
strument is first placed, as before, on a plane surface, and the 
reading for the commencement of rocking is taken. The same 
operation is repeated on the spherical surface. The difference 
of the screw readings is evidently the greatest thickness of the 
glass which would be cut off by a plane passing through the 
three feet. This is sufficient, with the distance between each 
pair of feet, to enable us to calculate the radius of the spherical 
surface. 


In fact if a be the distance between each pair of feet, I the 
length of screw corresponding to the difference of the two read- 
ings, R the radius of the spherical surface; we have at once 

2i2=— or, as I is generally very small compared with a, 
3 ^ 


the diameter is, very approximately 


a* 

’3r 


429 . The Gathetometer is used for the accurate determina- catheto- 
tion of differences of level — for instance, in measuring the *”*^®*^' 
height to which a fluid rises in a capillary tube above the ex- 
terior free surface. It consists of a divided metallic stem, which 
can (by means of levelling screws in its three feet) be placed 
very nearly vertical Upon this slides a metallic piece, bearing 
a telescope whose axis is rendered horizontal by means of a 
level This is, of course, perpendicular to the stenf ; and when 
the latter is made to revolve in its supports, describes a hori- 
zontal plane. The adjustments are somewhat tedious, but pre- 
sent no other difficulty. In using the instrument the telescope * 
is directed first to one of the objects whose difference of level 
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is to be found, then {with its bearing piece) it is moved by a 
delicate screw up or down the stem, until a horizontal wire in 
the focus of its eye-piece coincides with the image of the object 
The vernier attached to the telescope is then read off — and, the 
process being repeated for the second object, a simple subtrac- 
tion gives at once the required difference of level. 

430. The principle of the Balance is known to everybody. 
We may note here a few of the precautions adopted in the best^ 
balances to guard against the various defects to which the in- 
strument is liable ; and the chief points to be attended to in its 
construction to secure delicacy, and rapidity of weighing. 

The balance-beam should be as stiff as possible, and yet not 
very heavy. For this purpose it is generally formed either of 
tubes, or of a sort of lattice frame- work. To avoid friction, the 
axle consists of a knife-edge, as it is called ; that is, a wedge of 
hard steel, which, when the balance is in use, rests on horizon- 
tal plates of polished agate. A similar contrivance is applied 
in very delicate balances at the points of the beam from which 
the scale-pans are suspended. When not in use, and just before 
use, the beam with its knife-edge is lifted by a lever arrange- 
ment from the agate plates. While thus secured it is loaded 
with weights as nearly as possible equal (this can be attained 
by previous trial with a coarser instrument), and the accurate 
determination is then readily effected. The last fraction of the 
required weight is determined by a rider, a very small weight, 
generally formed of wire; which can be worked (by a lever) 
from the outside of the glass case in which the balance is en- 
closed, and which may be placed in different positions upon 
one arm of the beam. This ann is graduated to tenths, etc., 
and thus shows at once the value of the rider in any case as 
depending on its moment or leverage, § 232. 

431. The most important qualities of a good balance are — 

1. Sensihility,—ThQ beam should be sensibly deflected from 
a horizontal position by the smallest difference between the 
weights in tfie scale-pans. The definite measure of the sensi- 
bility is the angle through which the beam is deflected by a 
stated percentage of difference between the loads in the pans. 

2. StcMlity . — This means rapidity of oscillation, and conse- 
quently speed in the performance of a weighing. It depends 
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mainly upon the depth of the centre of gravity of the whole Balance, 
below the knife-edge, and the length of the beam. 

3. Gonstancy , — Successive weighings of the same body must 
give the same result — all necessary corrections (to be explained 
later) depending on temperature, height of barometer, etc., being 
allowed for. 

In our Chapter on Statics we shall give the investigation of 
the amounts of these qualities for any given fonn and dimen- 
sions of the instrument. 

A fine balance should turn with about a 50(),000th of the 
greatest load which can safely be placed in either pan. In 
fact few measurements of any kind are correct to more than 
six significant figures. 

The process of Double Weighingy which consists in counter- 
poising a mass by shot, or sand, or pieces of fine wire, and then 
substituting weights for it in the same pan till equilibrium is 
attained, is more laborious, but more accurate, than single 
weighing ; as it eliminates all errors arising from unequal length 
of the arms, etc. 

432 . In the Tcn'sion-halance invented, and used with great Torsion- 
effect, by Coulomb, a force is measured by the torsion of a fibre 
of silk, a glass thread, or a metallic wire. The fibre or wire is 
fixed at its upper end, or at both ends, according to circum- 
stances. In general it carries a very light horizontal rod or 
needle, to the extremities of which are attached the body on 
which is exerted the force to be measured, and a counterpoise. 

The upper extremity of the torsion fibre is fixed to an index 
passing through the centre of a divided disc, so that the angle 
through which that extremity moves is directly measured. If, 
at the same time, the angle through which the needle has 
turned be measured, or, more simply, if the index be always 
turned till the needle assumes a definite position determined 
by marks or sights attached to the case of the instrument — . 
we have the amount of torsion of the fibre, and it becomes a 
simple statical problem to determine from the lader the force 
to be measured; its direction, and point of application, pud 
the dimensions of the apparatus, being known. The force of 
tersion as depending on the angle of torsion was found by Cou- 
lomb to follow the law of simple proportion up to the limits of 
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perfect elasticity— might have been expected from Hooke’s 
Law (see Properties of Matter), and it only remains that we 
determine the amount for a particular angle in absolute measure. 
This determination's in general simple enough in theory ; but 
in practice requires considerable care and nicety. The torsion- 
balance, however, being chiefly used for comparative, not 
absolute, measure, this determination is often unnecessary. 
More will be said about it when we come to its applications. 

433 . The ordinary spiral spring balances used for roughly 
comparing either small or large weights or forces, are, properly 
speaking, only a modified form of torsion-balance,^ as they act 
almost entirely by the torsion of the wire, and not by longi- 
tudinal extension or by flexure. Spring balances we believe 
to be capable, if carefully constructed, of rivalling the ordinary 
balance in accuracy, while, for some applications, they far sur- 
pass it in sensibility and convenience. They measure directly 
force, not mass ; and therefore if used for determining masses 
in different parts of the earth, a correction must be applied for 
the varying force of ^avity. The correction for temperature 
must not be overlooked. These corrections may be avoided 
by the method of double weighing. 

434 . Perhaps the most delicate of all instruments for the 
measurement of force is the Pendulum. It is proved in kinetics 
(see Div. ii.) that for any pendulum, whether oscillating about 
a mean vertical position under the action of gravity, or in a 
horizontal plane, under the action of magnetic force, or force 
of torsion, the square of the number of small oscillations in a 
given time is proportional to the magnitude of the force under 
which these oscillations take place. 

For the estimation of the relative amounts of gravity at 
different places, this is by far the most perfect instrument. 
The method of coincidences by which this process has been 
rendered so excessively delicate will be described later. 

In fact, the kinetic measure of force, as it is the true, is also 
far the .most perfect, one — and admits of easy reduction to 
absolute measure. 

435 . Weber and Gauss, in constructing apparatus for ob- 
servations of terrestrial magnetism, endeavoured so to modify 

* J. Thomson. Cambridge and Dvblin Math. Journal (1848). 
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them as to admit of their being read from some distance. For Biaiw. 
this purpose each bar, made at that time too ponderous, carried a 
plane mirror. By means of a scale, seen after reflection in the 
mirror and carefujly read with a telescope, it was of course easy 
to compute the deviations which the mirror had experienced. 

But, for many reasons, it was deemed necessary that the deflec- 
tions, even under considerable force, should be very small. With 
this view the Bifilar suspension was introduced. The bar-mag- 
net is suspended horizontally by two vertical wires or fibres of 
equal length so adjusted as to share its weight equally between 
them. When the bar turns, the suspension -fibres become in- 
clined to the vertical, and therefore the bar must rise. Hence, if 
we neglect the torsion of the fibres, the bifilar actually measures 
a force by comparing it with the weight of the suspended 
magnet. 


Let a be the half length of the bar between the ppints of 
attachment of the wires, 0 the angle through which the bar has 
been turned (in a horizontal plane) from its position of equi- 
librium, I the length of one of the wirq^, t its inclination to the 
horizon. 

Then I cos i is the difference of levels between the ends of each 
wire, and evidently, by the geometry of the case, 

sint=a sin^^. 

Now if Q be the couple tending to turn the bar, and W its weight, 
the principle of mechanical effect gives 

QdS=i — Wd{l cos t) 

= IF/ sin idi. 

But, by the geometrical condition above. 


Hence 


P sin t cos sin OdB. 

Q _ W 

a* sin^ ^cos t ^ 


or 



TFa* 


sin^ 



y 


which gives the couple in terms of the deflection 0. 

If the torsion of the fibres be taken into account, it will be 
sensibly equal to 0 (since the greatest inclination to the vertical 
is small), and therefore the couple resulting from it will be E0, 
where E is some constant. This must be added to the value of 
Q just found in order to get the whole deflecting couple. 
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436 . Dynamomet,ers are instruments for measuring energy. 
Whitens friction hrahe measures the ainount of work actually 
performed in any time by an engine or other prime mover/' 
by allowing it during the time of trial to waste all its work on 
friction. Morin* $ dynamometer measures work without wasting 
any of it, in the course of its transmission from the prime 
mover to machines in which it is usefully employed. It con- 
sists of a simple arrangement of springs, measuring at every 
instant the couple with which the prime mover turns the shaft 
that transmits its work, and an integrating machine from which 
the work done by this couple during any time can be read off. 

Let L be the couple at any instant, and <#» the whole angle 
through which the shaft has turned from the moment at which 
the reckoning commences. The integrating machine shows at 
any moment the value of fLd<f>y which (§ 240) is the whole work 
done. 

437 . White's friction brake consists of a lever clamped to 
the shaft, but not allowed to turn with it. The moment of the 
force required to pre^rent the lever from going round with the 
shaft, multiplied by the whole angle through which the shaft 
turns, measures the whole work done against the friction of the 
clamp. The same result is much more easily obtained by 
wrapping a rope or chain several times round the shaft, or 
round a cylinder or drum carried round by the shaft, and 
applying measured forces to its two ends in proper directions 
to keep it nearly steady while the shaft turns round without it. 
The difference of the moments of these two forces round the 
axis, multiplied by the angle through which the shaft turns, 
measures the whole work spent on friction against the rope. 
If we remove all other resistance to the shaft, and apply the 
proper amoimt of force at each end of the dynamometric rope 
or chain (which is very easily done in practice), the prime 
mover is kept running at the proper speed for the test, and 
having its whole work thus wasted for the time and measured. 
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CHAPTER V— INTRODUCTORY. 

438. Until we know thoroughly the nature of matter and the Approxi- 
forces which produce its motions, it will be utterly impossible ISeit 

to submit to mathematical reasoning the eocact conditions of any qSions. 
physical question. It has been long understood, however, that 
an approximate solution of almost any problem m the ordinary 
branches of Natural Philosophy may be easily obtained by a 
species of abstraction, or rather limitation of the data, such as 
enables us easily to solve the modified form of the question, 
while we are well assured that the circumstances (so modified) 
affect the result only in a superficial manner. 

439. Take, for instance, the very simple case of a crowbar 
employed to move a heavy mass. The accurate mathematical 
investigation of the action would involve the simultaneous treat- 
ment of the motions of every part of bar, fulcrum, and mass 
raised ; and from our almost complete ignorance of the nature 
of matter and molecular forces, it is clear that«uch a treat- 
ment of the problem is impossible. 

It is a result of observation that the particles of the bar, 
fulcrum, and mass,* separately, retain throughout the proce^ 
nearly the same « relative positions. Hence the idea of solving, 
instead of the above impossible question, another, in reality 
quite different, but, while infinitely simpler, obviously leading 
to nearly the same results as the former. 

440. The new form is given at once by the experimental 
result of the trial Imagine the masses involved to be perfectly 
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maletoat ^9^ C*'®’’ incapable of changiug tbeir form or dimensions), 
ment of and the infinite series of forces, really acting, may be left 
questions, out of Consideration; so that the mathematical investigation 
deals with a finite (and generally small) number of forces 
instead of n practically infinite number. Our warrant for 
such a substitution is to be established thus. 

441. The only effects of the intermolecular forces would be 
exhibited in alternations of the molecular form or volume of the 
masses involved. But as these (practically) remain almost 
unchanged, the forces which produce, or tend to produce, them 
may be left out of consideration. Thus we are enabled to 
investigate the action of machinery supposed to consist of 
separate portions whose form and dimensions are unalterable. 
Further 442. If we go a little further into the question, we find that 

apjiroxlma- ^ i i i 

tioiw. the lever hencis, some parts of it are extended and others com- 
pressed. This would lead us into a very serious and difficult 
inquiry if we had to take account of the whole circumstances. 
But (by experience) we find that a sufficiently accurate solution 
of this more formidable case of the problem may be obtained 
by supposing (what can mver be realized in practice) the mass 
to be homogeneous, and the forces consequent on a dilatation, 
compression, or distortion, to be proportional in magnitude, and 
opposed in direction, to these deformations respectively. By 
this further assumption, close approximations may be made to 
the vibrations of rods, plates, etc., as well as to the statical 
effect of springs, etc. 

443. We may^ pursue the process further. Compression, 
in general, develops heat, and extension, cold. These alter 
sensibly the elasticity of a body. By introducing such con- 
siderations, we reach, without great difficulty, what may be 
called a thir'd approximation to the solution of the physical 
problem considered. 

444. We might next introduce the conduction of the heat, 
so produced, from point to point of the solid, with its accom- 
panying modifications of elasticity, and so on ; and we might 
then consider the production of thermo electric cun'ents, which 
(as we shall see) are always developed by unequal heating in a 
mass if it be not perfectly homogeneous. Enough, however, 
has been said to show, first, our utter- ignoi*ance as to the true 
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and complete solution of any physical question by the only Further 
perfect method, that of the consideration of the circumstances 
which affect the motion of every portion, separately, of each 
body concerned ; and, second, the practically sufficient manner 
in which practical questions may be attacked by limiting their 
generality, the limitations introd^iced being themselves deduced 
from eocperieme, and being therefore Nature’s own solution (to 
a less or greater degree of accuracy) of the infinite additional 
number of equations by which we shftuld otherwise have been 
encumbered. 

445. To take another case : in the consideration of the pro- 
pagation of waves on the surface of a fluid, it is impossible, 
not only on account of mathematical difficulties, but on account 
of our ignorance of what matter is, and what forces its particles 
exert on each other, to form the equations which would give 
us the separate motion of each. Our first approximation to 
a solution, and one sufficient for most practical purposes, is 
derived from the consideration of the motion of a homogene- 
ous, incompressible, and perfectly plastic mass ^ a hypothetical 
substance which, of course, nowhere exists in nature. 

446. Looking a little more closely, we find that the actual 
motion differs considerably from that given by the analytical 
solution of the restricted problem, and we introduce further 
considerations, such as the compressibility of fluids, their internal 
friction^ the heat generated by the latter, and its effects in 
dilating the mass, etc. etc. By such successive corrections we 
attain, at length, to a mathematical result which (at all events 
in the present state of experimental science) agrees, within the 
limits of experimental error, with observation. 

447. It would be easy to give many more instatices substan- 
tiating what has just been advanced, but it seems scarcely 
necessary to do so. We may therefore at once say that there 
is no question in physical science which can be completely and 
accurately investigateci by mathematical reasoning (in which, be 
it carefully remembered, it is not necessaiy that symbols should 
be introduced), but that there are different degrees of approxima^ 
tion, involving assumptions mote and more nearly coincident 
with observation, which may be ari’ived at in the sollition of 
any particular question. 
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> 448 . The object of the present division of this volume is to deal 

with the first and second' of these approodmations. In it we shall 
suppose all solids either eigid, i.e.y unchangeable in form and 
volume, or elastic ; but in the latter case, we shall assume the 
law, connecting a compression or a distortion with the force which 
causes it, to have a particular form deduced from experiment. 
And we shall in the latter case neglect the thermal or electric 
effects which compression or distortion generally cause. We 
shall also suppose fluids, Whether liquids or gases, to be either 
INCOMPRESSIBLE or compressible according to certain known 
laws ; and we shall omit considerations of fluid friction, 
although we admit the consideration of friction between solids. 
Fluids will therefore be supposed perfect, i.e., such that any par- 
ticle may be moved amongst the others by the slightest force. 

449 . Wiien we come to Properties of Matter and the Physical 
Forces, we shall give in detail, as far as they are yet known, 
the modifications which further approximations have introduced 
into the previous results. 

450 . The laws of friction between solids were very ably 
investigated by Coulomb ; and, as we shall require them in 
the succeeding chapters, we give a brief summary of them 
here ; reserving the more careful scrutiny of experimental 
results to our chapter on Properties of Matter. 

451 . To produce sliding of one solid body on another, the 

surfaces in contact being plane, requires a tangential force 
which depends — (1.) upon the nature of the bodies ; (2.) upon 
their polish, or the species and quantity of lubricant which may 
have been applied ; (3.) upon the normal pressure between 
them, to which it is in general directly pi’oportional ; (4.) upon 
the length of time during which they have been suffered to 
remain in contact. ^ • 

It does not (except in extreme cases where scratching or 
abrasion takes place) depend sensibly m)on the area of the 
surfaces in contact. This, which is called Statical Friction, is 
thus capable of opposing a tangential 4'esistance to motion 
which may be of any requisite amount up to pR ; where R is 
the whole normal pressure between the bodies ; and (which 
depends mainly upon the nature of the surfaces in contact) 
is the coefficient of Statical Friction. This coefficient varies 
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greatly with the circumstances, being in some cases as low as Laws of 
0 03, in others as high as 0*80. Later, we shall give a table of 
its values. Where the applied forces are insufficient to produce 
motion, the whole amount of statical friction is not called into 
play ; its amount thenj'ust reaches what is sufficient to equili- 
brate the other forces, and its direction is the opposite of that in 
which their resultant tends to produce motion. Wlien the statical 
friction has been overcome, and sliding is produced, experiment 
shows that a force of friction continues to act, opposing the 
motion, sensibly proportional to the normal pressure, but for 
the same two bodies the coefficient of Kinetic Friction is less 
than that of Statical Friction, and is approximately the same 
whatever be the rate of motion. 

452. W^hen, among the forces acting in any case of equi - Introduction 
librium, there are frictions of solids on solids, the circum- into the 
stances would not be altered by doing away with all friction, equations, 
and replacing its forces by forces of mutual action supposed 

to remain unchanged by any infinitely small relative motions 
of the parts between which they act. By this artifice all such 
cases may be brought under the general principle of Lagrange, 

§ 289. 

453. In the following Chapters on Abstract Dynamics we llojection 
will confine ourselves strictly to such portions of this extensive curious 
subject as are likely to be useful to us in the rest of the work, tionT^“ 
or are of sufficient importance of themselves to warrant their 
introduction — except in special cases where results, more curi- 
ous than useful, are given to show the nature of former appli- 
cations of the methods, or to exhibit special methods of inves- 
tigation adapted to the difficulties of peculiar problems. For 

a general view of the subject as a purely analytical problem the 
reader is referred to special mathematical treatises, jsuch as those 
of Poisson, Delaunay, Duhamel, Todhunter, Tait and Steele, 

Griffin, etc. From these little is to be learned save dexterity 
in the solution of problems which are in general of no great 
physical interest — the objects of these treatises being pro- 
fessedly the mathematical analysis of the subject; while in 
the present work we are engaged, specially with those questions 
which best illustrate physical principles — nejther seeking, nor 
avoiding, difficulties of a purely mathematical kind. 
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454. We naturally divide Statics into two parts — the 
equilibrium of a particle, and that of a rigid or elastic body or 
system of particles whether solid or fluid. The second law 
of motion suffices for one part — for the other, the third, and its 
consequences pointed out by Newton, are necessary. In a very 
few sections we shall dispose of the first of these parts, and the 
rest of this chapter will be devoted to a digression on the 
important subject of Attraction. 

455. By § 255, forces acting at the same point, or on the 
same material particle, are to be compounded by the same laws 
as velocities. Hence, evidently, the sum of their resolved parts 
in any direction must vanish if there is equilibrium. And 
thence the necessary and suflicient conditions. 

They follow .also directly from Newton’s statement with 
regard to work, if we suppose the particle to have any velocity, 
constant in direction and magnitude (and § 245, this is the 
most general supposition we can make, since absolute rest is 
probably non-existent). For the work done in any time, since 
there is no change of kinetic energy, is the product of the dis- 
placement during that time into the algebraic sum of the effective 
components of the applied forces. Hence this sum must vanish 
for every Erection. Practically, as any displacement may be 
resolved into three. In any three directions not coplanar, these 
three suffice for the criterion. But, in general, it is convenient 
to assume them in directions at right angles to each other. 

Hence, for the equilibrium of a material particle, it is neces- 
sary, and sufficient, that the. (algebraic) sums of the applied 
forces, resolved in any three rectangular directions, should 
vanish. 
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If P be one of the forces, wj, n its direction-cosines, we Equilibrium 
have at once S;p=o, 2»iP=0, 2nP=0. of»p«rUde. 

If there be not eqailibrinm, suppose R, with direction-cosines 
A., /», V, to be the resultant force. If reversed in direction, it 
will, with the other forces, produce equilibrium. Hence 
2lP—XR^0, SmP— /aH=:0, 2«P— vP=0. 

And P‘=(21P)*.f(SmP)*4-(2nP)‘, 

while . 

2/P 2j«P 2uP 

456 . We may take one or two particular cases as examples 
of the general results above. Thus, 

(1.) If the particle rest on a smooth curve, the resolved 
force ajong the curve must vanish. 

1£ Xy z be the co-ordinates of the point of the curve at whicli 
the particle rests, we have evidently 

When P, ly m, n are given in terms of a?, y, Zy this, with the two 
equations to the curve, determines the position of equilibrium. 

(2.) If the curve.be rough, the resultant force along it must 
be balanced by the friction. 

If F be the friction, the condition is 

p(/^ + ,„^ + „*)_p=o. 

as ds ds 

This gives the amount of friction whic*h will be called into play ; 
and equilibrium will subsist until, as a limit, the friction is /a times 
the normal pressure on the curve. But the normal pressure is 

ds^ 




ds 




Hence, the limiting positions, between which equilibrium is pos- 
sible, are given by the two equations to the curve, combined with 

(3.) If the particle rest on a smooth surface, the resultant of 
the applied forces must evidently be perpendicular to the surface. 

If <i>{Xy y, 2 f )=0 be the equation to the surface, we must there- 
fore have ^ ^ 

dan dy dz 

IP mP ~ nP ^ 

and these three equations determine the position of equilibrium. 



344 


ABSTRACT DYNAMICS. 


Eciuiiibrium (4.)' If.it TCst Oil a rough surfaco, friction will be called into 
of a particle, resisting motion along the surface; and there will be 

equilibrium at any point within a certain boundary, determined 
by the condition that at it the friction is /a times the normal 
pressure on the surface, while within it the friction bears a less 
ratio to the normal pressure. When the only applied force is 
grayity, we have a very simple result, which is often practically 
useful. Let 6 be the angle between the normal to the surface 
and the vertical at any point ; the normal pressure on the sur- 
face is evidently TTcos where W is the weight of the particle ; 
and the resolved part of the weight parallel to the surface, 
which must of course be balanced by the friction, is TTsinft 
In the limiting position, when sliding is just about to com- 
mence, the greatest possible amount of statical friction is called 
into play, and we have 

TFsin ft TFcos 

or tan^=ft. 

Angle of The value of 6 thus found is called the Angle of Repose, and 
repose. nature in the case o£ sand-heaps, and slopes 

formed by debris from a disintegrating cliff (especially of a 
flat or laminated character), on which the lines of greatest 
slope are inclined to the horizon at an angle determined by this 
consideration. 


Let {x, y, < 2 r) = 0 be the surface : P, with dircction-cosines 
I, m, n, the resultant of the applied forces. The normal pressure is 


. d<h , d<i> 


P. 


dx 


dy ' dz 




dx^ ^dy' ^dz 
The resolved part of P parallel to the surface is 





dy 


dx dz 








dz 


y 


Hence, for the boundary of the portion of the surface within 
which equilibrium is p^sible, we have the additional equation 
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457 . A most important case of the qomposition of forces Attraction, 
acting at one point is furnished by the consideration of the 
attraction of a body of any form upon a material particle any- 
wliere situated. Experiment has shown that the attraction 
exerted by any portion of matter upon another is not modified 

by the neighbourhood, or even by the interposition, of other 
matter ; and thus the attraction of a body on a particle is 
the resultant of the several attractions exerted by its parts. 

To treatises on applied mathematics we must refer for the 
examination of the consequences, often very curious, of various 
laws of attraction ; but, dealing with Natural Philosophy, we 
confine ourselves to the law of gravitation, which, indeed, fui- 
nishes us with an ample supply of most interesting as well as 
useful results. 

458 . This law, which (as a property of matter) will be care- Universal 
fully considered in the next Division of this Treatise, may be attraction, 
thus enunciated. 

Every 'particle of 'niatter m the universe attracts every other 
particle 'with a forces 'whose direction is that of the line joining 
th>e two, and 'whose 'magnitude is directly as the product of their 
'masses, and inversely as the square of their distance from each 
other. 

Experiment shows (as will be seen further on) that the same 
law holds for electric and magnetic attractions ; and it is pro- 
bable that it is the fundamental law of all natural action, at 
least when the acting bodies are not in actual contact. 

459 . For the special applications of Statical principles to 
which we proceed, it will be convenient to use a special unit of matter, 
mass, or quantity of matter, and corresponding units for the 
measurement of electricity and magnetism. 

Thus if, in accordance with the physical law enimciated in 
§ 458, we take as the expression for the forces exerted on each 
other by masses M and tw, at distance D, the quantity 

Mm , 

it is obvious that our unit force is the mutual attraction of two 
units of mass placed at unit of distance from each other. 

460 . It is convenient for many applications to speak of the 



346 


ABSTRACT DYNAMICS. 


un^ear^sur- density of a distribution of matter, electricity, etc., along a line, 
volume, over a surface, or through a volume. 

densities. ” 

Here density of line = quantity of matter per unit of length. 

„ „ surface = „ „ „ area. 

„ „ volume = „ „ „ volume. 


Electric and 
magnetic 
reckonings 
of qxiantity. 


461 . In applying the succeeding investigations to electricity 
or magnetism, it is only necessary to premise that M and m stand 
for quantities of free electricity or magnetism, whatever these 
may be, and that here the idea of mass as depending on inertia 

is not necessarily involved. The formula will still repre- 


sent the mutual action, if we take as unit of imaginary electric 
or magnetic matter, such a quantity as exerts unit force on an 
Positive and equal quantity at unit distance. Here, however, one or both 

m.may be negative; and, as in these applications like 
abstract kinds Tcpel each other, the mutual action *will be attraction 
attmcticiii. orrcpulsion, according as its sign is negative or positive. With 
these provisos, the following theory is applicable to any of the 
above-mentioned classes of forces. We commence with a few 
simple cases which can be completely treated by means of ele- 


mentary geometry. 

Uniform 462 . If the different points of a spherical surface attract 
shell. At- equally with forces va/rying inversely as the squares of the dis- 
inuriuxi tanccs, a particle placed within the surface is not attracted in 

point. J, 5 

any direction. 

Let HIKL be the spherical surface, and P the particle 
within it. Let two lines HKy /i, intercepting very small arcs 
Hit KL, be drawn through P ; then, 
on account of the similar triangles 
HPI, KPL, those arcs will be propor- 
tional to the distances HP, LP ; and 
any small elements of the spherical 
surface at HI and KL, each bounded, 
all round by straight lines passing 
through P [and very nearly coincid- 
ing with HK\ will be in the duplicate 
ratio of those lines. Hence the forces exercised by the matter 
of these elements on the particle P are equal ; for they are as 
the quantities of matter directly, and the squares of the dis- 
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tances, inversely ; and these two ratios compounded give that 
of equality. The attractions therefore, being equal and oppo- 
site, destroy one another : and a similar proof shows that all 
the attractions due to the whole spherical surface are destroyed 
by contrary attractions. Hence the particle P is not ur^ed in 
any direction by these attractions. 

463. The division of a spherical surface into infinitely small 
elements, will frequently occur in the investigations which 
follow : and Newton’s method, described in the preceding de- elements, 
monstration, in which the division is effected in such a manner 

that all the parts may be taken together in ;pairs of opposite 
elements with reference to an internal point ; besides other 
methods deduced from it, suitable to the special problems to be 
examined ; will be repeatedly employed. The present digres- 
sion, in which some definitions and elementary geometrical 
propositions regarding this subject are laid down, will simplify 
the subsequent demonstrations, both by enabling us, through 
the use of convenient terms, to avoid circumlocution, and by 
affording us convenient means of reference for elementary 
principles, regarding which repeated explanations might other- 
wise be necessary. 

464. If a straight line which constantly passes through a Expiana- 
fixed point be moved in any manner, it is said to describe, or dSitions 
generate, a conical surface of which the fixed point is the vertex. 

If the generating line be carried from a given position con- 
tinuously through any series of positions, no two of which 
coincide, till it is brought back to thp first, the entire line on 
the two sides of the fixed point will generate a complete conical 
surface, consisting of two sheets, which are called vertical or 
opposite cones. Thus the elements HI and KL, described in 
Newton’s demonstration given above, may be considered as being 
cut from the spherical surface by two opposite cones having P 
for their common vertex. 

465. If any number of spheres be described from the ver- The solid 
tex of a cone as centre, the segments cut from the concentric cone, or of 
spherical surfaces will be similar, and their areas will be as the coSS 
squares of the radii The quotient obtained by dividing the 

area of one of these segments by the square of the radius of the 
spherical surface from which it is ciit, is taken as the measure 
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Solid angle 
of cone. 


Sum of all 
the solid 
angles round 
a i>oiut=4ir. 


Sum of the 
solid angles 
of all the 
complete 
conical sur- 
face8=2ir. 


Solid angle 
subtended at 
a point by a 
terminated 
surface. 


Orthogonal 
and oblique 
sections of a 
small cone. 


Area of seg- 
ment cut 
from spheri- 
cal sumce 
by small 
cone. 


of thfi solid angle of the com. The segments of the same 
spherical surfaces made by the opposite cone, are respectively 
equal and similar to the former. Hence the solid angles of 
two vertical or opposite cones are equal : either may be taken 
as the solid angle of the complete conical surface, of which the 
opposite cones are the two sheets. 

466.. Since the area of a spherical surface is equal to the 
square of its radius multiplied by 47r, it follows that the sum 
of the solid angles of aU the distinct cones which can be de- 
scribed with a given point as vertex, is equal to 47r. 

467. The solid angles of vertical or opposite cones being 
equal, we may infer from what precedes that the sum of the 
solid angles of all the complete conical surfaces which can be 
described without mutual intersection, with a given point as 
vertex, is equal to 27 r. 

468. The solid angle subtended at a point by a superficial 
area of any kind, is the solid angle of the cone generated by 
a straight line passing through the point, and carried entirely 
round the boundary of the area. 

469. A very small cone, that is, a cone such that any two 
positions of the generating line contain but a very small angle, 
is said to be cut at right angles, or orthogonally, by a spherical 
surface described from its vertex as centre, or by any surface, 
whether plane or curved, which touches the spherical surface at 
the part where the cone is cut by it. 

A veiy small cone is said to be cut obliquely, when the 
section is inclined at any finite angle to an orthogonal section ; 
and this angle of inclination is called the obliquity of the section. 

The area of an orthogonal section of a very small cone is 
equal to the area of an oblique section in the same position, 
multiplied by the cosine of the obliquity. 

Hence the area of an oblique section of a small cone is equal 
to the quotient obtained by dividing the product of the square 
of its distance from the vertex, into the solid angle, by the 
cosine of the obliquity. 

470 . Let E denote the area of a very small element of a 
spherical surface at the point E (that is to say, an element 
every part of which is very near the point E), let <o denote the 
solid angle subtended by E at any point P, and let PE, pro- 
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duced if necessary, meet the surface again in E' : then a de- 
noting the radius of the spherical surface, we have 

For, the obliquity of the element E, considered as a section 
of the cone of which P is the vertex and 
the element E a section ; being the angle / 
between the given spherical surface and / \ 

another described from P as centre, with I ] 

PE as radius; is equal to the angle be- \ j 

tween the“ radii, EP and EC, of the two / 

spheres. Hence, by considering the iso- ^ 

sceles triangle EGE', we find that the cosine of the obliquity 


Area of acg- 
inent cut 
fh)m spheri' 
cal aurfkice 
by amall 
(•one. 


, ^ hEE' ^ EE' 
IS equal to or to 


, and we arrive at the preceding 


2a ^ ° 

expression for E, 

471. Tke attraction of a uniform spherical surface on an 
external point is the same as if the whole mass were collected at 
the centre} 

Let P be the external point, C the centre of the sphere, and 
CAP a straight line cutting 
the spherical surface in A, 

Take I in CP, so that CP, 

CA, Cl may be continual pro- 
portionals, and let the whole 
spherical surface be divided 
into pairs of opposite elements 
with reference to the point L 

Let H and H' denote the magnitudes of a pair of such 
elements, situated respectively at tlie extremities of a chord 
HH ^ ; and let <o denote the magnitude of the solid angle sub- 
tended by either of these elements at the point I, 


Uniform 
spherical 
shell. At- 
traction on 
exterv/il 
point. 





* This theorem, which is more comprehensive than that of Newton in his fir.st 
proposition regarding attraction on an external point (Prop. LXXI.), is fully 
established as a corollary to a subsequent proposition (Prop. LXXIII^ cor. 2). If 
we had considered the proportion of the forces exerted upon two external points at 
different distances, instead of, as in the text, investigating the absolute force on 
one point, and if besides we had taken together all the pairs of elements which 
would constitute two narrow’ annular portions of the surface, in planes perpen- 
dicular to PC, the theorem and its demonstration W’ould have coincided precisely 
with Prop. LXXI. of the Prineipia. 
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Uniform 
spherical 
snelL At’ 
traction on 
external 
point. 


We have (§ 469), 


H= 


<oJH‘ 

eosCHI’ 

m 


and H'=^ 


cos CH'I • 


Hence, if p denote the density of the surface, the attractions 
of the two elements H and H' on P are respectively 


€0 


'’cos CHI ' PH* ’ * cos CH’I ' PH'* ' 


Now the two triangles PCH, HCI have a common angle at (7, 
and, since PC : CH : : GH : Cl, the sides about this angle are 
proportional. Hence the triangles are similar; so that the 
angles GPH and CHI are equal, and 

IH a 

HP'^GF'^GP' 


In the same way it may be proved, by considering the triangles 
PCH', H^CI, that the angles GPH' and CH'I are equal, and 
that 


IH' Gir _ a 
H'P'^ CP '^CP' 


Hence the expressions for the attractions of the elements 
H and H' on P become 

0) j 0) a* 

CP^ ’ ^ COS CH'I * 

which are equal, since the triangle HGH' is isosceles ; and, for 
the same reason, the angles GPH, GPH', which have been 
proved to be respectively equal to the angles GHI, CH'I, are 
equal We infer that the resultant of the forces due to the two 
elements is in the direction PC, and is equal to 

A o® 

To find the total force on P, we must take the sum of all the 
forces along PC due to the pairs of opposite elements ; and, 
since the multiplier' of to is the same for each pair, we must 
add all the values of to, and we therefore obtain (§ 466), for the 
required resultant, 

47rpa^ 

'gW * 

The numerator of this expression; being the piDduct of the 
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density, into the area of the spherical surface ; is equal to the 
mass of the entire charge ; and therefore the force on P is the 
same as if the whole mass were collected at C, 

Cor, The force on an external poiftt, infinitely near the sur- 
face, is equal to 47 rp, and is in the direction of a normal at the 
point. The force on an internal point, however near the sur- 
face, is, by a preceding proposition, equal to nothing. 

472 . Let <T be the area of an infinitely small element of the Attraction 
surface at any point P, and at any other 
point H of the surface let a small element 
subtending a solid angle <», at P, be taken. 

The area of this element will be equal to 

<o.PP^ 
cos CHF ' 

and therefore the attraction along HP, 
which it exerts on the element <r at P, will be equal to 



niont of the 
Hurfaee. 


/ow./oo* <i> 2 

cos CUP ’ cos CHP'^ 

Now the total attraction on the element at P is in the direction 
CP ; the component in this direction of the attraction due to 
the element H, is 

iii.pr(r ; 

and, since all the cones corresponding to the different elements 
of the spherical surface lie on the same side of the tangent 
plane at P, we deduce, for the resultant attraction on the 
element a, 

27rp^ar, 

From the corollary to the preceding proposition, it follows that 
this attraction is half the force whici\. would be exerted on an 
external point, possessing the same quantity of matter as the 
element <r, and placed infinitely near the surface. 

478 . In some of the most important elementary problems Attraction of 
of the theory of electricity, spherical surfaces with densities surface of 
varying inversely as the cubes of distances from eccentric points density**® 
occur : and it is of fundamental importance to find the attrac- versel;^as ^ 
tion of such a shell on an internal or external point. This may the distance 
be done synthetically as follows ; the investigation being, as we 
shall see below; virtually the same as that of § 462, or § 471. 
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a 474 . Let US first .consider the case in which the given point 

?Sfch\hf ^ the attracted point P are separated by the spherical sur - 
variee^n- figures represent the varieties of this case in 

Srcu^of which, the point 8 being without the sphere, P is within ; and, 
from a^?en ^ witliin, the attracted point is external The same de- 
point monstration is applicable literally with reference to the two 
figures ; but, for avoiding the consideration of negative quan- 
tities, some of the expressions may be conveniently modified to 
suit the second figure. In such instances the two expressions 
are given in a double line, the upper being that which is most 
convenient for the first figure, and the lower for the second. 

Let the radius of the sphere be denoted by a, and let / be 
the distance of 8 from (7, the centre of the sphere (not repre- 
sented in the figures). 

Join 8P an J take T in this line (or its continuation) so that 

(fig. 1) 

(fig. 2) 

Through T draw any line cutting the spherical surface at K, 
K'. Join 8K, 8K', and let the lines so drawn cut the spheri- 
cal surface again in*^, E', 

Let the whole spherical surface be divided into pairs of 
opposite elements with reference to the point T. Let K and 
K' be a pair of such elements situated at the extremities of the 
chord KK', and subtending the solid angle a> at the point T ; 
and let elements E and E' be taken subtending at 8 the same 
solid angles respectively as the elements K and K\ By this 
means we may divide the whole spherical surface into pairs of 
conjugate elements, E, E\ since it is easily seen that when we 
have taken every pair of elements, Ky K\ the whole surface 



will have been exhausted, without repetition, by the deduced 
elements, Ey Et, Hence the attraction on P will be the 
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final resultant of the attractions of all the pairs of elements, 

Now if p be the suiface density at E, and if F denote the 
attraction of the element E on P, we have 

EP^ * 

According to the given law of density we shall have 

_ k 

where \ is a constant. Again, since SEK is equally inclined 
to the spherical surface at the two points of intersection, wo 
have Tr_SPP 2a(o.TK^ 

SK^' SK^ * KK' 

and hence 

A SE^ 2a<^.TK^ 


F= 


SE^ SK^ 


KK' 2a 


TK 




EP^ KK' SE.SK\EP^ 

Now, by considering the great circle in which the sphere is cut 
by a plane through the line SK, we find that 

(fig. 1) SK,SE=:f^-a% 

(fig. .2) KS.SE=a^-^f\ 

and hence SK.SE = SP.ST, from which we infer that the tri- 
angles KST, PSE are similar; so that TK : SK :: PE : SP. 
Hence TK __ 1 

SK\PE^^~SP^ ' 

and the expression for F becomes 

2a 1 


P=A.- 


KK' SE.SP^ ’ 
Modifying this by preceding expressions we have 

(fig. 1) . SK, 


2a 


(fig. 2) F=\.^ . 


0) 


. KS. 


KK icP--‘p)SP^ 

Similarly, if P' denote the attraction of E' on P, we have 

(fig. 1) F'=^, • • SK', 


(fig. 2) 2?"= A 


KK {f—a^)8P^ 
2a (0 


. KS, 


KK (a*--f^)SP^ 

Now in the triangles which have been shown to be similar, the 
angles TKS, EPS are equal ; and the same may be proved of 

z 


Attraction of 
a spherical 
surface of 
which the 
density 
varies In- 
versely as 
the cube of 
the distanc'c. 
from a given 
point. 
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Attraction of the angles K'8T, PSE'. Hence the two sides SK, 8K' of the 
surface of triangle KSK' are inclined to the third at the same angles 
density as those between the line PS and directions PE, PE' of the 
verseiy as two forccs on the point P ; and the sides 8K, SK' are to 
the distance one another as the forces, F, F', in the directions PE, PE', It 
point. follows, by " the triangle of forces,'' that the resultant of F and 
F' is along PS, and that it bears to the component forces the 
same ratios as the side KK' of the triangle bears to the other 
two sides. Hence the resultant force due to the two elements 
E and E' on the point P, is towards S, and is equal to 
^ 2a <0 A.2a.((> 

kW ' (/» o. a'‘)./SP» ■ ’ 

The total resultant force will consequently be towards S ; and 
we find, by summation (§ 466) for its magnitude, 

k.^ira 


Hence we infer that the resultant force at any point P, 
separated from S by the spherical surface, is the same as if a 

quantity of matter equal to ^3 were concentrated at the 


point S. 

475 . To find the attraction when S and P are either both 
without or both within the spherical surface. 

Take in GS, or in OS produced through S, a point Si, such 
that CS.es 


Then, by a well-known geometrical theorem, if E be any point 
on the spherical surface, we have 

SE 

SiE'^ a' 

Hence we have 


A Aa® 

'SW^'p.SiE^ * 

Hence, p being the electrical density at E, we have 



if 





Hence, by the investigation in the preceding section, the 
attraction on P is towards Si, and is the same as if a quantity 
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of matter equal to y ^ were concentrated at that point ; 



Attraction of 
a spherical 
surface of 
which the 
density 
varies in- 
versely as 
tiio cube of 
the distance 
from a given 
point. 


being taken to denote CfeV If for and Xj we substitute 
their values, -j and > we have the modified expression 

Attci 

for the quantity of matter which we must conceive to be col- 
lected at 

476 . If a' spherical surface be electrified in such a way uninsulated 
that the electrical density varies inversely as the cube of the the influence 
distance from an internal point IS, or from the corresponding point, 
external point >8^, it will attract any external point, as if its 
whole electricity were concentrated at and any internal point, 
as if a quantity of electricity greater than its own in the ratio 
of a to / were concentrated at Si, 


Let the density at E be denoted, as before, by 


SE^ 


Then, 


if we consider two opposite elements at E and E\ which sub- 
tend a solid angle © at the point 8, the areas of these 

elements being — — and — — ? the quantity of elec- 
tricity which they possess will be 


X.2a.o) 1 1 V 


'SE.SE 


Now SE-SE' is constant (Euc. ill. 35) and its value is 
Hence, by summation, we find for the total quantity of elec- 
tricity on the spherical surface 

XAva 

Hence, if this be denoted by m, the expressions in the preced- 
ing paragraphs, for the quantities of electricity which we must 
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Uninsulated 
sphere under 
tne influence 
of an electric 
point. 


Direct ana- 
lytical cal- 
culation of 
attractions. 


Unifonn 

spherical 

shell. 


suppose to be conce;itrated at the point 8 or Si, according as P 
is without or within the spherical surface, become respectively 

a 




and 


/ 


-m. 


477 . The direct analytical solution of such problems con- 
sists in the expression, by § 455, of the three components of 
the whole attraction as the sums of its separate parts due to the 
several particles of the attracting body ; the transformation, by 
the usual methods, of these sums into definite integrals ; and the 
evaluation of the latter. This is, in general, inferior in elegance 
and simplicity to the less direct mode of solution depending 
upon the determination of the potential energy of the attracted 
particle with reference to the forces exerted upon it by the 
attracting body, a method which we shall presently develop 
with peculiar care, being of incalculable value in the theories of 
Electricity and Magnetism as well as in that of Gravitation. 
But before we proceed to it, we give some instances of the 
direct method, beginning with the case of a spherical shell. 

(a) Let P be the attracted point, 0 the centre of the shell. Let 
any plane perpendicular to OP cut it in iV, and the sphere in the 

small circle QR. Let 

QOF = Oj OQ = a, 
OP=zD. Then as the 
whole attraction is evi- 
dently along PO, we 
may at once resolve 
the parts of it in that 
direction. The circular 
band corresponding to 
6-\-d0~\ has for area 

27ra® sin OdO. Hence if J/ be the mass of the shell, the attraction 
of the band on P, resolved along PO, is 

^fanddd.^ . 

2 pa« 

But PQ^=a7®=a*+L)*--2aP COS0, 



Also 


xdx^aD sin OdO. 
PN-D—a 


2Z> 


and the attraction of the band is 

M a?* — a*+Z)* 
4 />* ax^ 


dx. 


STATICS. 


357 


This divides itself, on integration, into two cases. Uniform 

(1) P external, /.e., £>> a. Here the limits of x are D^a and spherical 

Z>+a, and the attraction is - ~ -1 ^ 

4A/* [___ a ax 

before. 


D + a 
^ D — a 


A/ 

/>* 


as 


(2) P internal, f.e., D^a, Here the limits are a — D and 


a+P, and the attraction is 


M 

4D^ 


X — P* 


a 


ax 


; \a + D 

= 0 . 

I a-^D 


(5) A useful case is that of the attraction of a circular plate of Uniform 
uniform surface density on a point in a line through its centre, on particle 
and perpendicular to its plane. 

If a be the radius of the plate, h the distance of the point from 
it, and M its mass, the attraction (which is evidently in a direc- 
tion perpendicular to the plate) is easily seen to be 

M 2hrdr 2A/ , ^ h 


M 

Q 


=— (1 
a* ^ 


}• 


If p denote the surface density of the plate, this becomes 

2w^(l 

which, for an infinite plate, becomes 

27rp. 

From the preceding formula many useful results may easily be 
deduced : thus, 

(c) A uniform cylinder of length ?, and diameter a, attracts a cyiimic 
point in its axis at a distance x from the nearest end with a force 

Z ^ 

/ ; 2 I 2 ~ ^ ^ — V C^+O^ + ^^ + V + 

X V fi 

When the cylinder is of infinite length (in one direction) the 
attraction is therefore 


r on 


27rp(>y/a;2 + «® — ^) J 

and, when the attracted particle is in contact with the centre of 
the end of the infinite cylinder, this is 

2wpa, 

(d) A right cone, of semivertical angle a, and length I, attracts Rigiit cone 
a particle at its vertex. Here we have at once for the attraction, at vertex.^*^ 
the expression 

2Trpl(l — cos a), 

which is simply proportional to the length of the axis. 

It is of course easy, when required, to find the necessarily less 
simple expression for the attraction on any point of the axis. 

(e) For magnetic and electro magnetic applications a very use- 
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Positive 
and negative 
discs. 


ful case is that of two equal discs, each perpendicular to the line 
joining their centres, on any point in that line — their masses 
(§ 461) being of opposite sign — that is, one repelling and the 
other attracting. 

Let a be the radius, p the mass of a superficial unit, of either, 
c their distance, x the distance of the attracted point from the 
nearest disc. The whole action is evidently 


r a?+c 

In the particular case when c is diminished without limit, 
this becomes 

a ■ .Nit ■ 


Variation of 478 . Let P and P' be two points infinitely near one another 
crossing an on two sides of a surface over wliich matter is distributed ; and 
surftice”**^ let p be the density of this distribution on the surface in the 
neighbourhood of these points. Then whatever be the resultant 
attraction, P, at P, due to all the attracting matter, whether 
lodging on this surface, or elsewhere, the resultant force, R\ on 
P' is the resultant of a force equal and parallel to P, and a 
force equal to 47rp, in the direction from P' perpendicularly 
towards the surface. For, suppose PP' to be perpendicular to 
the surface, wliich will not limit the generality of the pro- 
position, and consider a circular disc, of the surface, having its 
centre in PP', and radius infinitely small in comparison with 
the radii of curvature of the surface but infinitely great in com- 
parison with PP. This disc will [§ 477, (&)] attract P and P' 
with forces, each equal to 2Trp and opposite to one another in 
the line PP. Whence the proposition. It is one of much im- 
portance in the theory of electricity. 


Uniform 
hemisphere 
on particle 
ut edge. 


(«) As a further example of the direct analytical process, let us 



find the components of the 
attraction exerted by a uni- 
form hemisphere on a particle 
at its edge. Let A be the 
particle, AB a diameter of 
the base, AC the tangent to 
the base at A ; and AD per- 
pendicular to AC, and AB. 
Let RCtA be a section by a 


plane passing through AC; AQ any radius-vector of this section ; 
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P a point in ACi, Let i4P=r, RAB^B. Then, unifom 

evidently, the volume of an element at P is oTpSirtS 

^ ^ at edge. 

rd<l>.rsinBdB,dr = r*sin Bd^dBdr. 


The attraction on unit of matter at A is evidently zero along 
A O. Along AB it is 

p fjf amdd<t>dBdr cos cos^, 

between proper limits. The limits of r are 0 and 2acos^cos</>, 


those of B are 0 and 



TT IT 

and those of </> are and -| 

2 2 


Hence, Attraction along AB=^Trpa, 
Along AD the attraction is 


/ +-/•- f2a cos 0 cos <l> 

^ I I amBd<f>dBdrco8<i>8mB=fpa, 

_ f y 0 ./ 0 
2 

(d) Hence at the southern base of a hemispherical hill of radius Alteration oi 
a and density p, the true latitude (as measured by the aid of the ilemisphcrp 
plumb-line, or by reflection of starlight in a trough of mercury) is cavity* 
diminished by the attraction of the mountain by the angle 


0-ipa 

where G is the sittraction of , the earth, estimated in the same 
units. Hence, if R be the radius and tr the mean density of the 
earth, the angle is 


§7rpa 


or I ^ approximately. 


^tto-R — ^ pa 


Hence the latitudes of stations at the base of the hill, north and 

south of it, differ by ^(2-f — ) ; instead of by ^ , as they would 

R cr R 

do if the hill were removed. 

In the same way the latitude of a place at the southern edge 
of a hemispherical cavity is increased on account of the cavity by 


^pa 


where p is the density of the superficial strata. 


479 . As a curious additional example of the class of ques- by crevasse, 
tions we have just considered, a deep crevasse, extending east 
and west, increases the latitude of places at its southern edge 

by (approximately) the angle f ^ where p is the density of 
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Alteration of the crust of the earth, and a is the width of the crevasse. Thus 

latitude; by , 

crevasse. the north edge of the crevasse will have a lower latitude than 

the south edge if -|-^>1, which might be the case, as there 

are rocks of density f x5*5 or 3*67 times that of water. At a 
considerable depth in the crevasse, this change of latitudes is 
nearly doubled, and then the southern side has the greater 
latitude if the density of the crust be not less than 1*83 times 
that of water. 

Attraction of 480 . It is interesting, and will be useful later, to consider 

a sphere ^ 

composed of as a particular case, the attraction of a sphere whose mass is 

concentric 

formdensity concentnc layers, each of uniform density. 

Let It be the radius, r that of any layer, /o=.F(r) its density. 
Then, if <r be the mean density, 

rJt 

^7r<rlt^ = 4:ir / pr^dr, 

J 0 

from which <r may be found. 

The surface attraction is ^ircrR, = G, suppose. 

At a distance r from the centre the attraction is — j pr^dr. 
If it is to be the same for all points inside the sphere 


I 


^ , O 

pr^drss- — r®. 
47r 


Hence p:=F(r)=^ • ^ is the requisite law of density. 

If the density of the upper crust be t, the attraction at a depth 
small compared with the radius, is 

^ir<ri(E—h)=Gi 

where cr, is the mean density of nucleus when a shell of thickness 
h is removed from the sphere. Also, evidently, 

(R — A) * + 4L7rr{R — ?iyh= ^wcrR^, 
or Q^{R-hy+^Trr{R--hyh=zOR% 

whence = Qf(i -f ^) — 47rT/«. 

The attraction is therefore unaltered at a depth h if 

G 


R 


=s:^ir<r=27rT. 


481 . Some other simple cases may be added here, as their 
results will be of use to us subsequently. 
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qos.PCD, 



circular arc, 


(a) The attraction of a circular arc, AB^ of uniform density, Attraction of 
on a particle at the centre, (7, of the a uniform 

circle, lies evidently in the line CD 
bisecting the arc. Also the resolved part 
parallel to CD of the attraction of an 
element at P is 

mass of element at P 


Now suppose the density of the chord AB 
to be the same as that of the arc. Then 

for (mass of element at P x cos PCD) 
we may put mass of projection of element 

on AB at Q ; since, if PT be the tangent at P, PTQ = PCD, 

tt X- 1 Sum of projected elements 

Hence attraction along CD = 


_pAB 

'~~CD‘^ 


CD' 


if p be the density of the given arc, 

_2/osinA(7Z> 

It is therefore the same as the attraction of a mass equal to the 
chord, with the arc^s density, concentrated at the point D, 

(h) Again a limited straight lino of uniform density attracts any straight line, 
external point in the same direction and with the same force as 
the corresponding 
arc of a circle of 
the same density, 
which has the 
point for centre, 
and touches the 
straight line. 

For if CpP be 

drawn cutting the circle in p and the line in P; Element at 

rip 

p : element at P :: Cp : CPy— ; that is, as Cp* : CP^. Hence the 

\jJD 

attractions of these elements on C are equal and in the same 
line. Thus the arc cib attracts G as the line AB docs ; and, by 
the last proposition, the attraction oi AB bisects the angle ACB^ 
and is equal to 2 d ^ 
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have 


sinKCB = sin CKD = 


AB 


(c) This may 
be put into other 
useful forms — 
thus, let CKF 
bisect the angle 
ACB, and let 
Aa, Bb, EF, be 
drawn perpen- 
dicular to CF 
from the ends 
and middle point 
of AB. We 
CD 


CF. (1) 


GB AC +CB CK 

Hence the attraction, which is along CK^ is 
?.pAB __ pAB 

(AC+CB)CK~ 2{A C+ CB){AC+CB'‘ —AB>) 

For, evidently, 

hK: Ka :: BK\ KA :: BC\ CA bC\ Ca, 
i.e.j ah is divided, externally in C, and internally in K, in the 
same ratio. Hence, by geometry. 


KC CF^ aC-Cb:=z\{AC+GB''’-AB^}, 
which gives the transformation in (1). 

{d) CF is obviously the tangent at G to a hyperbola, passing 
through that point, and having A and B as foci. Hence, if in 
any plane through AB any -hyperbola be described, with foci A 
and B^ it will be a line of force as regards the attraction of the 
line AB ; that is, as will be more fully explained later, a curve 
which at every point indicates the direction of attraction. 

{e) Similarly, if a prolate spheroid be described with foci A and 
B^ and passing through G, CF will evidently be the normal at C ; 
thus the force on a particle at G will be perpendicular to the 
spheroid ; and the particle would evidently rest in equilibrium on 
the surface, even if it were smooth. This is an instance of (what 
we shall presently develop at some length) a surface of equili- 
brium, a level surface, or an equipotential surface. 

(/) ^^7 further prove, by a simple application of the pre- 

ceding theorem, that the lines of force due to the attraction of 
two infinitely long rods in the line AB produced, one of which 
is attractive and the other repulsive, are the series of ellipses 
described from the extremities, A and B, as foci, while the sur- 
faces of equilibrium are generated by the revolution of the con- 
focal hyperbolas. 
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482 . As of immense importance, in the theory not only Potential, 
of gravitation but of electricity, of magnetism, of fluid motion, 

of the conduction of heat, etc., we give here an investigation of 
the most important properties of the PotentiaL 

483 . This function was introduced for gravitation by 
Laplace, but the name was first given to it by Green, who may 
almost be said to have created the theory, as we now have it. 

Green’s work was neglected till 1846, and before that time most 
of its important theorems had been re-discovered by Gauss, 
Chasles, Sturm, and Thomson. 

In § 273, the ^potential energy of a conservative system in 
any configuration was defined. When the forces concerned 
are forces acting, either really or apparently, at a distance, as 
attraction of gravitation, or attractions or repulsions of electric 
or magnetic origin, it is in general most convenient to choose, 
for the zero configuration, infinite distance between the bodies 
concerned. We have thus the following definition : — 

484 . The mutual potential energy of two bodies in any 
relative position is the amount of work obtainable from their 
mutual repulsion, by allowing them to separate to an infinite 
distance asunder. Wlien the bodies attract mutually, as for 
instance when no other force than gravitation is operative, 
their mutual potential energy, according to the convention for 
zero now adopted, is negative, or (§ 547 below) their exhaustion 
of ^potential energy is positive. 

485 . The Potential at any point, due to any attracting or 
repelling body, or distribution of matter, is the mutual potential 
energy between it and a unit of matter placed at that j)oint. 

But in the case of gravitation, to avoid defining the potential 
as a negative quantity, it is convenient to change the sign. 

Thus the gravitation potential, at any point, due to any mass, 
is the quantity of work required to remove a unit of matter 
. from that point to an infinite distance. 

486 . Hence if Y be the potential at any point P, and Fj 
that at a proximate point Q, it evidently follows from the above 
definition that V — Fj is the work required to remove an inde- 
pendent unit of matter from P to Q; and it is useful to note 
that this is altogether independent of the form of the path 
chosen between these two points, as it gives us a preliminary 
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Potential. 


Force in 
terms of the 
potential. 


Equipoten- 
tial surface. 


Relative in- 
tensities of 
force at dif- 
ferent x)oints 
of an equipo- 
tential sur- 
face. 


Line of force. 


idea of the power we acquhe by the introduction of this mode 
of representation. 

Suppose Q to be so near to P that the attractive forces 
exerted on unit of matter at these points, and therefore at any 
point in the line JPQ, may be assumed to be equal and parallel. 
Then if F rejjresent the resolved part of this force along PQ, 
F.PQ is the work required to transfer unit of matter from P to 
Q. Hence 

F-Fi=:P.PQ, 


or 


F 


J 


that is, the attraction on unit of matter at P in any direction 
PQ, is the rate at which the potential at P increases per unit 
of length of PQ. 

487. A surface, at every point of which the potential has 
the same value, and therefore called an Equipotential Surface, 
is such that the attraction is eveiy where in the direction of 
its normal. For in no direction along the surface .does tlie 
potential change in value, and therefore there is no force in 
any such direction. Hence if the attracted particle be placed 
on such a surface (supposed smooth and rigid), it will rest in 
any position, and the surface is therefore sometimes called a 
Surface of Equilibrium. We shall see later, that the force on 
a particle of a liquid at the free surface is always in the direc- 
tion of the normal, hence the term Level Surface, which is 
often used for the other terms above. 

488. If a series of equipotential surfaces be constructed for 
values of the potential increasing by equal small amounts, it is 
evident from § 486 that the attraction at any point is inversely 
proportional to the normal distance between two successive 
surfaces close to that point; since the numerator of the ex- 
pression for F is, in this case, constant. 

489. A line drawn from any origin, so that at every point 
of its length its tangent is the direction of the attraction at that 
point, is called a Line of Force ; and it obviously cuts at right 
angles every equipotential surface which it meets. 

These three last sections are true whatever be the law of 
attraction; in the next we are restricted to the law of the 
inverse square of the distance. 
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490 . If, through every point of the boundary of an infinitely 
small portion of an equipotential surface, the corresponding 
lines of force be drawn, we shall evidently have a tubular 
surface of infinitely small section. The force in any direction, 
at any point within such a tube, so long as it does not cut 
through attracting matter, is inversely as the section of the 
tube made by a plane passing through the point and perpen- 
dicular to the given direction. Or, more simply, the whole 
force is at every point tangential to the direction of the tube, 
and inversely as its transverse section : from which the more 
general statement above is easily seen to follow. 

This is an immediate consequence of a most important 
theorem, wliich will be proved later, § 492. The surface in- 
tegral of the attraction exerted by any distribution of matter in 
the direction of the normal at every 'point of any closed surface 
is AttM ; 'where M is the amount of matter 'within the surface, 
while the attraction is considered positive or negati'oe according 
as it is inwards or outwards at any point of the surface. 

For in the present case the force perpendicular to the tubular 
part of the surface vanishes, and we need consider the ends only. 
When none of the attracting mass is within the portion of the 
tube considered, we have at once 

Fzs — F'xs' =■ 0, 

F being the force at any point of the section whose area is ». 
This is equivalent to the celebrated equation of Laplace — 
App. B {a ) ; and below, § 491 (c). 

When the attracting body is symmetrical about a point, the 
lines of force are obviously straight lines drawn from this 
point. Hence the tube is in this case a cone, and, by § 469, w 
is proportional to the square of the distance from the vertex. 
Hence F is inversely as the square of the distance for points 
external to the attracting mass. 

When the mass is symmetrically disposed about an axis in 
infinitely long cylindrical shells, the lines of force are evidently 
perpendicular to the axis. Hence the tube becomes a wedge, 
whose section is proportional to the distance from the axis, and 
the attraction is therefore inversely as the distance from the 
axis. 

When the mass is arranged in infinite parallel planes, each 


Variation of 
intensity 
along a line 
of force. 
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Sensity Uniform density,^ the lines of force are obviously perpen- 
dicular to these planes; the tube becomes a cylinder'; and, 
sincer its section is constant, the force is the same at all dis- 
tances. 

If an infinitely small length I of the portion of the tube con- 
sidered pass through matter of density p, and if ay be the area 
of the section of the tube in this part, we have 


Potential 
tine to an 
attracting 
point, 


F-a — F'zs' ^Trliop. 


This is equivalent to Poisson's extension of Laplace's equa- 
tion [§ 491 (c)]. 

491 . In estimating work done against a force which varies 
inversely as the square of the distance from a fixed point, the 
mean force is to be reckoned as the geometrical mean between 
the forces at the beginning and end of the path : and, what 
ever may be the path followed, the effective space is to be 
reckoned as the difference of distances from the attracting point. 
Thus the work done in any course is equal to the product of 
the difference of distances of the extremities from the attract- 
ing point, into the geometrical mean of the forces at these dis- 
tances ; or, if 0 be the attracting point, and m its force on 
a unit mass at unit distance, the work done in moving a 
particle, of unit mass, from any position P to any other posi- 
tion P', is 


(op'-op)v 


OP* O?'* 


m m 

op~'oW ■ 


To prove this it is only necessary to remark, that for any in- 
finitely small step of the motion, the effective space is clearly the 
difference of distances from the centre, and the working force 
may be taken as the force at either end, or of any intermediate 
value, the geometrical mean for instance : and the preceding 
expression applied to each infinitely small step shows that the 
. same rule holds for the sum making up the whole work done 
through any finite range, and by any path. 

Hence, by § 485, it is obvious that the potential at P, of a 

THi 

mass m situated at 0, is and thus that the potential of any 

to any mass, niass at a point P is to be found by adding the quotients of 
every portion of the mass, each divided by its distance from P. 
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(a) For the analytical proof of these propositions, consider, first, Analytical 
a pair of particles, O and P, whose masses are m and unity, and tion of^io 
co-ordinates a, b, c, a?, z. If D be their distance . value of the 


l*otential. 


Z)2=a? — a® — b^+z — 

The mutual attraction has components 

07— a _ v--b r, 

X = -m , Z=- 

and therefore the work required to remove P to infinity is 


z — c 

m- jy - ; 


I ,,, f(x—d)dx-^(^--b)d^-\-(z--c)dji 

■^7 D> 


dD 


which, since the superior limit is P = 6o, is equal to 


+- 


The mutual potential energy is therefore, in this case, the pro- 
duct of the masses divided by their mutual distance ; and there- 
fore the potential at z, due to m, is 


m 

D 


Again, if there be more than one fixed particle m, the same 
investigation shows us that the potential at x, y, z is 


V/Wv 


And if the particles form a continuous mass, whose density at 
«, 6, c is p, we have of course for the potential the expression 


/// 


dadbdc 

^ D ’ 


the limits depending on the form of the mass. 

If we call V the potential at any point P (x, y^ z)^ it is evi- Force at 
dent (from the way in which we have obtained its value) that the * 

components of the attraction on unit of matter at P are 

^ dV ^ dV 

-A -J— J Y = — — , • 

dx dy dz 

Hence the force, resolved along any curve of which s is the arc, 
is 


ds ds ds 


dx ' ds^ dy ' ds dz ds 

dV 
' ds ' 


All this is evidently independent of the question whether P lies 
within the attracting mass or not. 
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Force within 
a homo- 
geneouH 
sphere. 


Rate of in- 
crease of the 
force in any 
direction. 


Lai)lace’s 

equation. 


Poisson’s ex- 
tension of 
Laplace’s 
equation. 


(b') If the attracting mass be a sphere. of density />, and centre 
bf -c, and if P be within its surface, we have, since the exterior 
shell has no effect, 

^ dV 4 00— a 




Hence 


= —Y^p(x—a). 

dX d^V 


dx dx^ 


--^p. 


(c) Now, in general, if 

, ^ I d 




dtf’^ dz^ ’ 


we have \ 7 ®-g= 0 , as was proved before, App. B (^), (14). For 


d .1 . X — a 

aTT^ 


dx^D 

^‘i-y 

A T\f 


IP 

1 


3(a7 — aY 


dx^^D'~ IP ‘ 
and from this, and the similar , expressions for the second differ- 
entials in y and the theorem follows at once. 

Hence as V={[ 

and p does not involve a?, y, z, we see that as long as B does not 
vanish within the limits of integration, t.e., as long as P is not a 
point of the attracting mass 

V«r=0; 

or, in terms of the components of the force, 

dX dY dZ 
dx"^ dy^ dz 

If P be within the attracting mass, suppose a small sphere 
to be described so as to contain P. Divide the potential into two 
parts, Vx that of the sphere, that of the rest of the body. 

The expression above shows that 

V«Fa=0. 

Also the expressions for --- ■ , etc., in the case of a sphere (b) 

dx 

4w/>, 

where p is the density of the sphere. 

Hence as F=Fi4-Fa 

V® F= — • 4Trp, 

which is the general equation of the potential, and includes the 
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case of P being wholly external to the attracting mass, since 
then p=0. In terms of the components of the force, this- equation 


becomes 


dX . dV . dZ 


■f 




= — 42 r/o. 


Poissoii’n 
extension 
of Laplace* 
equation. 


dx ' dy dz 

. (cf) We have already, in these most important equations, the 
iheans of verifying various former results, and also of adding new 
ones. 

Thus, to find the attraction of a hollow sphere composed of 
concentric shells, each of uniform density, on an external point 
(by which we mean a point not part of the mass). In this case 
symmetry shows that V must depend upon the distance from 
the centre of the sphere alone. Let the centre of the sphere be 
origin, and let 

r ^ = a;* . 

Then K is a function of r alone, and consequently 

dV dVdr X dV 


Potential 
of matter 
arranged In 
concentric 
Kpherioal 
ahells of 
uniform 
density. 


d^V 

dx^ 


dx dr dx r dr 
^^dV x^dV 
r 


0^ d^V 

dr dr“^r^ > 


dr'^ 




and — j 1 j » 

r dr dr 

Hence, when P is outside the sphere, or in the hollow space 
within it, 2 dV . d^V 

r 


W 

~ 317 I 


A first integral of this is r 


dr ' dr 
dV 


0. 


dr 




For a point outside the shell C has a finite value, which is easily 
seen to be — Af, where M is the mass of the shell. 

For a point in the internal cavity (7=0, because evidently at 

dV 

the centre there is no attraction — i.e, there r=0, -^=o together. 

Hence there is no attraction on any point in the cavity. 

We need not be surprised at the apparent discontinuity of this 
solution. It is owing to the discontinuity of the given distribution 
of matter. Thus it appears, by § 491 (c), that the true general 
equation to the potential is not what we have taken above, but 

d^V . 2 dV 


+ 


= — Iwp, 


dr^ ' r dr 

where p, the density of the matter at distance r from the centre, 
is zero when r < a the radius of the cavity : has a finite value cr, 
which for simplicity we may consider constant, when r > a and 
< a' the radius of the outer bounding surface : and is zero, again, 

2 A 
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Potential 
of matter 
arranged in 
' concentric 
spherical 
shells of 
uniform 
density. 


for all values of r exceeding a' , Hence, integrating from r=0, 

dV 

to r=r, any value, we have (since ^*“^ 7=0 when /*=0), 

47rf pr^dr^ — Mi^ 
dr Jo 

if Ml denote the whole amount of matter within the spherical 
surface of radius r ; which is the discontinuous function of r 
specified as follows 

From r=0 to r=«, r=a to r=a', r=a' to r=Qo , 
M,=0, 


We have entered thus into detail in this case, because such 
apparent anomalies are very common in the analytical solution 
of physical questions. To make this still more clear, we sub- 
join a graphic representation of the values of V, , and 

for this case. ABQCy the curve for F, is partly a straight line, 
and has a point of infiection at Q : but there is no discontinuity 

and no abrupt change of direction. OEFD, that for , is 

dr 

continuous, but its direction twice changes abruptly. That for 
d^V , 

consists of three detached portions, OE^ GHy KL. 
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(e) For a mass disposed in infinitely long concentric cylindrical 
shells, each of uniform density, if the axis of the cylinders be x, uniform 
we must evidently have V a function of a?* -hy* only. ^finite ' 

j pr length. 

Hence ?r-=0, or the attraction is wholly perpendicular to the 


axis. 


dz 


d^V 


Also, -—-=0 ; and therefore by {d) 

CLZ 


V* K= - 4a-/>. 

dr^ r dr ^ 


Hence 


d[^ 

dr 


= 0 — 47r jprdr, 


from which conclusions similar to the above may be drawn. 

(f) If, finally, the mass be arranged in infinite parallel planes, 
each of uniform density, and perpendicular to the axis of x; 
the resultant force must be parallel to this direction : that is to 
say, F=0, 2/=0, and therefore 

dX 

^=-4xp, 

which, if p is known in terms of x, is completely integrable. 
Outside the mass, p=0, and therefore 

or the attraction is the same at all distances — a result easily 
verified by the direct methods. 

If the mass consist of an infinite plane lamina of thickness t, 
and constant density p ; then, supposing the origin to bo half-way 
between its faces, X-=C~—^Trpx 


Matter ar- 
ranged in 
infinite 
parallel 
planes of 
uniform 
density. 


so long as x is between and — — 

2 2 


But for a?=0 we must 


evidently have Jir=0, and therefore C7=0. Hence 

X=z — 4:7rpx, 

Outside the lamina X=Ci (since p=0). At the positive surface, 
and everywhere beyond it, = — 27rp/, and at and beyond the 
negative it is -4“27rp/. The difference of these is — 4wpt (§ 478). 

cl 

(o) Since in any case is the attraction resolved in the Bqui- 

ds potential 

direction of the tangent to the arc s, it will be wholly perpen- 
dicular to that arc if 


ds 


= 0 , 


or F=: a 

This is the equation to an equipotential surface. 
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Equi- 

potentlal 

surface. 


Integral of 
normal 
attraction 
over a closed 
surface. 


Equivalent 
to Poisson’s 
extension of 
Laplace’s 
equation. 


Equivalent 
to Laplace's 
equation. 


If n be the normal to such a surface, measured outwards, the 
whole attraction at any point is evidently 

dn * 

and its direction is that in which V increases. 

492 . Let S be any closed surface, and let 0 be a point, either 
external or internal, where a mass, m, of matter is collected. 
Let N be the component of the attraction of m in the direction 
of the normal drawn inwards from any point P, of 8. Then, if 
da denotes an element of 8, and ff integration over the whole 
of it, 

J/Nd(r=.^7rm^ or = 0 , 

according as 0 is internal or external. 

Case 1 , 0 internal. Let OPiPJPti ^ . . be a straight line drawn 
in any direction from 0 , cutting 8 in Pj, Pg, P 3 , etc., and there- 
fore passing out at Pj, in at P. 2 , out again at P 3 , in again at P 4 , 
and so on. Let a conical surface be described by lines through 
0 , all infinitely near OPjPg..., and let m be its solid angle 
(§ 465). The portions of ffNda corresponding to the ele- 
ments cut from 8 by this case will be clearly each equal in 
absolute magnitude to ©m, but will be alternately positive and 
negative. Hence as there is an odd number of them their 
sum is +a)m. And the sum of these, for all solid angles round 
0 is (§ 466) equal to ^irm ; that is to say,^JV’c?o-= 47 rm. 

Case 2 , 0 external. Let OP 1 P 2 P 3 ... be a line drawn from 0 
passing across 8, inwards at P^, outwards at Pg, and so on. 
Drawing, as before, a conical surface of infinitely small solid 
angle, m, we have still o>m for the absolute value of each of the 
portions oif/Nda corresponding to the elements which it cuts 
from 8 ; but their signs are alternately negative and positive : 
and therefore as their number is even, their sum is zero. 
Hence ffNda 

From these results it follows immediately that if there 
be any continuous distribution of matter, partly within and 
partly without a closed surface 8, and N and da be still used 
with the same signification, we have 

ffNda^^irM 

if M denote the whole amount of matter within 8, 
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This is only a particular case of the analytical theorem of integral 
Chap. I. App. A (a). For if a=l, and ^7'=!, it becomes Jttractioi 

over a doted 

0^//diTW^///VWdxdydz, 


Now let U be the potential at (x, y, z)^ due to the distribution of 
matter in question. Then, according to the meaning of <), we 
have iV. Also, let p be the density of the matter at 

(a?, z). Then [§ 491 (c)] we have 

V®C7= — Airp. 

Hence the preceding equation gives 

ffN d(r = Airfffpdxdydz = 47rAf. 


493. From this it follows that the potential cannot have Potential lu 
a maximum or minimum value at a point in free space. For ^®nnXhave 
if it were so, a closed surface could be described about the 
point, and indefinitely near it, so that at every point of it 
the value of the potential would be less than, or greater than, 
that at the point ; so that N would be 'negative or positive all 
over the surface, and therefore f/Ndcr would be finite, which 
is impossible, as the surface contains none of the attracting 


mass. 

494. It is also evident that N" must have positive values at conse- 
some parts of this surface, and negative values at others, unless it 

is zero all over it. Hence in free space the potential, if not con- 
stant round any point, increases in some directions from it, and 
diminishes in others ; and therefore a material particle placed 
at a point of zero force under the action of any attracting 
bodies, and free from all constraint, is in unstable equilibrium, 
a result due to Earnshaw.^ 

495. If the potential be constant over a closed surface which 
contains none of the attracting mass, it has the same constant 
value throughout the interior. For if not, it must have a 
maximum or minimum value somewhere within, which is im- 
possible. 

496. The meali potential over any spherical surface, due to MeEnpo* 
matter entirely without it, is equal to the potential at its centre ; i®?pheri*ca7 
a theorem apparently first given by Gauss. See also Cambridge 
Mathematical Journal, Feb. 1845 (vol. iv. p. 225). It is one of 


* Cambridge Phil. Trans., March 1839. 
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tenttafaver Hiost elementary propositions of spherical harmonic analysis, 

SiSJc^e^iai ^ potentials, found by applying App. B. (16) to the 

to that at its formulae of § 539, below. But the proof in the paper now 

referred to is noticeable as independent of the harmonic ex- 
pansion. 

Let, in Chap. i. App. B. (a), /S be a spherical surface, of 
radius a ; and let U be the potential at (a?, y, z), due to matter 
altogether external to it; let U' be the potential of a unit 
of matter uniformly distributed through a smaller concentric 
spherical surface ; so that, outside S and to some distance within 

it, U' z=z and lastly, let a = 1. The middle member of 
r 

App. B (a) (1) becomes 

— //iUd(r-///UV^ Udxdydi, 

which is equal to zero, since V®f7=0 for the whole internal 
space, and (§ 492) J/^Uda‘=0, Equating therefore the third 
member to zero we have 

r/d(rm U U'dxdydz. 

Now at the surface, S, f/' = — : and for all points external 


Theorem 
of Gauss. 


to the sphere of matter to which U' is due, V®f/'=0, and for all 
internal points V®C7'=~47rp', if p' be the density of the matter. 
Hence the preceding equation becomes 

^jyUder = o' Udxdydz . 


Let now the density p increase without limit, and the spherical 
space within which the triple internal extends, therefore become 
infinitely small. If we denote by the value of U at its centre, 
which is also the centre of 5, we shall have 


///p Udxdydz^ U^ff/p dxdydz^. U^. 
Hence the equation becomes 


f/Udo^ 



which was to be proved. . 


497 . If the potential of any masses has a constant value, F, 
through any finite portion, K, of space, unoccupied by matter, 
it is equal to V through every part of space which can be 
reached in any way without passing through any of those 
masses : a very remarkable proposition, due to Gauss. For, if 
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the potential differ from V in space contiguous to IT, it must 
(§ 495) be greater in some parts and less in others. 

From any point C within K, as centre, in the neighbourhood 
of a place where the potential is greater than F, describe a 
spherical surface not large enough to contain any part of any 
of the attracting masses, nor to include any of the space ex- 
ternal to K except such as has potential greater than F. But 
this is impossible, since we have just seen (§ 497) that the 
mean potential over the spherical surface must be F. Hence 
the supposition that the potential is greater than F in some 
places and less in others, contiguous to K and not including 
masses, is false. 

498. Similarly we see that in any case of symmetry round 
an axis, if the potential is constant through a certain finite 
distance, however short, along the axis, it is constant through- 
out the whole space that can be reached from this portion of 
the axis, without crossing any of the masses. (See § 546, below.) 

499. Let S be any finite portion of a surface, or complete 
closed surface, or infinite surface, and let E be any point on 
S, (a.) It is possible to distribute matter over S so as to pro- 
iluce potential equal to F (E), any arbitrary function of the 
position of Ey over the whole of S. (h.) There is only onci 
whole quantity of matter, and one distribution of it, which can 
satisfy this condition. 


Theorem 
of GauRH. 


Green’s 

problem. 


In Chap. I. App. A. (6) (e), etc., let a= 1 . By (e) we see that 
there is one, and that there is only one, solution of the equation 


V®/7=0 


for all points not belonging to Sy subject to the condition that U 
shall have a value arbitrarily given over the whole of S. Continu- 
ing to denote by U the solution of this problem, and considering 
first the case of S an open shell, that is to say, a finite portion of 
curved surface (including a plane, of course, as a particular case), 
let, in Chap. i. A, (a), U' be the potential at (a?, y, z) due to a 
distribution matter, having w (G) for density at any point, Q. 
Let the triple integration extend throughout infinite space, ex- 
clusive of the infinitely thin shell S, Although in the investiga- 
tion referred to [A. (a)] the triple integral extended only through 
the finite space contained within a closed surface, the same pro- 
cess shows that we have now, instead of the second and third 
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Qreen*B 
problem ; 


reduced to 
the proper 
general 
solution of 
Laplace’s 
eqtmtion. 


members of (1) of that investigation, the following equated ex- 
pressions : — 

//d<TV'{^U]-(>)U)}-///dxdydzV'V*U 
= //acrCIfp ff]- (3 f/') } -fffdxdydz UV^ U' 

where P^7] denotes the rate of variation of U on either side of 
infinitely near reckoned per unit of length from S ; and 
(plP) denotes the rate of variation of U infinitely near E, on the 
other side of /S, reckoned per unit of length towards and 
p£7'], p^7') denote the same for U'. Now we shall suppose the 
matter of which U' is the potential not to be condensed in finite 
quantities in any finite areas of which will make 

pc;']=pC7'); 

and the conditions defining U and U' give, throughout the space 
of the triple integral, 

V* C7= 0, and V® C7' = — 47r® ; 

« denoting the value of ® (Q) when Q is the point y, z). 
Hence the preceding equation becomes 

f/d<rU'{\p C/J - p U)} ^^TTfffdxdydzn U. 

Let now the matter of which U' is the potential be equal in 
amount to unity and be confined to an infinitely small space round 
a point Q. We shall have 



fffdxdydzTsU^ U(CC)fff^dxdydz=^ U(a), 


if we denote the value of U at (Q) by 17 (Q). The equation 
becomes 

ffMt^d<r=4,rU(iQi) ( 1 ). 

Hence a distribution of matter over 8y having 

^{pC7]-(i)C7)} (2) 

for density at the point JSJ, gives U as its potential at (a?, z)» 

We conclude, therefore, that it is possible to find one, but only one, 
distribution of matter over S which shall produce an arbitrarily 
given potential over the whole of S; and 1^(2) we have the 
solution of this problem, when the problem of finding U to fulfil 
the conditions stated above, has been solved. 

If 8 is any finite closed surface, any group of surfaces, open or 
closed, or an infinite surface, the same conclusions clearly hold. 
The triple integration used in the investigation must then be 
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separately carried out through all the portions of space separated 
from one another by 5, or by portions of S, 

If the solution, p, of the problem has been obtained for the case 
in which the arbitrary function is the potential at any point of 
due to a unit of matter at any point P not belonging to S, that 


Green's 
problem ; 


is to say, for the case of jF{E) = 


EP 


the solution of the general 


problem was shown by Green to deducible from it thus : — 

U^//pF(E)d<r (3). 

The proof is obvious : For let, for a moment, denote the super- 
ficial density required to produce U, then denoting the value 
of p for any other element, E', of 8, we have 


solved syii- 

thetloally 

in terms of 

particular 

solution of 

Laplane's 

<‘tjutttit)n. 


F{E)=//. 


.P'd<r' 

E'E 


Hence the preceding double integral becomes 

//d<Tp//d<T ' , or //d<r\p'//d(r^-^ 

But, by the definition of p, 

and therefore the expression becomes 


which is equal to according to the definition of ^p. 

The expression (46) of App, B., from which the spherical har- 
monic expansion of an arbitrary function was derived, is a case 
of the general result (3) now proved, 

600. It is important to remark tliat^ if 8 consist, in part, of isolation of 
a closed surface, Q, the determination of TJ within it will be closed pt»r- 
independent of those portions of Sy if any, which lie without mn?aco. 
it ; and, vice versa, the determination of U through external 
space will be independent of those portions of 8 , if any, which 
lie within the part Q. Or if 8 consist, in part, of a surface Q, 
extending infinitely in all directions, the determination of IT 
through all space on either side of Q, is independent of those 
portions of 8, if any, which lie on the other side. This follows 
from the preceding investigation, modified by confining the 
triple integration to one of the two portions of space separated 
completely from one another by Q. 
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; 501. Another remark of extreme importance is this : — If 

to a be the potential at E of any distribution, M, of matter, 

eiecwSV^ and if 8 be such as to separate perfectly any portion or portions 
M, influcnc- of spacc, H, from all of this matter : that is to say, such that 

mg a group, r ^ ^ ^ ^ ' 

ducting” ur impossible to pass into H from any part of M without 

faces. crossing 8 ; then, throughout Hy the value of U will be the 
potential of M. 

For if V denote this potential, we have, throughout y* F= 0 ; 
and at every point of the boundary of /f, V—F{^E). Hence, 
considering the theorem of Chap. i. App. A (c), for the space H 
alone, and its boundary alone, instead of 8, we see that, through 
this space, V satisfies the conditions prescribed for U, and there- 
fore, through this space, U = V. 


General 
problem of 
electric 
influence 
possible 
and deter- 
minate. 


502 . Thus, for instance, if 8 consist of three detached sur- 
faces, 8 iy 82 , 8 ^y as in the diagram, of which 8 iy 82 are closed, 
and 8 ^ is an open shell, and if F(E) be the potential due to My at 
any point, Ey of any of these portions of 8 ; then throughout Hi, 

and H 2 y the spaces within 81 and 
without 82, the value of IT is 
simply the potential of M. The 
value of U through K, the re- 
mainder of space, depends, of 
. course, on the character of the 
composite surface 8 , and is a 
case of the general problem of 
which the solution was proved to be possible and single in 
Chap. I. App. A. 

503 . From § 500 follows the grand proposition : — It is 
possible to find one, but no other than one, distributicm of matter 
over a surface 8 ivhich shall produce over 8 , and throughout 
all space H sepa/rated by 8 from every part of M, the same 
potential as any given mass M. 

Thus, in the preceding diagram, it is possible to find one, 
and but one, distribution of matter over Sj, /S 2 , 8 ^ which shall 
produce over 8 ^ and through Hi and H 2 the same potential 
as M, 

The statement of this proposition most commonly made is : 
It is possible to distribute matter over any surface, 8 , completely 
enclosing a mass M, so as to produce the saone potential as M, 




STATICS. 


379 


thrmigh all space outside M ; which, though seemingly more Green’s 
limited, is, when interpreted with proper mathematical com- 
preherisiveness, equivalent to the foregoing. 

504 . If S consist of several closed or infinite surfaces. Sit simuitnne- 
respectively separating certain isolated spaces H^y Ho, H^, intiuences 
from Hy the remainder of all space, and if F {E) be the potential separated 
of masses m^, mg, lying in the spaces H^y H^, H ^ ; the por- 
tions of U due to 8i, 8^, 8^y respectively will throughout H be faces 
equal respectively to the potentials of mj, mg, mg, separately. 



For as we have just seen, it is possible to find one, but only 
one, distribution of matter over 8i which shall produce the 
potential of mj, throughout all the space Hy Ho, i/g, etc., and 
one, but only one, distribution 
over 8o which shall produce the 
potential of m,, throughout Hy 
H^y H^y etc. ; and so on. But 
these distributions on fifj, 8 2 , 
etc., jointly constitute a distri- 
bution producing the potential 
F {E) over every part of 8y and 
therefore the sum of the potentials due to them all, at any 
point, fulfils the conditions presented for U. This is therefore 
(§ 500) the solution of the problem. 

505 . Considering still the case in which F(E) is prescribed 
to be the potential of a given mass, M : let 8 be an equipoten- 
tial surface enclosing My or a group of isolat-ed surfaces enclos- 
ing all the parts of My and each equipotential for the whole of 
M, The potential due to the supposed distribution over 8 will 
be the same as that of My through all external space, and will 
be constant (§ 496) through each enclosed portion of space. Its 
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Reducible resultaiit attraction will therefore be the same as that of M on 

CftSO of 

Green’s pro- all external points, and zero on all internal points. Hence we 
see at once that the density of the matter distributed over it, to 

R 

produce F(E), is equal to — where R denotes the resultant 
force of M, at the point E. 


We have p/7]=— and (<)C7)=0. Whence, by § 500 (2), 
the law of density 


applied to 506 . When M consists of two portions mi and m' separated 
tionof8oive«i by an equipotential Siy and S consists of two portions, 8i, and 
electric in- S\ of which the latter separate the former perfectly from m' ; 

we see by § 504 that the distribution over Si produces through 
all space on the side of it on which S' lies, tlie same potential, 
Vu as m^, aiid thG distribution on S' produces through space 
on the side of it on which Si lies, the same potential, V', as 
m'. But the supposed distribution on the whole of S is such 
as to produce a constant potential, Ci over Si, and consequently 
the same at every point within Si. Hence the internal potential 
due to alone, is Ci — V', 

Thus, passing from potentials to attractions, we see that the 
resultant attraction of Si alone, on all points on one side of it 
is the same as that of ; and on the other side is equal and 
opposite to that of the remainder m' of the whole mass. The 
most direct and simple complete statement of this result is as 
follows : — 

If masses m, m', in portions of space, H, H', completely sepa- 
rated from one another by one continuous surface S, whether 
closed or infinite, are known to produce tangential forces equal 
and in the same direction at each point of S, one and the same 
distribution of matter over S will produce the force of m 
throughout H', and that of m' throughout H. The density of 

R 

this distribution is equal to — > if iJ denote the resultant force 

^ 47r 

due to one of the masses, and the other with its sign changed. 
And it is to be remarked that the direction of this resultant 
force is, at evefy point, E, of S, perpendicular to S, since the 
potential due to one mass, and the other with its sign changed, 
is constant over the whole of S. 
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607 . Green, in first publishing his discovery of the result Reducible 
stated in 8 505, remarked that it shows a way to find an in- Green’s pro- 
finite variety of closed surfaces for any one of which we can ampi^. 
solve the problem of determining the distribution of matter 
over it which shall produce a given uniform potential at each 
point of its surface, and consequently the same also throughout 
its interior. Thus, an example which Green himself gives, let 
be a uniform bar of matter, AA\ The equipotential sur- 
faces round it are, as we have seen above (§ 481), prolate 
ellipsoids of revolution, each having A and A^ for its foci; 
and the resultant force at C was found to be 


m 



the whole mass of the bar being denoted by m, its length by 
2a, and A'G + AG\yy 2L We conclude that a distribution of 
matter over the suiface of the ellipsoid, having 

1 m,GF 

for density at G, produces on all external space the same 
resultant force as the bar, and zero force or a constant poten- 
tial through the internal space. This is a particular case of 
the general result regarding ellipsoidal shells, proved below, in 
§§ 520, 521. 

508 . As a second example, let M consist of two equal 
particles, at points /, If we take the mass of each as unity, 

the potential at P is therefore 


Jp+JTp-C? 

is the equation of an equipotential surface ; it being under- 
stood that negative values of IP and I'P are inadmissible, and 
that any constant value, from oo to 0, may be given to G, The 
curves in the annexed diagram have been drawn, from this 
equation, for the cases of G equal respectively to 10, 9, 8, 7, 6, 
5, 4*5, 4*3, 4*2, 41, 4, 3*9, 3*8, 3*7, 3*5, 3, 2*5, 2 ; the value of 
II' being unity. 
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Reducible 
case of 
Green’s pro 
blem : — ex- 
amples. 


The corresponding eqhipotential surfaces are the surfaces 
traced by these curves, if the whole diagram is made to rotate 



round IV as axis. Thus we see that for any values of C less 
than 4 the equipotential surface is one closed surface. Choos- 
ing any one of these surfaces, let jB denote the resultant of forces 

equal to and in the lines P J and PP. Then if matter 

be distributed over this surface, with density at P equal to 
R 

— , its attraction on any internal jioiiit will be zero ; and on 

any external point, will be the same as that of I and I\ 

509 . For each value of G greater than 4, the equipotential 
surface consists of two detached ovals approximating (the last 
three or four in the diagram, veiy closely) to spherical surfaces, 
with centres lying between the points I and but approximat- 
ing more and more closely to these points, for larger and larger 
values of (7. 

Considering one of these ovals alone, one of the series enclos- 
ing for instance, and distributing matter over it according 

R 

to the same law of density, > we have a shell of matter which 
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exerts (§ 507) on external points th^same force as and on 
internal points a force equal and opposite to that of /. 

510 . As an example of exceedingly great importance in the 
theory of electricity, let M consist of a positive mass, w, con- 
centrated at a point /, and a 
negative mass, — m', at 7'; 
and let She a spherical surface 
cutting //', and II' produced ^ 
in points A, A,, such that * 

I A :Ar::IA,:I'A/.:m:m'. 

Then, by a well-known geo- 
metrical proposition, we shall have IE : I' E :: m: m' ; and 
therefore 

m m! 

ie~~Te ‘ 

Hence, by what we have just seen, one and the same distribu- 
tion of matter over B will produce the same force as m' through 
all external space, and the same as m through all the space 

within S. And, finding the resultant of the forces in El, 
m. 

and in I'E produced, which, as these forces are inversely 
as IE to I'Ey is (§ 256) equal to 

771 J.J, m^II' 1 

iekI'e » lE^ ' 

we conclude that the density in the shell at E is 

ni^ir 1 
iirm' lE^ 

That the shell thus constituted does attract external points 
as if its mass were collected at I', and internal points as a 
certain mass collected at /, was proved geometrically in § 474 
above. 

511 . If the spherical surface is given, and one of the points, 

(7A* 

7, 7', for instance 7, the other is found by taking GI' = ; 

\jL 

and for the mass to be placed at it we have 

7'A CA or 

771 • 



Reduclblo 
case of 
Green’s pro 
blem : — ex- 
amples. 

Electric 

images. 
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Electric 

images. 


Tranaformj 
tion by re- 
ciprocal 
radius- 
vectors. 


Hence if we have any nufhber of particles etc., at points 

Iiy /g, etc.^ situated without 8y we may find in the same way 
corresponding internal points J'j, I'^y etc., and masses m\y m\y 
etc. ; and, by adding the expressions for the density at E given 
for each pair by the preceding formula, we get a spherical shell 
of matter. which has the property of acting on all external 
space with the same force as — m\y — m' 2 , etc., and on all 
internal points with a force equal and opposite to that of 
miy m^y etc. 

512. An infinite number of such particles may be given, 
constituting a continuous mass Jf; when of course the corre- 
sponding internal particles will constitute a continuous mass, 
— of the opposite kind of matter ; and the same conclusion 
will hold. If S is the surface of a solid or hollow metal ball 
connected with the earth by a fine wire, and M an external 
influencing body, the shell of matter we have determined is 
precisely the distribution of electricity on S called out by the 
influence of M : and the mass — M\ determined as above, is 
called die Electric Image of M in the ball, since the electric 
action through the whole space external to the ball would be 
unchanged if the ball were removed and — M' properly placed 
in the space left vacant. We intend to return to this subject 
under Electricity. 

513. Irrespectively of the special electric application, this 
method of images gives a remarkable kind of transformation 
which is often useful. It suggests for mere geometry what 
has been called the transformation by reciprocal radius- vectors ; 
that is to say, the substitution for any set of points, or for any 
diagram of lines or surfaces, another obtained by drawing radii 
to them from a certain fixed point or origin, and measuring off 
lengths inversely proportional to these radii along their direc- 
tions. We see in a moment by elementary geometry that any 
line thus obtained cuts the radius- vector through any point of 
it at the same angle and in the same plane as the line from 
which it is derived. Hence any two lines or surfaces that cjit 
one another give two transformed lines or surfaces cutting at 
the same angle : and infinitely small lengths, areas, and volumes 
transform into others whose magnitudes are altered respectively 
in the ratios of the first, second, and third powers of the distaiices 
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of the latter from the origin, to the sanih powers of the distances Transfonna- 
of the former fix)m the same. Hence the lengths, areas, and cipro^”’ 
volumes in the transformed diagram, corresponding* to a set victor* 
of given equal infinitely small lengths, areas, and volumes, how- 
ever situated, at different distances from the origin, are in- 
versely as the squares, the fourth powers and the sixth powers 
of these distances. Further, it is easily proved that a straight 
line and a plane transform into a circle and a spherical surface, 
each passing through the origin ; and that, generally, circles 
and spheres transform into circles and spheres. 

514 . In the theory of attraction, the transformation of 
masses, densities, and potentials has also to be considered. 

Thus, according to the foundation of the method (§ 512), equal 
masses, of infinitely small dimensions at different distances 
from the origin, transform into masses inversely as these dis- 
tances, or directly as the transformed distances : and, therefore, 
equal densities of lines, of surfaces, and of solids, given at any 
stated distances from the origin, transform into densities directly 
as the first, the third, and the fifth powers of those distances ; 
or inversely as the same powers of the distances, from the 
origin, of the corresponding points in the transformed system. 

515 . The statements of the last two sections, so far as General 

.. 1 1 , • .1 summary 

proportions alone are concerned, are most conveniently ex- of ratios, 
jiressed thus : — 

Let P be any point whatever of a geometrical diagram, or 
of a distribution of matter, 5 one particular point (“ the 
orig^”), and a one particular length (the radius of the ‘‘ reflect- 
ing sphere”). In OP take a point P', corresponding to P, and 
for any mass m, in any infinitely small part of the given dis- 
tribution, place a mass m' ; fulfilling the conditions 


^ ^ OP^"^ a 

Then if L, A, V, p(L), p{A), p(V) denote an infinitely small 
length, area, volume, linear -deu 3 ity, surface-density, volume- 
density in the given distribution, infinitely near to P, or 
anywhere at the same distance, r, from 0 as P, and if the 
corresponding elements in the transformed diagram or dis- 
tribution be denoted in the same way with the addition of 
accents, we have 


2b 
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F. 


a 


a* 


*.'3 


p\L)^^p{L)^^p{L ) ; p\A)^^o{A)^'-p{A ) ; 


a 


a* 


The usefulness of this transformation in the theory of electricity, 
and of attraction in general, depends entirely on the following 
theorem : — 

Application 516 . (Theorera ) — Let <f> denote the potential at P due to 
potential, the given distribution, and <f/ the potential at P' due to the 
transformed distribution : then shall 


<#>'=-<#> = 7 </>. 


Let a mass m collected at 

bution, and let m' at V be 

♦ 

the corresponding part in 
the transformed distribu- 
tion. We have 

a^^Or,OI^OP\OP, 
and therefore 

OI:OP::OP':Or, 


I be any part of the given distri- 

P 



which shows that the triangles JPO, P'i'O are similar, so that 

IP : P’r :: ^WJOP : 40P\Or :: OI.OP : a\ 

We have besides 

m : m :: 01 : a, 

and therefore 

m m 


IP ’ I F 


:: OP \ a. 


Hence each term of ^ bears to the corresponding term of <f/ 
the same ratio ; and therefore the sum, must be to the sum, 
in that ratio, as yras to be proved. 

Any distil- 517 . As an example, let the given distribution be con- 

bution on a x o 

•sghericai fined to a spherical surface, and let 0 be its centre and a its 
own radius. The transformed distribution is the same. But 
the space within it becomes transformed into the space without 
it. Hence if be the potential due to any spherical shell at 
a point P, within it, the potential due to the same shell at the 
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point P' in OP produced till 0P^= is e(jual to ' q^ 4^ 

sEell. 

(which is an elementary proposition in the spherical harmonic 
treatment of potentials, as we shall see presently). Thus, for 


instance, let the distribution be uniform. Then, as we know 


there is no force on an interior point, <f> must be constant ; and 
therefore the potential at P', any external point, is inversely 
proportional to its distance from the centre. 

Or let the given distribution be a uniform shell, and let 0 
be any eccentric or any external point. The transformed dis- tricoiiy re- 
tribution becomes (§§ 513, 514) a spherical shell, Sfy with *^*^*^^ 
density varying inversely as the cube of the distance from 0. 

If 0 is within S, it is also enclosed by S', and the whole space 
within S transforms into the whole space without S'. Hence 
(§ 516) the potential of S' at any point without it is inversely 
as the distance from 0, and is therefore that of a c^^tain quantity 
of matter collected at 0. Or if 0 is external to S, and con- 
sequently also external to S', the space within S transforms 
into the space within S'. Hence the potential of S' at any 
point within it is the same as that of a certain quantity of 
matter collected at 0, which is now a point external to it. 

Thus, without taking advantage of the general theorems 
(§§ 499, 506), we fall back on the same results as we inferred 
from them in § 510, and as we proved synthetically earlier 
(§§ ^71, 474, 475). It may be remarked that those synthetical 
demonstrations consist merely of transformations of Newton’s 
demonstration, that attractions balance on a point within a 
uniform shell. Thus the first of them (§ 471) is the image of 
Newton’s in a concentric spherical surface ; and the second is 
its image in a spherical surface having its centre external to 
the shell, or internal but eccentric, according as the first or the 
second diagram is used. 

518 . We shall give just one other application of the theorem 
of § 516 at present, but much use of it will be made later, in eccentrically 
the theory of Electricity. 

Let the given distribution of matter be a uniform solid 
sphere, B, and let 0 be external to it. The transformed system 
will be a solid sphere, B', with density var 3 dng inversely as 
the fifth power of the distance from 0, a point external to it. 
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uniforn^^^^ The potential of 8 is the same throughout external space as 
eccentrically that due to its mass, m, collected at its centre, O, Hence the 
potential of S' through space external to it is the same as that 
of tlfe corresponding quantity of matter collected at G', the 
transformed position of (7. This quantity is of course equal 
to the mass of B', And it is easily proved that O' is the posi- 
tion of the image of O^in the spherical surface of J5'. We 
conclude that a solid sphere with density varying inversely 
as the fifth power of the distance from an external point, 0, 
attracts any external point as if its mass were condensed at 
the image of 0 in its external surface. It is easy to verify 
this for points of the axis by direct integration, and thence the 
general conclusion follows according to § 490. 

519 . The determination of the attraction of an ellipsoid, or 
of an ellipsoidal shell, is a problem of great interest, and its 
results will be of great use to us afterwards, especially in 
Magnetism. ^*We have left it till now, in order that we may 
be prepared to apply the properties of the potential, as they 
afford an extremely elegant method of treatment. A few de- 
finitions and lemmas are necessary. 

Corresponding points on two confocal ellipsoids are such as 
coincide when either ellipsoid by a pure strain is deformed so 
as to coincide with the other. 

And it is easily shown, as below, that if any two points, 
P, Q, be assumed on one shell, and their corresponding points, 
p, q, on the other, we have Pq = Qp, 


Attraction of 
an ellipsoid. 


Correspond- 
ing points 
on confocal 
ellipsoids. 


If 


a »" 


a 


and 




y 


z 






( 1 ) 

(2) 


be any two confocal ellipsoids ; and P [f, rj^ f], a point on (1), p 

^ a b c ^ 

is evidently a point on (2), and is the corresponding point to P. 
Let Q be [(', y', f']. Then 

== (I- )«+(,,- +( f- 

a 0 c 

a 0 c 
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And ■ 

Cl 

a** b^ c* ^ 

= 0 . 

The species of shell which it is most convenient to employ Ellipsoidal 
in the subdivision of a homogeneous ellipsoid is bounded by 
similar, similarly situated, and concentric ellipsoidal surfaces ; 
and it is evident from the properties of pure strain (§ 182) 
that such a shell may be produced from a spherical shell of 
uniform thickness by simple extensions and compressions iu 
three rectangular directions. Unless the contrary be specified, 
the word “ shell ” will always signify an infinitely thin shell of 
this kind. 

520. Since, by § 462, a homogeneous spherical shell exerts exerts no 
no attraction on an internal point, a homogeneous shell (which upon an 

iXltiSTTl a1 

need not be infinitely thin) bounded by similar, mid similarly particle, 
situated and concentric ellipsoids, exerts no attraction on an 
internal point. 

For suppose the spherical shell of § 462, by simple ex 
tensions and compressions in three rectangular directions, to 
be transformed into an ellipsoidal shell. In this distorted form 
the masses of all parts are reduced or increased in the propor- 
tion of the mass of the ellipsoid to that of the sphere. Also 
the ratio of the lines IIP, PK is unaltered, § 158. Hence the 
elements IH, KL still attract P equally, and the proposition 
follows as in § 462. 

Hence inside the shell the potential is constant. 

521. Two confocal shells (§ 519) being given, the potential 

of the first at any point, P, of the surface of the second, is o^'twogheiia. 
to that of the second at the corresponding point, jp, on the 
surface of the first, as the mass of the first is to the mass of 
the second. This beautiful proposition is due to Chasles. 

To any element of the mass of the outer shell at Q corre- 
sponds an element of mass of the inner at and these bear 
the same ratio to the whole masses of their respective shells, 
that the corresponding element of the spherical shell from 
which either may be derived bears to its whole mass. Whence, 
since Pg=^ Qp, the proposition is true for the corresponding 
elements at Q and q, and therefore for the entire shells. 


Correspond- 
ing points 
on confocal 
eUipsoid.s. 
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Also, as the potqjitial of a shell on an internal point is con- 
stant, and as one of two confocal ellipsoids is wholly within 
the other : it follows that the external equipotential surfaces 
for smj such shell are confocal ellipsoids, and therefore that 
the attraction of the shell on an external point is normal to a 
confocal ellipsoid passing through the point. 

522 . Now it has been shown (§ 478) that the attraction 
of a shell on an external point near its surface exceeds that on 
an internal point infinitely near it by 4r7rp where p is the 
surface-density of the shell at that point. Hence, as, § 520, 
there is no attraction on an internal point, the attraction of a 
shell on a point at its exterior surface is 47rp : or iirpt if p be 
now put for the volume -density, and t for the (infinitely small) 
thickness of the shell, § 491 (/). From this we obtain im- 
mediately the determination of the whole attraction of a homo- 
geneous ellipsoid on an external particle. 


Let aoj bo, Cq be the axes of the attracting ellipsoid, and let 
b=bo0, c=CoO, be the axes of any similar, similarly 
situated, and concentric surface drawn within it ; 6 being thus a 
proper fraction. If we consider a shell bounded by surfaces 
cor^sponding to and B^dd, respectively, its attraction on 
the external point P {^, Vj Oy is to that of a shell whose surfaces 
are confocal with these, and whose outer surface passes through 
P, as the mass of the first shell to that of the second. If .4, B, 
C be the axes of this outer surface, we have 

B^=::b^ + h^bo^e^ + e^cly^ V (1), 

where is a new variable, connected with B by the equation 




(2), 

or 

-4- ^ 

(3). 


Now it is evident that, if A--dA, C-^dC, be the axes of 

the inner surface of the new shell, 

A B C a h c B ^ 
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and that, if a be the perpendicular from the centre on the tangent 
plane at P, and t the thickness of the shell at that point, 

/ dA dS 
IS A 6 

Also, by geometry, 

A*^ C* ' ^ 

and the direction- cosines of ts are 

ts( 

A* ' P* ’ (7* * 

Hence the attraction, parallel to axis of x, of shell [$, 6 — dO] is 

. aoboCoO^ dO tsfi - jiss^O^dO 

” e ar=4’r/.ao6oC,f^f^ • 

For the whole attraction in this direction we have only to inte- 
grate this expression, as a function of 0, from 0=0 to 0=1. 

The integration is easier if we make <f> the variable. Thus, 
differentiating (3), we have 

— L , 

and therefore the whole attraction is 

— 4w’pao5o<?of 


= -— 27rpao^o^o^ 


i a/ 


A^BC 

dm 


* + <#>*) (V + </»*)(Co*+</>*) 

The limits are given at once by (3), if we remember that 0 
ranges from 0 to 1 ; and are evidently oo, and the positive root of 


+ 




rV-n;=l. 


(5) 


Call this root a®, then the x component of the attraction is 

J « V («o* + ) (6o» + <#>* ) (Co* + <#>* ) 

where M is the mass of the ellipsoid. 

It is worthy of remark that the three components depend upon 
the one elliptic integral 

dm 


■=r 

y a» 


with similar expressions for Y and Z as partial differential coeffi- 
cients with respect to and Co* respectively, a being treated as 


Attraction 
of homo* 
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Maclaurin*s 

theorem. 


a constant. When the attracted point lies on the surface of the 
ellipsoid, the only requisite change is to put a=0. 

If we put Co=5o the ellipsoid becomes a spheroid of revolu- 
tion : and for its attraction parallel to the axis we have 

dm 


mj 


where a* is 4he positive root of the equation 

This integral is, of course, easily expressed in finite terms. 
But, as we shall see presently, it is sufficient to find its value for 
a point on the surface ; for which we have 


roo 


dm 


(ao=+^nH*o’‘+^’‘) 

To work this out in real finite terms for an oblate spheroid, let 
and the definite integral above becomes 


(6). 


rco 
} Q 




rco 

J a©' 


d(o)^) 


0 + </»*) y a©* ^*(^0*6* H- CO*) 

.—1 


Now 


ao 


f TTp^o ® 1 — <?* . 


■taiF* — ). 
a© 


Hence we easily obtain 


sin V) 


( 7 ). 


For one of the components perpendicular to the axis we have 

dm 


§Mr,f 


which, when the point is on the surface, becomes 



^ Vo (V+^‘)V«o’+^‘ 

The definite integral is easily reduced to 

1 ^ 0 ^ <35o^\ 

A 8^8 « A /* 


(»)■ 


f 


dz 


a,(bo*e^+z^y Ve 
Hence we have 


ao 


Jr=27rp7j( ^^ - - sin 'e- 


e^ 


) 


( 9 ). 


523 . From what we have already given of the analysis of 
this question, it is easy to deduce the following splendid 
theorem, due to Maclaurin : — 

The attractions exerted hy two homogeneous and confocal ellvp- 
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souls on the same point external to each, or external to one and Maciaurin’n 

, theorem. 

on the mrface of the other, are in the same direction and pro- 
portional to their masses. 

The X component is, as above, 

, , f “ din 

^ 7 «V(««*+<^*)*(6o‘+<^*) (c.*+fv 

with a* the positive root of 

-J’ - 4--^!- 4- -f*- =1 

ao*+</>* *«’+<#>• ■ 

For a confocal ellipsoid the axes are 

Oj* =tlo*-|- A, = Cl* =Co* 

And the x component is 

din_ _ 

^ 'V a.y (a, •+ <#.*)•(*,»+<#.«') (c^o+n 

where a,* is the positive root of 

e , , c 

If we putk-i-(/>^ for in the first integral and in the equation 
for its limit, we reproduce the second and its limiting equation. 

Hence the integrals are equal, and corresponding components of 
the attraction are as Af to Mi. 

524. In a similar way we may at once prove Ivory's 
theorem — 

Zet corresponding points P,p, he taken on the surfaces of two 
homogeneous confocal ellipsoids, E, e. The x component of the 
attraction of E on p, is to that of e on P as the area of the section 
of E hy the plane of yz is to that of the coplanar section of e. 


The X component of M on r;, is already given [§ 522 (5)]. 


That of J/. on K, is 

a, Oi Cl 


^ r. 

a>\ J tti* 


di4>") 


) (ci’+n 

with the condition that o,* is the positive’ root of 


: + 




c 


or 




-h 


ao*+h+<f>>'^h‘+h+<l>*7^ Co^+h+n 
Now the integrals are evidently equal — and the whole expres- 
sions are as M to Mi ~ ; t.e., as bgCo to ^,c,. 

«i 




r =1 
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Ivory's Poisson sliowcd that this theorem is true for any law of 

tn6or6in. i i t t 

force whatever. This is easily proved by employing in the 
general expressions for the components of the attraction of any 
body, after one integration, the properties of corresponding 
points upon confocal ellipsoids (§ 519). 
oj^at- 525. An ingenious application of Ivory’s theorem, by 
when a uni- Duhamel, must not be omitted here. Concentric spheres are 

form spheri- ^ ^ ^ 

cal shell a particular case of confocal ellipsoids, and therefore the at- 

exerts no ^ 

fnte?uai” traction of any sphere on a point on the surface of an internal 

point. concentric sphere, is to that of the latter upon a point in the 

surface of the former as the squares of the radii of the spheres. 
Now if the law of attraction he mch that a homogeneous spherical 
shell of uniform thickness exerts no attraction on an internal pointy 
the action of the larger sphere on the internal point is reduci- 
ble to that oi the smaller. Hence the law is that of the inverse 


square of the distanccy as is easily seen by making the smaller 
sphere less and less till it becomes a mere particle. This 
theorem is due originally to Cavendish, 
cen^r^of 526. {Definition.) If the action of terrestrial or other gravity 
on a rigid body is reducible to a single force in a line passing . 
always through one point fixed relatively to the body, whatever 
be its position relatively to the earth or other attracting mass, 
that point is called its centre of gravity ^ and the body is called 


Centrobarlc 

bodies, 

proved 

E ossible 
y Green. 


Properties of 

cen^barit^ 

bodiei^ 


a centrdbaric body. 

527. One of the most startling results of Green’s wonderful 
theory of the potential is its establishment of the existence of 
centrobaric bodies ; and the discovery of their properties is 
not the least curious and interesting among its very various 
applications. 

528. If a body {B) is centrobaric relatively to any one 
attracting mass (A), it is centrobaric relatively to every other : 
and it attracts all matter external to itself as if its own mass 


were collected in its centre of gravity.^ 

Let 0 be any point so distant from B that a spherical surface 
described from it as centre, and not containing any part of j5, 
is large enough entirely to jontain A. Let A be placed within 
any such spherical surface and made to rotate about any axis, 
OK, through 0. It will always attract J? in a line through O, 
the centre of gravity of B. Hence if every particle of its mass 


1 TboTusou, Pror. R.S.E., Feb. 1864. 
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be uniformly distributed over the circumference of the circle Properties or 
that it describes in this rotation, the mass, thus obtained, will bodies, 
also attract £ in a line through (?. And this will be the case 
however this mass is rotated round 0 ; since before obtaining 
it we might have rotated A and OK in any way round 0, hold- 
ing them fixed relatively to one another. We have therefore 
found a body, A\ symmetrical about an axis, OK, relatively 
to which B is necessarily centrobaric. Now, 0 being kept 
fixed, let OK, carrying A' with it, be put successively into an 
infinite number, n, of positions uniformly distributed round 0 ; 
that is to say, so that there are equal numbers of positions of 

OK^ in all equal solid angles round 0 : and let ~ part of the 

mass of A' be left in each of the positions into* which it was 
thus necessarily carried. B will experience from A all this 
distribution of matter, still a resultant force through Q. But 
this distribution, being symmetrical all round 0, consists of 
uniform concentric shells, and (§'471) the mass of each of these 
shells might be collected at 0 without changing its attraction 
on any particle of B, and therefore without changing its re- 
sultant attraction on B. Hence B is centrobaric relatively to 
a mass collected at 0 ; this being any point whatever not 
nearer than within a certain limiting distance from B (accord- 
ing to the condition stated above). That is to say, any point 
placed beyond this distance is attracted by B in a line through 
0 ; and hence, beyond this distance, the equipotential surfaces , 
of B are spherical with 0 for common centre. B therefore 
attracts points beyond this distance as if its mass were collected 
at 0 : and it follows (§ 497) that it does so also through the 
whole space external to itself. Hence it attracts any group 
of points, or any mass whatever, external to it, as if its own 
mass were collected at 0, 

529 . Hence §§ 497, 492 show that — 

(a) The centre of gravity of a centrobaric body necessarily lies 
in its interim ; or in other words, can only be reached from 
external sfpace by a path cutting through some of its mass. And 

(5) No centrobaric body can consist of parts isolated from one 
another, each in space external to all : in other words, the outer 
boundary of every centrobaric body is a single closed surface. 
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f Tlius we see, by (a), that no symmetrical ring, or hollow 
cylinder with open ends, can have a centre of gravity ; for its 
centre of gravity, if it jiad one, would be in its axis, and there- 
fore external to its mass. 

530. If any mass whatever y Jf, and any single surfacSy 8, 
completely enclosing it he given, a distribution of any given 
amount, M', of matter on this surface may he found which shall 
make the whole centrobaric with its centre of gravity in any 
given position (O) within that surface. 

The condition here to be fulfilled is to distribute M' over 8, 
so as by it to produce the potential 

M+M' 

EQ 

any point, E, oi 8 \ V denoting the potential of M at this 
point. The possibility and ^gleness of the solution of this 
problem were proved above (§ 499). It is to be remarked, 
however, that if M' be not given in sufficient amount, an extra 
quantity must be taken, but neutralized by an equal quantity 
of negative matter, to constitute the required distribution on 8. 

The case in which there is no given body M to begin with 
is important ; and yields the following : — 

531. A given quantity of matter may he distributed in one 
way, hut in only one way, over any given closed surface, so as to 
constitute a centrobaric body with its centre of gravity at any 
given point within it. 

Thus we have already seen that the condition is fulfilled by 
making the density inversely as the distance from the given 
point, if the surface be spherical. From what was proved in 
§§ 501, 506 above, it appears also that a centrobaric shell may 
be made of either half of the lemniscate in the diagram of 
§ 508, or of any of the ovals within it, by distributing matter 
with density proportional to the resultant force of m at / and 
m' at and that the one of these points which is within 
it is its centre of gravity. And generally, by drawing the 
equipotential surfaces relatively to a mass m collected at a 
point I, and any other distribution of matter whatever not 
surrounding this point; and by taking one of these surfaces 
which encloses I but no other part of the mass, we learn, by 
. Green’s general theorem, and the special proposition of § 506, 
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how to distribute matter over it so as to majce it a centrobaric Properties of 
shell with I for centre of gravity. bSiies!^^ 

532. Under hydrokinetics the same p;roblem will be solved 
for a cube, or a rectangular parallelepiped in general, in terms 
of converging series ; and under electricity (in a subsequent 
volume) it will be solved in finite algebraic terms for the 
surface of a lense bounded by two spherical surfaces cutting 
one another at any sub-multiple of two right angles, and for 
eithw part obtained by dividing this surface in two by a third 
spherical surface cutting each of its sides at right angles. 

533. Matter may he distributed in an infinite number 
ways throughout a given closed spacey to constitute a centrobaric 


body with its centre of gravity at any given point within it 
For by an infinite number of surfaces, each enclosing the 
given point, the whole space bet#feen this point and the given 
closed surface may be divided into infinitely thin shells ; and 
matter may be distributed on each of these so as to make it 
centrobaric with its centre of gravity at the given point. Both 
the forms of these shells and the quantities of matter distributed 
on them, may be arbitrarily varied in an infinite variety of 


ways. 

Thus, for example, if the given closed surface be the pointed 
oval constituted by either half of the lemniscate of the diagram 
of § 508, ^d if the given point be the point I within it, a 
centrobaric solid may be built up of the interior ovals with 
matter distributed over them to make them centrobaric shells 


as above (§ 531). From what was proved in § 518, we see 
that a solid sphere, with its density varying inversely as the 
fifth power of the distance from an external point, is centro- 
baric, and that its centre of gravity is the image (§ 512) of 
this point relatively to its surface. 

534. The centre of gravity of a centrobaric body composed The centre 
of true gravitating matter is its centre of inertia. For a centro- ar ft 

is t/ll0 CO11^T*0 

baric body, if attracted only by another infinitely distant body, of inertia, 
or by matter so distributed round itself as to produce (§ 499) 
uniform force in parallel lines throughout the sj)ace occupied 
by it, experiences (§ 528) a resultant forcq always through its 
centre of gravity. But in this case this force is the resultant 
of parallel forces on all the particles of the body, which (see 
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Prc^er^^ of Matter, below) are rigorously proportional to 
bodies. their masses : and in § 561 it is proved that the resultant of 
such a system of parallel forces passes through the point defined 
in § 230, as the centre of inertia. 

A body is 535 . The moments of inertia of a centrobaiio. body are 
abSS ite equal round all axes through its centre of inertia. In other 
words (§ 285), all these axes are principal axes, and the body 
is kinetically symmetrical round its centre of inertia. 

Let it be placed with its centre of inertia at a point 0 (origin 
of co-ordinates), within a closed surface having matter so dis- 
tributed over it (§ 499) as to have xyz (which satisfies V\xyz)^0) 
for potential at any point (x, y, z) within it. The resultant action 
on the body is (§ 528) the same as if it were collected at 0 ; that 
is to say, zero : or, in other words, the forces on its different parts 
must balance. Hence (§ 551, i., below) if p be the density of the 
body at (a?, y, z) 

JXfyz.pdxdydz^O, jffzx.pdxdydz=:0, Jffxy.pdxdydz^^O. 
Hence OX, 0 ¥, OZ are principal axes ; and this, however the 
body is turned, only provided its centre of gravity is kept at O. 

To prove tliis otherwise, let V denote the potential of the 
given body at (x, y, z ) ; u any function of x, y, z\ and w the 
triple integral 

dV , du dV , du dV^ . - ^ 

extended through the interior of a spherical surface, %, enclosing 
all of the given body, and having for centre its centre of gravity. 
Then, as in Chap. i. App. A, we have 

« = ff^u Vda’--f(fW^udxdydz 
^Xf^Vudcr—f/fuV^ Vdxdydz, 

But if m be the whole mass of the given body, and a the radius 
of S, we have, over the whole surface of S, 

and ^F= 


F= 


m 


a 


m 


a 


Also [§ 491 (c)] V* F=r-47rp, 

vanishing of course for all points* not belonging to the mass of 
the given body. Hence from the preceding we have 


^irf/fupdxdydz = ^J/{d^u-\-u)da‘--‘f(fV V^udxdydz 
• a* 

Let now u be any function fulfilling through the whole 

space within so that, by § 492, we have and by 
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§ 496, ^ud<r=4ira*t(o, if Uo denote the valtie of u at the. centre proptrtinof 
^ta ff/vpdxdydz=mu^. oenUbario 


analysis. 


of^. Hence jjjufJuuiu^uii^rnuQ, bodies. 

Let, for instance, We have and therefore 

///yzpdxdydz^O, 

as we found aboveT Or let w=(a7*+^*)— (a;*+ 2 :*), which gives 
and consequently proves that 
//J{x^+zr)pdxdydz—///{x*+y^)^ 
or the moment of inertia round 0 F is equal to that round OX^ 
verifying the conclusion inferred from the other result. 

536 . The spherical harmonic analysis, which forms the sub- origin of 
ject of an Appendix to Chapter i., had its origin in the theory hannonic 
of attraction, treated with a view especially to the figure of the 
earth ; having been first invented for the sake of expressing 
in converging series the attraction of a body of nearly spherical 
figure. It is also perfectly appropriate for expressing the 
potential, or the attraction, of an infinitely thin spherical shell, 
with matter distributed over it according, to any arbitrary 
law. This we shall take first, being the simpler application. 

Let 37, yy z be the co-ordinates of P, the point in question, 
reckoned from 0 the centre, as origin of co-ordinates : p and p 
the values of the density of the spherical surface at points E and 
E'y of which the former is the point in which it is cut by OP, or 
this line produced : do-' an element of the surface at P', a its 
radius. Then, V being the potential at P, we have 

Hm 


(!)• 


But, by B (48) 

{l-|-2 Oi(— ) } when P is internal, 
E F a ^ \ a' ^ 


and 


00 


a 


( 2 ) 








external. 


where Oi is the biaxal surface harmonic of (P, P'). Hence, if 

(3) 

be the harmonic expansion for p, we have, according to B (62), 


and 


P^=47ra {2 } when P is internal. 


4Tra* 


Si 


— r 


( 4 ). 






external. 


If, for instance, p=^Si, we have 

4?rr* Si . . , 

inside, 
2e+l ’ 


K= 


a 


t— 1 
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and . outside. 

ri+i 2i+l 

Thus we conclude that 


537 . A spherical harmonic distribut^n of density on a 
spherical surface produces a similar and similarly placed 
spherical harmonic distribution of potential over every con- 
centric spherical surface through space, external and internal ; 
and so also consequently of radial component force. But the 
amount of the latter differs, of course (§ 478), by Airp, for points 
infinitely near one another outside and inside the surface, if p 
denote the density of the distribution on the surface between 
them. 


If R denote the radial component of the force, we have 

dV 47rr*“' iSi . 1 _ 

R inside, 

.and outside. 

Hence, if r=a, we have 

R (outside)— .R (inside) =47r^i=47rp. 


(5). 


538 . The potential is of course a solid haimonic through 
space, both internal and external ; and is of positive degree in 
the internal, and of negative in the external space. The ex- 
pression for the radial component of the force, in each division 
of space, is reduced to the same form by multiplying it by the 
distance from the centre. 

539 . The harmonic development gives an expression in 
converging series, for the potential of any distribution of matter 
through space, which is useful in some applications. 


Let X, y, z be the co-ordinates of P, the attracted point, and 
x\ y\ z' those of P' any point of the given mass. Then, if p 
be the density of the matter at P', and V the potential at P, we 
have 




pdxdy'dz 


y+{y—y 



The most convenient view we can take as to the space through 
which the integration is to be extended is to regard it as infinite 
in all directions, and to suppose p' to be a discontinuous function 
of a?', y\ z\ vanishing through all space unoccupied by«nattcr. 

Now by B (w) we have 
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00 


r 


and 


1 <» *» 

=vi^+^K'>^ 


Application 
of spherical 
/►.V hannouic 
analysis. 


» 


Substituting this in (6) we have 


v=(Mrf^^^+j[j!r/ydx'd/dz' 





where (jf)!/') denotes integration through all the space external to 
the spherical surface of radius r, and \Jff^ integration through 
the interior space. 

This formula is useful for expressing the attraction of a mass rotcntiai of 
of any figure on a distant point in a single converging scries, 

Thus when OP is greater than the greatest distance of any part 
of the body from 0, the first series disappears, and the expression 
becomes a single converging series, in ascending powers of 
1 


v= -{fjfp’dx'dy'dz' + ^^ffa(r’'p'dx'dy'dz ' } 


(9). 


If we use the notation of B (m) (53), this becomes 


00 


V=j{Jffpdx'dy'dz-\-2r->Wm^, h z),{x',y;z')-\dx'dy'dz' } (10) 
and we have, by B (i?') and (w;), 

rrr, x/ / , AT 1 .3.5...(2i- -1), •^({—1) )(i_2){i— 3) 

y, «), (« > y » » )]=— 7TF~;* - Lc08'^-2 (1 1 ) 


1.2.3.. .i 

where cos^= — — • 

From this we find 


rr 


ff,z:zxx'+yy'+zz' ; ; 

and so on. 

Let now M denote the mass of the body ; and let 0 be taken 
at its centre of gravity. We shall have 

fffp'dx'dy'dz:=M\ and fff p Hidx'dydz z=z(). 

Further, let OX, OF, OZbe taken as principal axes (§§ 281, 282), 
so that fff pyzdx'dy'dz'=^^^ etc., 

and let J5, C be the moments of inertia round these axes. 
This will give 

2C 
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Potential of Hence neglecting terms of the third and higher orders of small 
a distant ° 

quantities (powers of y), we have the following approximate 


expression for the potential : — 

K= -+—{(/?+ C'-2.4)a;H (a+^- 25)/ +M +y?-2C>* } (12) . 
r 2r^ 

As one example of the usefulness of this result, we may mention 
the investigation of the disturbance in the moon’s motion pro- 
duced by the non-sphericity of the earth, and of the reaction of 
the same disturbing force on the earth, causing lunar nutation and 
frecessiony which will be explained later. 

Differentiating, and retaining only terms of the first and second 
degrees of approximation, we have for the components of the 
mutual force between the body and a unit particle at (a?, <?), 

+ f p[(5+ 0-2A)a»-\-(0+A-2B)yH (A+B-2 C)z>] 
F=etc., Z=etc. 

whence 



z,-r>a?-4K 


Comparing these with Chap, ix., below, we conclude that 
Attraction of 540 . The attraction of a distant particle, P, on a rigid body 
I if transferred (according to Poinsot's method explained below, 

§ 555) to the centre of inertia, /, of the latter, gives a couple 
approximately equal and opposite to that which constitutes the 
resultant effect of centrifugal force, if the body rotates with a 
certain angular velocity about IP, wThe square of this angular 
velocity is inversely as the cube of the distance of P, irre- 
spectively of its direction ; being numerically equal to three 
times the reciprocal of the cube of this distance, if the unit 
of mass is such as to exercise the proper kinetic unit (§ 225) 
force on another equal mass at unit distance. The general 
tendency of the gravitation couple is to bring the principal axis 
of least moment of inertia into line with the attracting point. 
The expressions for its components round the principal axes will 
be used later (Chap, ix) for the investigation of the phenomena 
of precession and nutation produced, in virtue of the earth’s 
non-sphericity, by the attractions of the sun and moon ; and 
(Chap. IX.) to estimate the retardation produced by tidal friction 
against the earth’s rotation, according to the principle explained 
above (§ 276). 
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541. It appears from what we have seen tliat the amount a petiole” n 
of the gravitation couple is inversely as the cube of the distance 
between the centre of inertia and the external attracting point ; 

and therefore that the shortest distance of the line of the re- 
sultant force from the centre of ineiiiia varies inversely as the 
distance of the attracting point. We thus see how to a first {ho approxf- 
approximation every rigid body is centrobaric relatively to a irthe ooin-^ 
distant attracting point. . TtiicSv 

542. The real meaning and value of the spherical harmonic 
method for a solid mass will be best understood by consider- 
ing the following application : — 

Let P^L^\r)Si (15) 

where F{r) denotes any function of r, and S-i a surface spherical 
harmonic function of order with coefficients independent of r. 
Substituting accordingly for p in (8), and attending to B. (52) 
and (16), we find 

I r'i^^F{F)dr' ] (16). 

^2 + 1 Jr Jo 

543. As an example, let it be required to find the potential mSld 

of a solid sphere of radius a, having matter distributed through ron\?dhs 
it according to a solid harmonic function, V.i. 

That is to say, let 

p= Vi=^r^Sij when 


tribution of 
density. 


p =0 ,, r a. 


and 

Hence in the preceding formula i^^(r)=r' from r=0 to r=(f, 
and i^(r)=0, when r > a ; and it becomes 


F=47rF4 
and = 


a" 




2(2/+ 1) 2(2/+3) 

Itt Y 


r } when P is internal, 

.• I « \ i ^ 

,, ,, external. 


(17). 


(2/+1)(2/+3) 

This result may also be obtained by the aid of the algebraical 
formula B (12) thus, on the same principle as the potential of a 
uniform spherical shell was found in § 491 (d). 

We have by § 491 (c) 

V® F= — 47rFt, when r c a, ) 
and =0 „ r^a, j 

But by taking m=2 in B (12) we have . 

V-*(r^Fi)=2(2/+3)F,-, 
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and therefore the solution of the equation 

5?2F=:~4jrF^ 

' +17 


IS 


F= — 47r- 


2(2i + 3) 

where U is any function whatever satisfying the equation 

V®C7=0 


(19) 


through the whole interior of the sphere. By choosing U and the 
external values of F so as to make the values of F equal to one 
another for points infinitely near one another outside and inside 


dV 

the bounding surface, to fulfil the same condition for — , and 

dr 

to make F vanish when r and when r = 0, we find 

and obtain the expression of (17) for F external. For in the 


first place, F external and U must clearly be ? and B Vi, 

where A and B are constants : and the two conditions give the 
equations to determine them. 


Potential of 
any maaa, in 
harmonic 
series. 


Application 
to figure of 
the earth. 


544 . From App. B. (52) it follows immediately that any 
function of x, y, z whatever may be expressed, through the 
whole of space, in a series of surface harmonic functions, each 
having its coefficients functions of the distance (?’) from the 
origin. Henc‘e (16), with placed under the sign of integra- 
tion for /, gives the harmonic development of the potential 
of any mass whatever; being the result of the triple integra- 
tions indicated in (8) of § 539, when the mass is specified by 
means of a harmonic series expressing the density. 

545 . The most important application of the harmonic de- 
velopment for solid spheres hitherto made is for investigating, 
in the Theory of the Figure of the Earth, the attraction of a 
finite mass consisting of approximately spherical layers of 
matter equally dense through each, but varying in density 
from layer to layer. The result of the general analytical 
method explained above, when worked out in detail for this 
case, is to exhibit the potential as the sum of two parts, of 
which the first and chief is the potential due to a solid sx)here, 
A, and the second to a spherical shell, B. The sx)here. A, is 
obtained by reducing the given spheroid to a spherical figure 
by cutting away all the matter lying outside the proper mean 
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spherical surface, and filling the space vacant inside it where 
the original spheroid lies within it, without altering the density «ie earth, 
anywhere. The shell. By is a spherical surface loaded with 
equal quantities of positive and negative matter, so as to com- 
pensate for the transference of matter by which the given 
spheroid was changed into A. The analytical expression of 
all this may be written down immediately from the preceding 
formulae (§§ 536, 537) ; but we reserve it until, under hydiu- 
statics and hydrokinetics, we shall be occupied with the theory 
of the Figure of the Earth, and of the vibrations of liquid globes. 

546 . The analytical method of spherical harmonics is very 
valuable for several practical problems of electricity, magnetism, Case of the 
and electro -magnetism, in which distribtitions of force sym- symmetrical 

. , T . • 'll • T • 1 • / 1 about ail 

metrical round an axis occur : especially in this ; that it the axis, 
force (or potential) at every point through some finite length 
along the axis be given, it enables us immediately to deduce 
converging series for calculating the force for points through 
some finite space not in the axis. (See § 498.) 

O being any conveniently chosen point of reference, in the 
axis of symmetry, let us have, in series converging for a portion 
AD of the axis, 

^ + «2^®4'-|+etc. {a) 

where U is the potential at a point, in the axis, specified by 
OQzzzr. Then if Fbe the potential at any point P, specified by 
OF=r and QOP=6, and, as in App. B. (47), (2i, Qa, ... denote 
the axial surface harmonics of 0, of the successive integral orders, 
we must have, for all values of r for which the series converges, 

F=ao+“+ (^i^ + ^)Qi + (^2^*4'^)Q2+etc. (5) 

provided P can be reached from Q and all points of AB within 
some finite distance from it however small, without passing 
through any of the matter to which the force in question is due, 
or any space for which the series does not converge. For 
throughout this spade (§ 498) F— V' must vanish, if F' be the 
value of the sum of the series; since F— F' is [App. B. (^)] 
a potential function, and it vanishes for a finite portion of the 
axis containing Q, 

The series (b) is of course convergent for all values of r which 
make (a) convergent, since the ultimate ratio Qi+i-rQi for in- 
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finitely great values of is unity, as we see from any of the 
expressions for these functions in App. B. 

In general, that is to say unless O be a singular point, the 
series for consists, according to Maclaurin^s theorem, of ascend- 
ing integral powers of r only, provided r does not exceed a certain 
limit. In certain classes of cases there are singular points, such 
that if 0 be taken at one of them, U will be expressed in a series 
of powers of r with fractional indices, convergent and real at 
least for all finite positive values of r not exceeding a certain 
limit. The expression for the potential in the neighbourhood 
of 0 in any such case, in terms of solid spherical harmonics 
relatively to 0 as centre, will contain harmonics [App. B. (a)] 
of fractional degrees. 

Examples — (I.) The potential of a circular ring of radius a, 
and linear density p, at a point in the axis, distant by r from the 
centre, is 27rap 


1.3 


Hence f^=27rp(l— — — etc.) when r 


and 


Uz 


' 2.4 

27rap,. , 1.3 a* . v , 

; ^(^1 — 4 — etc.) when r 

r ' ^2.4 r* ' 


a. 


a. 


from which we have 


1 3 r* 

F=2n-p(l— (3,.-etc.) when /•< a, 

CL CL^ 1 3 CL^ 

and l^==27rp(— —J~(32+^^Q4--etc.) when r a. 

(II.) Multiplying the preceding unexpanded expression for I/, 
by da, and integrating with reference to a from a=0 as lower 
limit, and now calling U the potential of a circular disc of uniform 
surface density p, and radius a, at a point in its axis, we find 

Z7= 27rp { (a* -J- r ®)1^ •— r } , 

r being positive. 

Hence, expanding first in ascending, and secondly in descend- 
ing powers of r, for the cases of r < a and r > a, we find 

F=2jr/){— rQi+a+J^Q,— ^^(3.4- — etc. } when rc a, 

a i5.4 a 25.40 a® 


and F=27r/){J^-H^Q,+l^^G,_etc.} when r> a. 

It must be remarked that the first of these expressions is only 
continuous from ^=0 to and that from 6=\7r to ^=7r 

the first term of it must be made 

-t-2wprQi, instead of — 2irprQi. 
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•/> s^metrical 
about ail’ 

now calling U the potential of a disc of infinitely small thickness 
c with positive and negative matter of surface density on its 
two sides, we have - 


(III.) Again, taking of the expression for U in (II 


U=i2Tp{ 1 — T-irTTvi}) 

[obtainable also from § 479 (c), by integrating with reference to 
Xj putting r for Xj and p for pc]. Hence for this case 

F=2irp(l— ^^Qe+eto.) when r <=: a, 

and F=2irp(J^Q, — — ^Q,+etc.) when r a. 

2»4 

The first of these expressions also is discontinuous ; and when 0 
IS Jtt and ctt, its first term must be taken as — 27rp instead 
of 27rp. 


Potential iu 
the neigh- 
bourhood of 
a circular 
galvano- 
meter coil. 


547. If two systems, or distributions of matter, M and M\ EMiaustion 

. . J i ^ y of potential 

given in spaces each finite, but infinitely far asunder, be allowed e»ergy. 
to approach one another, a certain amount of work is obtained 
by mutual gravitation : and their mutual potential energy 
loses, or as we may say suffers exhamtion, to this amount ; 
which amount will (§ 486) be the same by whatever paths the 
changes of position are effected, provided the relative initial 
positions and the relative final positions of all the particles are 
given. Hence if w-j, mg, ... be particles of M ; m'^, m'g, . . . 
particles of M' ] v\, ... the potentials due to M' at the 

points occupied by m^, mg, . . . ; ^ 2 ^ • • • those due to M at 

the points occupied by m\y m'g, . . . ; and E the exhaustion of 
mutual potential ejiergy between the two systems in any actual 
configurations ; we have 


This may be otherwise written, if p denote a discontinuous 
function, expressing the density at any point, (a?, y, z) of the 
mass M, and vanishing at all points not occupied by matter of 
this distribution, and if p' be taken to specify similarly the other 
mass M' , Thus we have 

Ezsifffpv'dxdydz^fJfp'vdxdydZy 

the integrals being extended through all space. The equality of 
the second and third members here is verified by remarking that 
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V 



^pd^xd^yd^z 

D 


if D denote the distance between (a?, y, z) and /), the 

latter being any point of space, and ^p the value of p at it. A 
corresponding expression of course gives v ' : and thus we find one 
sextuple integral to express identically the second and third 
members, or the value of as follows : — 

J J j* j.Ppd^xdijd^zdxdydz 


548 . It is remarkable that it was on the consideration of 
an analytical formula which, when properly interpreted with 
reference to two masses, has precisely the same signification as 
the preceding expressions for E, that Green founded his whole 
structure of general theorems regarding attraction. 


In App. A. (a) let a be constant, and let C/, U' be the 
potentials at (a:, y^ z) of two finite masses, M, M'^ finitely distant 
from one another : so that if p and p denote the densities of M 
and M' respectively at the point {x, y^ z)y we have [§ 491 (c)] 

V®Z7=:-47rp, VW'=—47rp', 

It must be remembered that p vanishes at every point not form- 
ing part of the mass M : and so for p' and M', In the present 
merely abstract investigation the two masses may, in part or in 
whole, jointly occupy the same space : or they may be merely 
imagined subdivisions of the density of one real mass. Then, 
supposing S to be infinitely distant in all directions, and observ- 
ing that U^U' and U'^U are small quantities of the order of the 
inverse cube of the distance of any point of S from M and M\ 
whereas the whole area of S over which the surface integrals of 
App. A. (a) (1) are taken is infinitely great, only of the order of 
the square of the same distance, we have 

f/dSU'^U=^0y SindjfJdSU:^U'=0. 

Hence (a) (1) becomes 

-^-\dxdydz=i^fffpU'docdyda=Airfffi> Udxdydz ; 

showing that the first member divided by 4ir is equal to the ex- 
haustion of potential energy accompanying the approach of the 
two masses from an infinite mutual distance to the relative position 
which they actually occupy. 

Without supposing S infinite, we see that the second member 
of (a) (1), divided by 47r, is the direct expression for the ex- 
haustion of mutual energy between M' and a distribution con- 
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sisting of the part of M within S and a distribution over of 
density and the third member the corresponding ex- 


pression for M and derivations from M\ 


549 . If, instead of two distributions, M and M\ two par- 
ticles, mj, ^2 alone be given ; the exhaustion of mutual 
potential energy in allowing them to come together from in- 
finity, to any distance D (1, 2) asunder, is 


myin^ 

d\t; 2) ' 

If now a third particle m3 be allowed to come into their neigh- 
bourhood, there is a further exhaustion of potential energy 
amounting to 

^;2iW?3 W 2W8 

D(l,3)’^i;(2,3) 


By considering any number of particles coming thus necessarily 
into position in a group, we find for the whole exhaustion of 
potential energy 


^=22 


mm' 


where m, m' denote the masses of any two of the particles, D 
the distance between them, and SS the sum of the expressions 
for all the pairs, each pair taken only once. If v denote the 
potential at the point occupied by m, of all the other masses, 
the expression becomes a simple sum, with as many terms as 
there are masses, which we may write thus — 

E= J2wv ; 

the factor J being necessary, because takes each such term 


as 


D(^) 


twice over. 


If the particles form an ultimately con- 


tinuous mass, with density p at any point {x, y, z), we have only 
to write the sum as an integral ; and^hus we have 


E^\JJfpfcdxdydz 


as the exhaustion of potential energy of gravitation accompany- 
ing the condensation of a quantity of matter from a state of 
infinite diffusion (that is to say, a state in which the density 
is everywhere infinitely small) to its actual condition in any 
finite body. 


Exhaustion 
of potential 
energy, 


in allowing 
(condensa- 
tion of 
diihisod 
matter. 
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An important analytical transformation of this expression is 
suggested by the preceding interpretation of App. A. (a ) ; by 
which we find* 


or 


E 

E 




dv^ dv^ 
dx^ dy‘ 




dz' 


if R denote the resultant force at (a?, y, z)^ the integration being 
extended through all space. 

Detailed interpretations in connexion with the theory of energy, 
of the remainder of App. A., with a constant, and of its more 
general propositions and formulae not involving this restriction, 
especially of the minimum problems with which it deals, are of 
importance with reference to the dynamics of incompressible 
fluids, and to the physical theory of the propagation of electric 
and magnetic force through space occupied by homogeneous or 
heterogeneous matter; and we intend to return to it when we 
shall be specially occupied with these subjects. 


Gauss's 

method. 


650 . The manner in which Gauss independently proved 
Green’s theorems is more immediately and easily interpretahle 
in terms of energy, according to the commonly-accepted idea 
of forces acting simply between particles at a distance without 
any assistance or influence of interposed matter. Thus, to prove 
that a given quantity, Q, of matter is distributable in one and 
only one way over a given single finite surface S (whether a 
closed or an open shell), so as to produce equal potential over 
the whole of this surface, he shows (1.) that the integral 

'ppdcrdcr' 

PP' 

has a minimum value, subject to the condition 


////-' 


ffpd(r^Q^ 

where p is a function of the position of a point, P, on S, p' its 
value at J^, and da and (fer' elements of S at these points : and 
(2.) that this minimum is produced by only one determinate 
distribution of values of p. By what we have just seen (§ 549) 
the first of these integrals is double the potential energy of a 
distribution over 8 of an infinite number of infinitely small 
mutually repelling particles : and hence this minimum problem 


1 Nichol’s Cyclopcediaf 2d Ed. 1860. Magnetism, Dynamical Relations of. 
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is (§ 292) merely an analytical statement of the problem to 
find how these particles must be distributed to be in stable 
equilibrium. 

Similarly, Gauss's second minimum problem, of which the 
preceding is a particular case, and which is, to find p so as to 
niake 

a minimum, subject to 

ffpdiT^Q, 


where fl is any given arbitrary function of the position of P, 
and f fp'da-' 

PP' ’ 


is merely an analytical statement of the question, how must 
a given quantity of repelling particles confined to a surface S 
be distributed so as to make the whole potential energy due to 
their mutual forces, and to the forces exerted on them by a 
given fixed attracting or repelling body (of which 12 is the 
potential at P), be a minimum ; in other words (§ 292), to find 
how the moveable particles will place themselves, under this 
influence. 


Equilibrium 

of repelling 

pai'ticleR 

enclosed 

in a rigid 

smootli 

surface. 



CHAPTEE VII. 


STATICS OF SOLIDS AND FLUIDS. 

Rigid body, 551 . As already explained, § 454, the present application 
requires the third law of motion and its consequences. These 
are embodied, sufficiently for our present purpose, in the general 
statement of Lagrange, § 293, with its extension in § 452, to 
forces of friction. We commence with the case of a rigid body 
or system, by which we understand a group of material particles 
which are maintained by their mutual forces in definite posi- 
tions relatively to each other, though not with reference to 
external bodies. This is approximately true of all solid bodies, 
so long as the applied forces are not sufficiently powerful to 
overcome to a sensible extent the intense molecular reactions. 
We commence with a general investigation ; simpler methods 
for special cases will be introduced later, 
moved with- I. Supposc the body to be displaced by translation merely 
out rotation, direction whatever. Then if all the forces be resolved 

parallel to this line, each component will have wrought through 
the same space. But on account of the equilibrium, no work 
is done ; and therefore the sum of the components is zero. 

Thus, for equilibrium of a rigid body, it is necessary that the 
(algebraic) sum of the components of all the forces acting on 
the body, in any direction whatever, vanish 

It is sufficient, to insure this, that the sum vanish in each 
of any three assumed directions not in one plane ; for any 
translation may be resolved parallel to three such lines. In 
practice the three directions usually selected are at right angles 
to each other. 

II. Suppose the body to be displaced, by rotation merely, 
through an infinitely small angle about any axis. Then (§ 240) 


rotated. 



STATICS. 


413 


the whole work done by the forces is the product of the angle Rigid body, 
of rotation by the (algebraic) sum of the moments of the forces 
about the axis. This must vanish, on account of the equi- 
librium. 

Hence, for equilibrium of a rigid body, it is necessary that 
the sum of the moments of the forces about any axis whatever 
shall vanish. 

Since a rotation about any axis whatever is equivalent to 
translations parallel to, and rotations about, any three axes (not 
in one plane) passing through one point — it is sufficient, in 
addition to the above condition (I.) among the forces, that the 
sums of their moments about any three rectangular axes meet- 
ing in a point should vanish. 

III. When the forces are all in one plane, the above six Forces in 

T , . T Till • one plane. 

conditions are reduced to three, viz. : — 

The sums of the components in any two (rectangular) 
directions must separately vanish. 

The sum of the moments about any axis perpendicular to 
the plane of the forces must vanish. 

(a) If JT, F, Z be the rectangular components of the force Analytical 
which is applied at the point P, (a?, y, z) of the rigid body, and 

if the body bo displaced by a translation merely, whose com- 
ponents parallel to the axes are Cj we evidently have for 
the work done the expression 

^2(^)+r;2(r) + f2(Z). 

By Lagrange’s form of Newton’s principle, this must vanish if 
the body is in equilibrium under the action of the applied forces. 

Now f are independent, and may have any values whatever. 

Hence we must have 

2{jr)=o, 2(r)=o, 2(z)=o, 

which are, in fact, the same as the conditions already obtained 
(§ 465) for the equilibrium of a particle. 

(b) Next, suppose the body to be displaced by rotation about 
any axis. As the origin is any point whatever, we may assume 
the axis to pass through it. Let the rotation be equivalent to 
infinitely small simultaneous rotations w*, Wy, o}g about the axes 
of X, y, and z (§ 96). Then at once, by § 95, we sed that the 
displacement of P has for components parallel to the axes the 

quantities o>yZ--(Ogy, <*> 3 , 2 ;, Wa-y— WyX. 
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Hence the whole work done by the applied forces is 

2{ X((i}yZ’^ (o^y) 4- Y((OgX'-~(aa^) -f- — (OyX) } 

or Yz) + ( 0 y 2 (X^~ Za?) + a)^2( Yx-^Xy). 

Since this must vanish, and since a>^ are necessarily inde- 

pendent, we have the three additional conditions 

2(Z^-F0)=O, ^{Xz^Zx) = 0, 2(ra?-Jry)=0. 

(c) If there be not equilibrium, we evidently have as the re- 
sultant of the forces — 

I. Forces 2(F), 2(Z) applied at the origin (which may 

be any point whatever) in lines parallel to the axes. Let R be 
their resultant, and Z, m, n its direction-cosines. 

II. Moments, or Couples, 

2(Z^--F2), '2{Xz-Zx), l.{Yx--Xy) 
about the axes respectively. 

These may be represented by Q\ (r/*, Gv, where -f- = 1 . 

The physical meaning of this will appear presently. 

(d) When the forces are in one plane, that of xy for instance, 
we have only three conditions, viz., 

2(jr)=0, 2(F)=0, and 2(Fa;- Jry)=0. 

552. If any forces whatever act on a rigid body and do 7iot 
produce equilibrium, it is evident that their resultant (whatever 
it may be) 'must, if reversed, and applied simultaneously with 
them, produce equilibrium. This reversed resultant must there- 
fore, in general, satisfy six conditions. Hence it is only in 
special cases that a number of forces acting on a rigid body are 
equivalent to a single force, but in an infinite variety of ways 
they can generally be reduced to tivo forces, there being four 
conditions to spare. 

553. Before proceeding to apply the general conditions of 
equilibrium, just obtained, it will be useful to introduce the 
great simplification devised by Poinsot, which consists in the 
use of Gcni'ples, In § 234 we have already defined a couple, 
and shown that the sum of the moments of its forces is the same 
about all axes perpendicular to its plane. It may therefore 
be shifted to any new position in its own plane, or in any 
parallel plane, without alteration of its effect on the rigid body 
to which it is applied. Its arm may be turned through any 
angle in the plane of the forces, and the length of the arm and 
the magnitudes of the forces may be altered at pleasure, with- 
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out changing its statical eflect - provided tlie mmienf remain Oouiwos. 
unchanged. Hence, as in § 234, a couple is completely re- 
presented by its axis. According to the convention of § 234 
the axis of a couple which tends to produce rota- 
tion in the direction of the hands of a watch, 
must be drawn through the hack of the watch 
and vice versd. This may easily be remembered 
by the help of a simple diagmm such as we 
give, in which the arrow-heads indicate the direc- 
tions of rotation, and of the axis, respectively. 

554 * Couples are to be compounded or resolved by treat- Oomi^ositiou 
ing their axes by the law of the parallelogram, in a manner 
identical with that which we have seen must be em]:)loyed 
for linear and angular velocities, and forces. This follows 
immediately from § 551, ii. above; but may easily be proved 
by a synthetical process. For, to find the resolved part of 
a couple in any plane, B, inclmed to that. A, of the couple, 
bring, by § 553, the arm of me couple to coincide with the 
intersection of the planes. The forces are therefore in A, per- 
pendicular to this intersection, and their resolved parts in B 
are found by midtiplying by the cosine of the angle between 
the planes. The moment of the resolved parts in B, since the 
arm is unaltered, is therefore diminished in this proportion. 

But the angle between two planes is the angle between perpen- 
diculars to them, i.c., between the axes of the couple and its 
resolved part. And the length of the axis of the resolved part, 
being its moment, is to that of the original couple as the cosine 
of the inclination of the axes to unity. 

Hence a couple G, whose axis has direction-cosines A, v, is 
equivalent to the three couples (7A, Gv about the axes of 
a?, 3 /, z respectively. And so on, precisely as at the end of § 96. 

Whence we see the meaning of the symbols in § 651 (c) ii. 

555 . If a force, F, act at any point, A , of a body, it may Force re- 
be transferred to any other point, B, without alteration of its force and 
direction and magnitude, if we introduce a couple whose moment 
is equal to that of F, when applied at A, about the' point B. 

For, by the principle of superposition of forces, we may intro- 
duce at B, in the line through it parallel to the given force F, 
a pair of equal and opposite forces F and — F. at A, and 
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— at JS, form the couple just mentioned, and there remains 

F at B. 

From this we have, at once, the conditions of equilibrium 
of a rigid body already twice investigated, § 551. For, each 
force may be transferred to any assumed point as origin, if we 
introduce the corresponding couple. And thei forces, which now 
act at one point, must equilibrate according to the principles 
of Chap. VI. ; while the resultant couple, and therefore its com- 
ponents about any three lines at right angles to each other, 
must vanish. 

556. Hence forces represented, not merely in magnitude 
and direction, but in lines of action, by the sides of any closed 
polygon whether plane or gauche, taken in the same order, are 
equivalent to a single couple. For when transferred to any 
origin, they equilibrate, by the Polygon of Forces (§§ 27, 256), 
When the polygon is plane, twice its area is the moment of the 
couple; when gauche, the res^ved part of the couple about 
any axis is twice the area of t* projection on a plane perpen- 
dicular to that axis. The complete couple in tliis case has its 
axis perpendicular to the plane (§ 236) on which the projected 
area is a maximum. 

557. Lines, perpendicular to the sides of a triangle, and 
passing through their middle points, meet ; and their inclina- 
tions are the same as those of the corresponding sides of the 
triangle, if we take these sides all round in the same ordei\ 
Hence, if at the middle points of the sides of a triangle, and 
in its plane, forces be applied tending inwards; and if their 
magnitudes be proportional to the sides of the triangle, tliey 
produce equilibrium. The same is true of any plane polygon, 
as may be at once seen by dividing it into triangles. And it 
will be shown later, that if forces be applied perpendicular to 
the faces of any closed polyhedron, at their centres of inertia, 
tending inwards and proportional to their areas, these also will 
form an equilibrating system. 

558. A couple and a force in a given line inclined to its 
plane may be reduced to a smaller couple in a plane perpen- 
dicular to the force, and a force equal and parallel to the given 
force. For the couple may be resolved into two, one in a plane 
containing the direction of the force, and the other in a plane 
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perpendicular to the force. And that the force and couple compo«itu.u 
which are in the same plane are equivalent to the same force couple!* 
acting in a parallel direction but in a different line, is merely 
the converse of § 555. 

559. Hence any set of forces acting on a rigid body may be composition 
resolved into a force at any point and a couple (§ 551). By forces acting 
§ 558, these may be reduced to the same force acting in a bodV^*^ 
definite line in the body, and a couple whose plane is perpen- 
dicular to the force, and which is the least couple which can 
appear as part of the resultant of the given set of forces. 

The definite line in which the force then acts is called the Central axis 
Central AxiSy and it is obviously the line about which the 
moment of the given forces is least. 

With the notation of § 551 (c), let us suppose the origin to be 
changed to the point a?', y\ z\ The resultant force has still the 
components 2(r), 2(Z), or Rl^ Rm^ Rn^ parallel to the 

axes. But the couples are 

or 

G^—R(ny' —mz')y Gfi-^RCz' Gv’^R(mx' --•ly'). 

The conditions that the resultant force shall be perpendicular to 
the plane of the resultant couple are 

GX—R(ny' — mz') Gy. — RQz' — nx) Gv~~~R(mx — ly') 

- ■ ■ ■-■■■- msss ■■■ — ■' ... • 

l m n 

These two equations among x\ y'j z' are those of the central axis. 

We may also obtain them by seeking the conditions that the 
resultant couple 

^/ [ G\ — — R — nx')]^-{-{Ov — R{mx ' — 
may be a minimum subject to the independent variations of 
^ > y\ • This method gives three equations (by the considera- 
tion that the partial differential coefficients of the above expression 
with respect to a?', y', z' must separately vanish), which are re- 
ducible to the two already obtained ; and of which we give the 
first only. It is 

n{ Gy-- R{lz' ^nx')} ’-‘m{ tjv— =0. 

It is evident from the simplest properties of couples, but may be 
easily proved by the above equations, that the resultant couple 
has the same magnitude at all points of the central axis. 

560. By combining the resultant force with one of the forces Reduction to 

^ two forC68 

of the resultant couple, we have obviously an infinite number 

2d 
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in which the result is symmetrical, and which is therefore 


Symmetrical 

case. 


worthy of notice. 

Thus, supposing the central axis of the system has been found, 
draw a line, AA\ at right angles through any point G in it, so 
that GA may be equal to GA\ For i?, acting along the central 
axis, substitute (by § 561) at each end of A A' , Thus, choos- 
ing this line AA' as the arm of the couple, and calling it a, we 


have at each extremity of it, two forces. 


O 

a 


perpendicular to the 


central axis, and J22 parallel to the central axis. Compounding 
these we get two forces, each equal to — r)^ though A 

CL 


and A' respectively, perpendicular to A A\ and equally inclined 


at the angle tan 




on the two sides of the j^lane through 


Composition 
of parallel 
forces. 


A A' and the central axis. . 

561 . A very simple, but important, case, is that of any 
number of parallel forces acting at different points of a rigid 
body. 


Here, for equilibrium, we must obviously liave the (algebraic) 
sum of the forces equal to zero ; and their moments about any 
two axes peipendicular to the common direction of the forces 
must also vanish. 


If P be one of the forces, a?, y, z its point of application, 
Z, rrt, n the direction-cosines of all : R the resultant, acting at 
we have 2(P)=iZ, and 

2(Pwy — Pmz) = Riiy — Urnz, 
with two other similar equations. 

From these 2(P):=P, 

l.(Px)=mb, 2(Py)=Ry, 2(Pz)=Rz. 

The solution is definite, and indicates a particular point x, y, 2, 
whose position is independent of the quantities Z, m, n. Hence 
If there be not equilibrium, the resultant of such a set of 
forces is a single force equal to their (algebraic) sum, and act- 
ing at a definite point in the body, called the Gentre of Parallel 
Forces, whose position depends on the relative magnitudes, and 
points of application, of the forces, but not upon their common 
direction. 
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562. It is obvious, from the formula3 of 8 230, that if masses centre of 
proportional to the forces be placed at the several points of 
application of these forces, the centre of inertia of these masses 

will be the same point in the body as the centre of parallel 
forces. Hence the reactions of the different parts of a rigid 
body against acceleration in parallel lines are rigorously re- 
ducible to one force, acting at the centre of inertia. The same 
is true approximately of the action of gravity on a rigid body 
of small dimensions relatively to the earth, and hence the 
centre of inertia is sometimes (§ 230 ) called the Centre of 
Qravity. But, except on a centrobaric body (§ 527 ), gravity is 
not in general reducible to a single force : and when it is so, 
this force does not pass through a point fixed relatively to the 
body in all positions. 

563. In one case the concluding statement of 8 561 must Parallel 

^ forces whose 

be modified, viz., when the algebraic sum of the given forces 
vanishes. In this case the resultant is a couple whose plane 
is parallel to the common direction of the forces. A good ex- 
ample of this is furnished by a magnetized mass of steel, of 
moderate dimensions, subject to the influence of the earth’s 
magnetism only. As will be shown later, the amounts of the 
so-called north and south magnetisms in each element of the 
mass are equal, and are therefore subject to equal and opposite 
forces, all parallel to the line of dip. Thus a compass-needle 
experiences from the earth’s magnetism merely a couple or 
directive action, and is not attracted or repelled as a whole. 

564. If three forces, acting on a rigid body, produce equili- conmtions 
brium, their directions must lie in one plane ; and must all meet brium of 

^ t/llTCG fOX^CGS 

in one point, or be parallel. For the proof we may introduce 
a consideration which will be very useful to us in investigations 
connected with the statics of flexible bodies and fluids. 

If any forces, acting on a solid, or fluid, "body, jyroduce equi- Physical 
librium, we may suj>pose any portions of the body to become fixed, 
or rigid, or rigid and fixed, without destroying the eguilihrium. 

Applying this principle to the case above, suppose any two 
points of the body, respectively in the lines of action of two of 
the forces, to be fixed — the third force must have no moment 
about the line joining these points ; that is, its direction must 
pass through the line joining them. As any two points in the 
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lines of action may be taken, it follows that the three forces are 
coplanar. And three forces, in one plane, cannot equilibrate 
unless their directions are parallel, or pass through a point. 

565. It is easy, and useful, to consider various cases of 
equilibrium when no forces act on a rigid body but gravity 
and the pressures, normal or tangential, between it and fixed 
supports. Thus if one given point only of the body be fixed, it 
is evident that the centre of gravity must be in the vertical line 
through this point — else the weight, and the reaction of the 
support, would form an unbalanced couple. Also for staUe 
equilibrium the centre of gravity must be helow the point of 
suspension. Thus a body of any form may be made to stand 
in stable equilibrium on the point of a needle if we rigidly 
attach to it such a mass as to cause the joint centre of gravity 
to be below the point of the needle. 

566. An interesting case of equilibrium is suggested by 
what are called Eocking Stones, where, whether by natural or 
by artificial processes, the lower surface of a loose mass of 
rock is worn into a convex form which may be approximately 
spherical, while the bed of rock on which it rests in equili- 
brium is, whether convex or concave, also approximately 
spherical, if not plane. A loaded sjjhere resting on a spherical 
surface is therefore a type of such cases. 

Let 0, Cy be the centres of curvature of the fixed, and rock- 
ing, bodies respectively, when in the position of 
equilibrium. Take any two infinitely small, 
equal, arcs PQ, Pjp ; and at Q make the angle 
C/QR equal to PO'p. When, by displacement, Q 
and p become the points in contact, QR will 
evidently be vertical ; and, if the centre of gravity 
©, which must be in OPO' when the movable 
body is in its position of equilibrium, be to the 
left of QRy the equilibrium will obviously be 
stable. Hence, if it be below P, the equilibrium 
is stable, and not unless. 

Now if p and <7 be the radii of curvature OP, 
O'P of the two surfaces, and 0 the angle POp, the angle QO'R 

will be equal to ^ ; and we have in the triangle QO'R (§ 112) 
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Hence 


RO'\ cr :: sin ^ : sin(^+^) 

:: cr : (r+/> (approximately). 

^+9 />+“• 


Rockiug 

atones. 


and therefore, for stable equilibrium, 


PQ 


p-fo- 


If the lower surface be plane, p is infinite, and the condition 
becomes (as in §291) 

PG c cr. 

If the lower surface be concave the sign of p must be changed, 
and tlie condition becomes 


PG 




which cannot be negative, since p must be numerically greater 
than a in this case. 

567. If two points be fixed, the only motion of which the Equilibrium ; 
system is capable is one of rotation about a fixed axis. The Ixin] 
centre of gravity must then be in the vertical plane passing 
through those points, and below the line joining them. 

568. If a rigid body rest on a fixed surface there will in on a fixed 
general be only three points of contact, § 427 ; and the body 

will be in stable equilibrium if the vertical line drawn from 
its centre of gravity cuts the plane of these three points within 
the triangle of which' they fonn the corners. For if one of 
these supports be removed, the body will obviously tend to fall 
towards that support. Hence each of the three prevents the 
body from rotating about the line joining the other two. Thus, 
for instance, a body stands stably on an inclined plane (if the 
friction be sufficient to prevent it from sliding down) when the 
vertical line drawn through its centre of gravity falls within 
the base, or area bounded by the shortest line which can be 
drawn round the portion in contact with the plane. Hence a 
body, which cannot stand on a horizontal plane, may stand on 
an inclined plane. 

569. A curious theorem, due to Pappus, but commonly Pappus* 
attributed to Guldinus, may be mentioned here, as it is em- 


theorem. 
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ployed with advantage in some cases in finding the centre of 
gravity of a body — though it is really one of the geometrical 
properties of the Centre of Inertia. It is obvious from § 230. 
If a 'plane closed curve revolve through any angle about an axis 
in its plane, the solid content of the surface generated is equal 
to the product of the area of either end into the le'ngth of the path 
described by its centre of gravity ; and the area of the curved 
surface is equal to the product of the le'rvgth of the curve into the 
length of the path described by its centre of gravity, 

570. The general principles upon which forces of constraint 
and friction are to be treated have been stated above (§§ 293, 
329, 452). We add here a few examples for the sake of 
illustrating the application of these principles to the equi- 
librium of a rigid body in some of the more important practical 
cases of constraint. 

571. The application of statical princijjles to the Mechanical 
Powers, or elementary machines, and to their combinations, 
however complex, requires merely a statement of their kine- 
matical relations (as in §§ 79, 85, 102, etc.) and an immediate 
translation into Dynamics by Newton's principle (§ 269) ; or by 
Lagrange's Virtual Velocities (§ 289), with special attention to 
the introduction of forces of friction as in § 452. In no case 
can this process involve further difficulties than are implied 
in seeking the geometrical circumstances of any infinitely small 
disturbance, and in the subsequent solution of the equations 
to which the translation into dynamics leads us. We will not, 
therefore, stop to discuss any of these questions ; but will take 
a few examples of no very great difficulty, before for a time 
quitting this part of the subject. The principles already de- 
veloped will be of constant use to us in the remainder of the 
work, which will furnish us with ever-recurring opportunities 
of exemplifying their use and mode of application. 

Let us begin with the case of the Balance, of which we 
. promised (§ 431) to give an investigation. 

572. Ex, I, We will assume the line joining the points of 
attachment of the scale-pans to the arms to be at right angles 
to the line joining the centre of gravity of the beam with the 
fulcrum. It is obvious that the centre of gravity of the beam 
must not coincide with the knife-edge, else the beam would 
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rest indifferently in any position. We will suppose, in the first Example*, 
place, that the arms are not of equal length. 

Let 0 be the fulcrum, O 
the centre of gravity of the 
beam, M its mass; and sup- 
pose that with loads P and Q 
in the pans the beam rests C 
(as drawn) in a position p 
making an angle d with the t 
horizontal line. 

Taking moments about O, and, for convenience (see § 220), sensibiiiky. 
using gravitation measurement of the forces, we have 

Q[ABQO^d-\-OA sin^)-|-il!f.O(?sin^=P(il(7oos^— 0-4 sin^). 



From this we find 


tan0= 


P.AC--Q.AB 


{P^Ci)OA+M.OO 

If the arms be equal we have 

{P-Q)AB 

{P+Q)OA+M.OO 


Hence the Sensibility (§ 431) is greater, (1.) as the arms are 
longer, (2.) as the mass of the beam is less, (3.) as the fulcrum 
is nearer to the line joining the points of attachment of the 
pans, (4.) as the fulcrum is nearer to the centre of gravity of 
the beam. If the fulcrum be in the line joining the points of 
attachment of the pans, the sensibility is the same for the same 
difference of loads in the pans. 

To determine the Stability we must investigate the time of stability, 
oscillation of the balance when slightly disturbed. It will be 
seen, by reference to a future chapter, that the equation of 
motion is approximately 

{Mk^+(P+a)AB^}e+Qg(ABoo^e+OA sin^) 

+MgOO sin O^Pg^ACao^ S’- OA sin ^=0, 

k being the radius of gyration (§ 281) of the beam. If we 
suppose the arms and their loads equal, we have for the time 
of an infinitely small oscillation 

/ Mk*+2P,AB^ 

{2P.OA+M.OG)g‘ 

Thus the stability is greater for a given load, (1.) the less the 
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length of the beam, (2.) the less its mass, (3.) the less its radius 
of gyration, (4.) the further the fulcrum from the beam and 
from its centre of gravity. With the exception of the second, 
these adjustments are the very opposite of those required for 
sensibility. Hence all we can do is to effect a judicious com- 
promise ; but the less the mass of the beam, the better will the 
balance be, in hotJi respects. 

The general equation, above written, shows that if the length, 
and the radius of gyration, of one arm be diminished, the cor- 
responding load being increased so as to maintain equilibrium 
— a form of balance occasionally useful — the sensibility is 
increased. 

Ex, II. Find the position of equilibrium of a rod AB resting 
on a smooth horizontal rail H, its lower end pressing against a 
smooth vertibal wall ^10 parallel to the rail.* 

The figure represents a vertical section through the rod, 
which must evidently be in a plane perpendicular to the wall 
and mil. The equilibrium is obviously unstable. 

The only forces acting are three, R the pressure of the wall 
on the rod, horizontal ; 8 that of the rail on the rod, perpendi- 
cular to the rod ; W the weight 
of the rod, acting vertically 
downwards at its centre of 
gravity. If the half-length of 
the rod be a, and the distance 
of the rail from the wall &, 
these are given — and all that 
is wanted to fix the position of equilibrium is the angle, CAB, 
which the rod makes with the wall. If we call it 0 we have 



AD = 


sin^ * 


Resolving horizontally, 8 cos ^=0, (1), 

vertically, WSsmO^^O, (2). 

Taking moments about A 

8.AD^W,a 8m^=0 

or i8f.Z>-TF.asin*(9=0 (3). 

As there are only three unknown quantities R, 8, and 0, these 
three equations contain the complete solution of the problem. 
By (2) and (3) 
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sin*^=-— , which gives 6. 

CL 

Hence by (2) * • 

sin a 

and by (1) i?=>Sfcos^= IT cot 

Ex. III. As an additional example, suppose the wall and 
rail to be rough, and that is the coefficient of statical friction 
for both. If the rod be placed in the position of equilibrium 
just investigated for the case of no friction, none will be called 
into play, for there will be no tendency to motion to be over- 
come. If the end A be brought lower and lower, more and 
more friction will be called into play to overcome the tend- 
ency of the rod to fall between the wall and the rail, until we 
come to a limiting position in which motion is about to com- 
mence. In that position the friction at A is times the pres- 
sure on the wall, and acts upivards. That at D is fx times the 
pressure on the rod, and acts in the direction DB. Putting 

.mCAD=i6i in this case, our three equations become 

sin^i — ySiCOs^i =0 (li) 

=0 (2i) 

=0 (3i). 

The directions of both the friction -forces passing through A, 
neither appears in (S^). This is why A is preferable to any 
other point about which to take moments. 

By eliminating and from these equations we get 

1— ^sin»^i (cos^i— /Asin^i) (4,) 

u 0 

from which 6^ is to be found. Then 8i is known from (S^), 
and Ri from either of the others. 

If the end A be raised above the position of equilibrium 
without friction, the tendency is for the rod to fall outside the 
rail ; more and more friction will be called into play, till the 
position of the rod (^ 2 ) such that the friction reaches its 
greatest value, fi times the pressure. We may thus find 
another limiting position for stability ; and in any position 
between these the rod is in equilibrium. 

It is useful to observe that in this second case the direction 
of each friction is the opposite to that in the former, and the 
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same equations will serve for both if we adopt the analytical 
artifice of changing the sign of g,. Thus for 0^, by (4i), 

1— = -~ft^sin*^2 (cos^a+ftsin^a) 

0 0 


Ex, IV. A rectangular block lies on a rough horizontal plane, 

and is acted on by a 
horizontal force whose 
line of action is mid- 
way between two of 
thevertical sides. Find 
the magnitude of the 
force when just suffi- 
cient to produce mo- 
tion, and whether the motion will be of the nature of sliding or 
overturning. 

If the force P tends to overturn the body, it is evident that 
it will turn about the edge A, and therefore the pressure, P, of 
the plane and the friction, Sy act at that edge. Our statical 
conditions are, of course, 

fifr=p 

Wh=zPa 



where h is half the length of the solid, and a the distance of P 

from the plane. From these we have ^ — TF. 

a 

Now cannot exceed /aP, whence we must not have — greater 

than fly if it is to be possible to upset the body by a horizontal 
force in the line given for P. 

A simple geometrical construction enables us to solve this 
and similar problems, and will be seen at once to be merely a 
graphic representation of the above process. Thus if we pro- 
duce the directions of the applied force, and of the weight, to 
meet in H, and make at A the angle BAK whose co-tangent 
is the coefficient of friction ; there will be a tendency to upset, 
or not, according as H is above, or below, AK. 

Ex. Y. A mass, such as a gate, is supported by two rings, 
A and P, which pass loosely round a rough vertical post. In 
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equilibrium, it is obvious that at A the part of the ring ExainpieA. 
nearest the mass, and at B the part farthest from it, will be pontriJy 
in contact with the post. The pres- w In 1,^,. wS^a****** 

sures exerted on the rings, J 2 and — • **“''*»'** 

S, wiU evidently have the directions 
AO, OB, indicated in the diagram. \ j 

If no other force besides gravity act ' ‘ j 

on the mass, the line of action of its y,C 

weight, W, must pass through the \G 

point O (§ 564). And it is obvious A 

that, however small be the coeffi- L 

cient of friction, provided there be at * h 

friction at all, equilibrium is always ' 

possible if the distance of the centre of gravity from the post 
be great enough compared with the distance between the rings. 

When the mass is just about to slide down, the full amount 




of friction is called into play, and the angles which R and 8 
make with the horizon are each equal to the angle of repose. If 
we draw A C, BO according to this condition, then for equili- 
brium the centre of gravity 0 must not lie between the post 
and the vertical line through the point 0 thus determined. If, 
as in the figure, 0 lies in the vertical line through O, then a 
force applied upwards at Qi, or downwards at Q 2 , will remove 
the tendency to fall ; but a force applied upwards at Q 3 , or 
downwards at Q 4 , will produce sliding at once. 

A similar investigation is easily applied to the jamming of a 
sliding piece or drawer, and to the determination of the proper 
point of application of a force to move it. This we leave to the 


student. 


573 . Having thus briefly considered the equilibrium of a 
rigid body, we propose, before entering upon the subject of the 
deformation of elastic solids, to consider certain intermediate 


cases, in each of which we make a particular assumption the 
basis of the investigation, and thereby avoid a very considerable 
amount of analytical difficulties. 

574 . Very excellent examples of this kind are furnished by 
the statics of a flexible and inextensible cord or chain, fixed «|djnexten- 
at both ends, and subject to the action of any forces. The 
curve in which the chain hangs in any case may be called a 
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Catenary, although the term is usually restricted to the case of 
a uniform chain acted on by ^avity only. 

575. We may consider separately the conditions of equi- 
librium of each element ; or we may apply the general condition 
(§ 292) that the whole potential energy is a minimum, in the 
case of any conservative system of forces ; or, especially when 
gravity is the only external force, we may consider the equi- 
librium of a finite portion of the chain treated for the time as 
a rigid body (§ 564). 

576. The first of these methods gives immediately the 
three following equations of equilibrium, for the catenary in 
general : — 

(1.) The rate of variation of the tension per unit of length 
along the cord is equal to the tangential component of the 
applied iorce, per unit of length. 

(2.) The plane of curvature of the cord contains the normal 
component of the applied force, and the centre of curvature is 
on the opposite side of the arc from that towards which this 
force acts. 

(3.) The amount of the curvature is equal to the normal 
component of the applied force per unit of length at any point 
divided by the tension of the cord at tlie same point. 

The first of these is simply the equation of equilibrium of 
an infinitely small element of the cord relatively to tangential 
motion. The second and third express that the component of 
the resultant of the tensions at the two ends of an infinitely 
small arc, along the normal through its middle point, is directly 
opposed and is equal to the normal applied force, and is equal 
to the whole amount of it on the arc. For the plane of the 
tangent lines in which those tensions act is (§ 8) the plane 
of curvature. And if B be the angle between them (or thg in- 
finitely small angle by which the angle between their positive 
directions falls short of tt), and T the arithmetical mean of 
their magnitudes, the component of their resultant along the 
line bisecting the angle between their positive directions is 
2Tsin|rft rigorously : or TO, since 6 is infinitely small. Hence 
TO = Nhs if & be the length of the arc, and Nhs the whole 


amount of normal force applied to it. But (§ 9) ^ = 
be the radius of curvature ; and therefore 
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1 / Catenary. 

p-T- 

which is the equation stated in words (3) above. 

577. From (1) of 8 576, we see that if the applied forces integral for 

. , « , ^ . tension. 

on any particle of the cord constitute a conservative system, 
and if any equal infinitely small lengths of the string experience 
the same force and in the same direction when brought into 
any one position by motion of the string, the difference of the 
tensions of the cord at any two points of it when hanging in 
equilibrium, is equal to the difference of the potential (§ 485) 
of the forces between the positions occupied by these points. 

Hence, whatever be the position where the potential is reckoned 
zero, the tension of the string at any point is equal to potential 
at the position occupied by it, with a constant added. 

578. Instead of considering forces along and perpendicular Cartesian 
to the tangent, we may resolve all parallel to any fixed direc- eqS?Hbrium^ 
tion : and we thus see that the component of applied force per 

unit of length of the chain at any point of it, must be equal to 
the rate of diminution per unit of length of the cord, of the 
component of its tension parallel to the fixed line of this com- 
ponent. By choosing any three fixed rectangular directions we 
thus have the three differential equations convenient for the 
analytical treatment of catenaries by the method of rectangular 
co-ordinates. 


These equations are 


^.dx 

ds^ ds^^ 
ds^ ds^^ 


^(tX 
-crF ; 



if s denote the length of the cord from any point of it, to a point 
P ; Xy y, z the rectangular co-ordinates of P ; JT, F, Z the com- 
ponents of the applied forces at P, per unit mass of the cord ; <r 
the mass of the cord per unit length at P; and T its tension at 
this point. 

These equations afford analytical proofs of § 576, (1), (2), and 
(3) thus : — Multiplying the first by dx^ the second by dy^ and 
the third by dz^ adding and observing that 
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dxjdx , dy jdy , dz jdz ^^dx'+dy^+dz* „ 

=°’ 


ds^ 


ds 
we have 

dT=—<T{Xdx+ Ydy-\-Zdz) =—<T(X^+Y^^ + Z^)ds, (2), 
which is (1) of § 676. Again, eliminating c^^and T, we have 

which (§§ 9, 26) shows that the resultant of JT, Y, Z is in the 
osculating plane, and therefore is the analytical expression of 

§ 576 (2). Lastly, multiplying the first by d^ , the second by 

ds 


, and the third by d^ > and addings we find 
ds ds 

«'S>’+<4)’+<4)- ' 


dz 




( 4 ), 


which is the analytical expression of § 576 (3). 

579 . The same equations of equilibrium may be derived 
from the energy condition of equilibrium ; analytically with 
ease by the methods of the calculus of variations. 

Let V be the potential at (a?, y, z') of the applied forces per 
unit mass of the cord. The potential energy of any given length 
of the cord, in any actual position between two given fixed points, 
will be fVerds. 

This integral, extended through the given length of the cord 
between the given points, must be a minimum; while the in- 
definite integral, s, from one end up to the point (a?, y, z) remains 
unchanged by the variations in the positions of this point. Hence, 
by the calculus of variations, 

3/F<rd!s = 0, 

where A is a function of x, y, z to be eliminated. 

Now 0 * is a function of «, and therefore as s does not vary when 
y, z are changed into x+Sx^ y+5y, z+8zy the co-ordinates of 
the same particle of the chain in another position, we have 
8((rF)=<r8F= -<r(^Sa? + rSy+Z84 
Using this, and 

^^_ dxdBx + dydSy + dzdSz 
"" ds ’ 

in the variational equation; and integrating the last term by 
parts according to the usual rule ; we have 
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/&{ [<rX+±( F^+X*)]to+[,rr+ r..+x|)]^+[,^4-£-( F5 +x|)J&}=0 

whence finally 

!«•'-+*) I ) +2^=0, 

which, if T be put for F<r+^, are the same as the equations (1) 
of § 578. 

580 . The form of the common catenary (§ 574) may be of 
course investigated from the differential equations (§ 578) of 
the catenary in general It is convenient and instructive, 
however, to work it out ah initio as an illustration of the third 
method explained in § 575. 

Third method . — The chain being in equilibrium, any arc of it 
may be supposed to become rigid without disturbing the equi- 
librium. I'he only forces acting on this rigid body are the 
tensions at its ends, and its weight. These forces being three 
in number, must be in one plane (§ 564), and hence, since one of 
them is vertical, the whole curve lies in a vertical plane. In this 
plane let a?o, belong to the two ends of the arc 

which is supposed rigid, and To, the tensions at those points. 
Resolving horizontally we have 


doc 

Hence is constant throughout the curve. Resolving verti- 
cally we have 

the weight of unit of mass being now taken as the unit of force. 

dz 

Hence if T© be the tension at the lowest point, where ^=0) 
s=0, and T the tension at any point (a?, z) of the curve, we have 

Hence 

d jdz 


(!)• 


Catenary. 
Energy 
equation of 
equilibrium. 


Common 

catenary. 
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or 


dx^ 

Integrating we have 


_ d^z ds / y dz V ^ 


dx 


( 2 ). 


dx 


J 1 


dz 




and the constant is zero if we take the origin so that a?=0, when 
dz 

^=0, t.e., where the chain is horizontal. 

Hence 


dz . . ,dz 


<T 


dx 




whence 


dtZ M . m X m a? 


dx 

and by integrating again 


(3) 


cr 

'T<; 


); 


.»+C"'=^(g^»*+£ 


This may be written 


X 


X 


(4), 


the ordinary equation of the catenary, the axis of x being taken 

at a distance a or — - below the horizontal element of the chain. 

o* 

The co-ordinates of that element are therefore a? = 0, 
T 

z= — =«. The latter shows that 

O' 

To=cra, 

or the tension at the lowest point of the chain (and therefore also 
the horizontal component of the tension throughout) is the weight 
of a length a of the chain. 

Now, by (1), T=To^=o'if, by (4), and therefore 


the tension at any point is equal to the weight of a portion of 
the chain equal to the vertical ordinate at that point. 

Relative 581 . From § 576 it follows immediately that if a material 
problem, particle of unit mass be carried along any catenary with a velo- 
city, 5 , equal to T, the numerical measure of the tension at any 
point, the force upon it by which this is done is in the same 
direction as the resultant of the applied force on the catenary at 
this point, and is equal to the amount of this force per unit of 
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length, multiplied by T, For, denoting by S th€i^ tangential 
and (as before) by N the normal component of the applied relative to 

^ ^ ^ catenary. 

force per unit of length at any point P of the catenary, we 
have, by § 576 (1), S for the rate of variation of s per unit 
length, and therefore Ss for its variation per unit of time. That 
is to say, 

s^Ss-Sl\ 


or (§ 259) the tangential component force on the moving 
particle is equal to ST, Again, by § 576 (3), 




or the centrifugal force of the moving particle in the circle of 
curvature of its path, that is to say, the normal component of 
the force on it, is equal to NT, And lastly, by (2)r this force 
is in the same direction as A'. We see therefore that the 


direction of the whole force on the moving particle is the 
same as that of the resultant of 8 and N ; and its magnitude 
is T times the magnitude of this resultant. 


Or, by taking 


in the differential equation of § 578, we have 






which proves the same conclusion. 

When cr is constant, and the forces belong to a conservative 
system, if V be the potential at any point of the cord, we have, 
by § 678 (2), T=o-F4-C7. 

Hence, if ^7= J(o*F4-C)®, these equations become 

d^z^jAU 

dt^ dx ^ dt^ dy ^ dt* dz 
The integrals of these equations which agree with the catenary, 
are those only for which the energy constant is such that 


582 . Thus we see how, from the more famiUar problems 
of the kinetics of a particle, we may immediately derive curious 
cases of catenaries. For instance : a particle under the in- 
fluence of a constant force in parallel lines moves (Chap, vni.) 
in a parabola with its axis vertical, with velocity at each point 
equal to that generated by the force acting through a space 

2e 
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equal to ife distance from the directrix. Hence, if z denote 
this distance, and /the constant force. 


in the allied parabolic catenary ; and the force on the catenary 
is parallel to the axis, and is equal* in amount per unit of 
length, to 



Hence if the force on the catenary be that of gravity, it must 
have its axis vertical (its vertex downwards of course for stable 
equilibrium) and its mass per unit length at any point must be 
inversely as the square root of the distance of this point above 
the directrix. From this it follows that the whole weight of 
any arc of it is proportional to its horizontal projection. Or, 
again, as wiU be proved later with reference to the motions of 
comets, a particle moves in a parabola under the influence of a 
force towards a fixed point varying inversely as the square of 
the distance from this point, if its velocity be that due to falling 

from rest at an infinite distance. This velocity being , at 

distance r, it follows, according to § 581, that a cord will hang 
in the same parabola, under the influence of a force towards 
the same centre, and equal to 




If, however, the length of the cord be varied between two 
fixed points, the central force still following the same law, the 
altered catenary will no longer be parabolic ; but it will be 
the path of a particle under the influence of a central force 
equal to 


(o+V-“)V 



since the tension would (§ 581) ]t)e C'H- > instead of > 
at distance r from the origin. 

583 . Or if the question be, to find what force towards a 
given fixed point, will cause a cord to hang in any given plane 
curve with this point in its" plane; it may be answered im- 
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mediately from the solution of the corresponding problem in 
'' central forces.” But the general equations, § 578, are always problem, 
easily applicable ; as, for instance, to the following useful in- 
verse case of the gravitation catenary : — 

Fmd the section, cuk each point, of a chain of 
material, so that lohen its ends are fixed the tension at each point strength. 
due to its weight may he proportional to its strength {or section) at 
that point Find also the form of the Curve, called the Catenary 
of Uniform Strength, in which it will hang. 


Here, as the only external force is gravity, the chain is in a 
vertical plane — in which we may assume the horizontal axis of x 
to lie. If ft be the weight of the chain at the point (a?, z) 
reckoned per unit of length ; our equations [§ 578 (1)] become 


^(T—\ 
ds^ 


0 , 


d dz. 


ds' ds^^'ds 

But, by hypothesis Ta/x. Let it be 5 /a. Hence, by the first 
equation, if /x^ bo the value of /x at the lowest point 

ds 

whence, by the second equation, 

d .dz ds 

ds^dx b dx ’ 


or 


d“Z 

dx^ 




Integrating we find 

^ ^.dz X 
tan ^-^=— , 
dx b 

no constant being required if we take the axis of x so as to touch 
the curve at its lowest point. Integrating again we have 

f=-l0gC03|> 


no constant being added, if the origin be taken at the lowest 
point. We may write the equation in the form 

z 

SeC-7-s=:g 

»y 

From this form of the equation we see that the curve has vertical 
asymptotes at a horizontal distance vb from each other. And 
thus it is easy to calculate for any given data, as to the tensile 
strength and specific gravity of the material employed, the 
greatest span which can be attained in any case. 
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584 . When a perfectly flexible string is stretched over a 
smooth surface, and acted on by no other force throughout its 
length than the resistance of this surface, it will, when in 
stable equilibrium, lie along a line of minimum length on the 
surface, between any two of its points.^ For (§ 664) its equili- 
brium can be neither disturbed nor rendered unstable by 
placing staples over it, through which it is free to slip, at any 
two points where it rests on the surface : and for the inter- 
mediate part the energy criterion of stable equilibrium is that 
just stated. 

There being no tangential force on the string in this case, 
and the normal force upon it being along the normal to the 
surface, its osculating plane (§576) must cut the surface every- 
where at right angles. These considerations, easily translated 
into pure geometry, establish the fundamental property of the 
geodetic lines on any surface. The analytical investigations 
of §§ 678, 679, when adapted to the case of a chain of Twt given 
length, stretched between two given points on a given smooth 
surface, constitute the direct analytical demonstration of this 
property. 

In this case it is obvious that the tension of the string is 
the same at every point, and the pressure of the surface 
upon it is [§ 676 (3)] at each point proportional to the curva- 
ture of the string. 

586 . No real surface being perfectly smooth, a cord or 
chain may rest upon it when stretched over so great a length 
of a geodetic on a convex rigid body as to be not of Tninirmmn 
length between its extreme points : but practically, as in tying 
a cord round a ball, for permanent security it is*^ecessary, by 
staples or otherwise, to constrain it from lateral slipping at 
successive points near enough to one another to make each free 
portion a true minimum on the surface. 

586 . A very important practical case is supplied by the 
consideration of a rope wound round a rough cylinder. We 
may suppose it to lie in a plane perpendicular to the axis, as we 
thus simplify the question very considerably without sensibly 
injuring the utility of the solution. To simplify still further, we 
shall suppose that no forces act on the rope, but tensions and 
the reaction of the cylinder. In practice this is equivalent to 
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the supposition that the tensions and reactions are very large j^^coued 
compared with the weight of the rope or chain ; which, how- cyiindw.'**** 
^ver, is inadmissible in some important cases ; especially such 
as occur in the application of the principle to brakes for laying 
submarine cables, to dynamometers, and to windlasses (or 
capstans with horizontal axes). 

Tf R be the normal reaction of the cylinder per unit of length 
of the cord, at any point ; T and 7+ Sr the tensions at the 
extremities of an arc & ; h6 the inclination of these lines ; we 
have, as in 8 576, 

T 80 =zms. 

And the friction called into play is evidently equal to BT. 

When the rope is about to slip, the friction has its greatest 
value, and then 

ST=zfxR8s^fine, 

This gives, by integration, 

showing that, for equal successive amounts of integral curva- 
ture (§ 10), the tension of the rope augments in geometrical 
progression. To give an idea of the magnitudes involved, 
suppose = *5, 6=:7ri then 

T=To£*^"^=4*81To roughly. 

Hence if the rope be wound three times round the post or 
cylinder the ratio of the tensions of its ends, when motion is 
about to commence, is 

(4-81)“ : 1 or about 12,390 : 1. 

Thus we see how, by the aid of friction, one man may easily 
check the motion of the largest vessel, by the simple expedient 
of coiling a rope a few times round a post. This application of 
friction is of great importance in many other applications, 
especially to Dynamometers. 

587. With the aid of the preceding investigations, the 
student may easily work out for himself the formulae expressing 
the solution of the general problem of a cord under the action 
of any forces, and constrained by a rough surface; they are 
not of sufficient importance or interest to find a place here. 

588. An elongated body of elastic inaterial, which for Elastic wire, 
brevity we shall generally call a WirCy bent or twisted to any 
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degree, subject only to the condition that the radius of curva- 
ture and the reciprocal of the twist (§ 119) are everywhere 
very great in comparison with the greatest transverse dimen- 
sion, presents a case in which, as we shall see, the solution of 
the general equations for the equilibrium of an elastic solid is 
either obtainable in finite terms, or is reducible 4>o compara- 
tively easy questions agreeing in mathematical conditions with 
some of the most elementary problems of hydrokinetics, elec- 
tricity, and thermal conduction. And it is only for the deter- 
mination of certain constants depending on the section of the 
wire and the elastic quality of its substance, which measure its 
flexural and torsional rigidity, that the solutions of these pro- 
blems are required. When the constants of flexure and torsion 
are known, as we shall now suppose them to be, whether from 
theoretical calculation or experiment, the investigation of the 
form and twist of any length of the wire, under the influence 
of any forces which do not produce a violation of the condition 
stated above, becomes a subject of mathematical analysis in- 
volving only such principles and formulie as those that con- 
stitute the theory of curvature (§§ 5-13) and twist (§§ 119-123) 
in geometry or kinematics. 

589. Before 'entering on the general theory of elastic solids, 
we shall therefore, according to the plan proposed in § 573, 
examine the dynamic properties and investigate the conditions 
of equilibrium of a perfectly elastic wire, without admitting 
any other condition or limitation of the circumstances than 
what is stated in § 588, and without assuming any special 
quality of isotropy, or of crystalline, fibrous or laminated struc- 
ture in the substance. The following short geometrical digres- 
sion is a convenient preliminary : - - 

590. The geometrical composition of curvatures with one 
another, or with rates of twist, is obvious from the definition 
and principles regarding curvature given above in §§ 6-13 
and twist in§§ 119-123, and from the composition of angular 
velocities explained in § 96. Thus if one line, OT, of a rigid 
body be always held parallel to the tangent, PT, at a point P 
moving with unit* velocity along a curve, whether plane or 
tortuous, it wiU haye, round an axis perpendicular to OT and 
to the radius of curvature (that is to say, perpendicular to the 
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osculating plane), an angular velocity numerically equal to the composition 
curvature. The body may besides be made to rotate with any tion of 
angular velocity round OT, Thus, for instance, if a line of it, m jTcStvo 
OAy be kept always parallel to a transverse (§ 120) PA, the 
component angular velocity of the rigid body round OT will 
at every instant be equal to the '^rate of twist” (§ 120) of the 
transverse round the tangent to the curve. Again, the angular 
velocity round OA may be resolved into components round 
two lines OK, OL, perpendicular to one another and to OT ; 
and the whole curvature of the curve may be resolved accord- 
ingly into two component curvatures in planes perpendicular 
to those two lines respectively. The amoimts of these com- 
ponent curvatures are of course equal to the whole curvature 
multiplied by the cosines of the inclinations of the osculating 
plane to their respective planes. And it is clear that each 
component curvature is simply the curvature of the projection 
of the actual curve on its plane.^ 

591 . Besides showing how the constants of flexural and 
torsional rigidity are to be determined theoretically from the 
form of the transverse section of the wire, and the proper data 
as to the elastic qualities of its substance, the complete theory 
simply indicates that, provided the conditional limit (§ 588) 
of deformation is not exceeded, the following laws will be 
obeyed by the wire under stress : — 

Let the whole mutual action between the parts of the Laws of 
wire on the two sides of the cross section at any point (being torsion. ' 
of course the action of the matter infinitely near this plane on 
one side, upon the matter infinitely near it on the other side), 
be reduced to a single force through any point of the section 
and a single couple. Then — 

I. The twist and curvature of the wire in the neighbourhood 
of this section are independent of the force, and depend solely 
on the couple. 

* The curvature of the projection of a curve on a plane inclined at an angle a to 

1 

the osculating plane, is -cosa if the plane be paraUel to the tangent; and 

p m 

pws^a ^ parallel to the principal normal (or radius of absolute curvature). 

There is no difficulty in x»roving either of these expressions. 
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torsion. several couples separately, constitute, if geometrically com- 
pounded, the curvature and rate of twist which are actually 
produced by a mutual action equal to the resultant of those 
couples. 

592 . It may be added, although not necessary for our 
present purpose, that there is one determinate point in the 
cross section such that if it be chosen as the point to which 
the forces are transferred, a higher order of approximation is 
obtained for the fulfilment of these laws than if any other 
point of the section be taken. That point, which in the case 
of a wire of substance uniform through its cross section is the 
centre of inertia of the area of the section, we shall generally 
call the elastic centre, or the centre of elasticity, of the section. 
It has also the following important property : — The line of 
elastic centres, or, as we shall call it, the elastic central line, 
remains sensibly unchanged in length to whatever stress within 
our conditional limits (§ 588) the wire be subjected. The elon- 
gation or contraction produced by the neglected resultant force, 
if this is in such a direction as to produce any, will cause the 
line of rigorously iio dongatiwi to deviate only infinitesimally 
from the elastic central line, in any part of the wire finitely 
curved. It wiU, however, dearly cause there to be no line of 
rigorously v/nchanged length, in any straight part of the wire : 
but as the whole elongation would be infinitesimal in compari- 
son with the effective actions with which we are concerned, 
this case constitutes no exception to the preceding statement. 
Warping of 593 . Considering now a wire of uniform constitution and 
Son"by*®° figure throughout, and naturally straight ; let any two planes 
flexure, in- of reference perpendicular to one another through its elastic 
’ central line when straight, cut the normal section through 
P in the lines PK ^d PL, These two lines (supposed to 
belong to the substance, and move with it) will remain in- 
finitely nearly at right angles to one another, and to the tan- 
Rotationa PT, to the Central line, however the wire may be bent 

fn^oSexuro twisted withui the conditional limits. Let /e and \ be the 

aud torsion, component curvatures (§ 590) in the two planes perpendicular 

to PK and PL through PT, and let t be the twist (§ 120) of 
the wire at P. We have just seen (§ 590) that if P be moved 
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at a unit rate along the curve, a rigid body with three rectan- Rotations 
gular axes of reference O^L, O/P kept always parallel to SgtoSSure 
PK, PL, PT, will have angular velocities k, X, t round those 
axes respectively. Hence if the point P aijd the lines PT, 

PK, PL be at rest while the wire is bent and twisted from its 
unstrained to its actual condition, the lines of reference P'K^, 

P'L', P'T' through any point infinitely near P, will ex- 
perience a rotation compounded of k.PP' round P^K', XPP' 
round P'X', and t.PP' round P'P'. 

594 . Considering now the elastic forces called into action, 
we see that if these constitute a conservative system, the work 
required to bend and twist any part of the wire from its un- Potential 
strained to its actual condition, depends solely on its figure in force 
these two conditions. Hence if w.PP' denote the amount of twistSd^re. 
this work, for the infinitely small length PP' of the rod, w 

must be a function of /c, \, r ; and therefore if K, L, T denote 
the components of the couple- resultant of all the forces which 
must act on the section through P' to hold the part PP' in its 
strained state, it follows, from §§ 240, 272, 274, that 

K8k = 8^Wj L8X,=2 8 ;^w, T8t=z8^w ( 1 ) 

where S^to, S^w denote the augmentations of w due respec- 
tively to infinitely small augmentations Sk, S\, 8t, of k, \, t. 

595 . Now however much the sTiape of any finite length of 
tlie wire may be changed, the condition of § 588 reqrfires 
clearly that the changes of shape in each infinitely small part, 
that is to say, the strain (§ 154) of the substance, shall be 
everywhere very small (infinitely small in order that the theory 
may be rigorously applicable). Hence the principle of super- 
position [§ 591, II.] shows that if k, \, t be each increased or 
diminished in one ratio, K, L, T will be each increased or 
diminished in the same ratio : and consequently w in the 
duplicate ratio, since the angle through which each couple acts 
is altered in the same ratio as the amount of the couple ; or, in 
algebraic language, is a homogeneous quadratic function of 

K, \, T. 

Thus if .<4, B, ( 7 , a, b, c denote six constants, we have 

10 = 4- PA.® -4- CV® 4- 2a A.t4- 2bTK-Y 2ckX) (2). 

Hence, by § 594 (1), 
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Components 
of restituent 
couple. 


/1l=.4k+ cA.+5t 'I 

Z == > (3). 

T = + aA + ) 

By the known reduction of the homogeneous quadratic function, 
these expressions may of course be reduced to the following 
simple forms : — 




} 



where ^a, are linear functions of /c, A, t. And if these 
functions are restricted to being the expressions for the com- 
ponents round three rectangular axes, of the rotations k, A, t 
viewed as angular velocities round the axes PK, PL^ PT, the 
positions of the new axes, PQi, PQa, PQs, and the values of Aj, 
Aa, Ag are determinate ; the latter being the roots of the deter- 
minant nibic [§ 181 (10)] founded on (A, P, (7, «, 5, c). Hence 
we conclude that 


Three prin- 
cipal or nor- 
mal axes 
of torsion 
and flexure. 


Three princi- 
pal torsion- 
flexure 
rigidities. 


Three prin- 
cipal or nor- 
mal spirals. 


596 . There are in general three determinate rectangular 
directions, PQi, PQ2> PQzy through any point P of the middle 
line of a wire, such that if opposite couples be applied to any 
two parts of the wire in planes perpendicular to any one of 
them, every intermediate part will experience rotation in a 
plane parallel tt) those of the balanced couples. The moments 
of the couples required to produce unit rate of rotation round 
these three axes are called princijpal torsion-fiexure rigidities 
of the wire. They are the elements denoted by A j, A 2, A 3 in 
the preceding analysis. 

•597. If the rigid body imagined in § 593 have moments of 
inertia equal to A 1, A 2, A g round three principal axes through 
0 kept always parallel to the principal torsion-flexure axes 
through P while P moves at unit rate along the wire, its 
moment of momentum round any axis will be equal to the 
moment of the component torsion- flexure couple round the 
parallel axes through P. This is shown by the agreement of 
the preceding formulae with those for the moment of momentum 
of a rotating rigid body given below (Chap, ix.) 

598 . The form assumed by the wire when balanced under 
the influence of couples round one of the three principal axes 
is of course a uniform helix having a line parallel to it for axis, 
and lying on a cylinder whose radius is determined by the 
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condition that the whole rotation of one end of the wire from Three prin- 
its unstrained position, the other end being held fixed, is equal 
to the amount due to the couple applied. 


Let I be the length of the wire from one end, JEJ, held fixed, to 
the other end, E\ where a couple, L, is applied in a plane per- 
pendicular to the principal axes PQi through any point of the 


wire. 


The rotation being [§ 595 (4)] at the rate 


A, 


per unit 


L 


of length, amounts on the whole to l-j- ' 


This therefore is the 

% 


angular space occupied by the helix on the cylinder on which it 
lies. Hence if r denote the radius of this cylinder, and ij the 
inclination of the helix to its axis (being the inclination of PQi 
to the length of the wire), we have 


whence 


JLjl/ M . . 

r-r-==4 sin lx ; 
Ax 

Ax sin tx 
r= — -= 



599. In the most important practical cases, as we shall Case in 

^ wllicll clA8i/iC 

see later, those namely in which the substance is either iso- centmuine 
tropic,” as is the case sensibly with common metallic wires, axis of tor- 
or, as in rods or beams of fibrous or crystalline structure with 
an axis of elastic symmetry along the length of the piece, one 
of the three normal axes of torsion and flexure coincides 
with the length of the wire, and the two others are perpendi- 
cular to it ; the first being an axis of pure torsion, and the two 
others axes of pure flexure. .Thus opposing couples round the 
axis of the wire twist it simply without bending it ; and oppos- 
ing couples in either of the two principal planes of flexure, 
bend it into a cii’cle. The unbent straight-line of the wire, 
and the circular arcs into which it is bent by couples in the 
two principal planes of flexure, are what the three principal 
spirals of the general problem become in this case. 

600. In the more particular case in which two principal flexi- 

„ ^ * -I 1 i-i 'ifi Wlity in all 

rigidities against flexure are equal, every plane through the curectiona. 
length of the wire is a principal plane of flexure, and the rigi- 
dity against flexure is equal in all. This is clearly the case 
with a common round wire, or rod : or with one of square sec- 
tion. It will be shown later to be the case for a rod of iso- 
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Case of equal tropic material and of any 

flexibility in . n x • i » 

" kmetically symmetrical, § 
through its centre of inertia. 


form of normal section which is 
285, round all axes in its plane 


601 . In this case, if one end of the rod or wire be held 


fixed, and a couple be applied in any plane to the other 
end, a uniform spiral form will be produced round an axis 
perpendicular to the plane of the couple. The lines of the 
substance parallel to the axis of the spiral are not, however, 
parallel to their original positions, as (§ 598) in each of the 
three principal spirals of the general problem : and lines 
traced along the surface of the wire parallel to its length 
when straight, become as it were secondary spirals, circling 
round the main spiral formed by the central line of the 
deformed wire ; instead of being all spirals of equal step, as in 
each one of the principal spirals of the general problem. Lastly, 
in the present case, if we suppose the normal section of the 
wire to be circular, and trace uniform spirals along its surface 
when deformed in the manner supposed (two of which, for 
instance, are the lines along which it is touched by the in- 
scribed and the circumscribed cylinder), these lines do not 
become straight, but become spirals laid on as it were round 
the wire, when it is allowed to take its natural straight and 
untwisted condition. 


Let, in § 595, PQx coincide with the central line of the wire, 
and let Ai^A, and ^ 2 =^ 3 = ; so that A measures the rigidity 
of torsion and B that of flexure. One end of the wire being 
held fixed, let a couple G be applied to the other end, round an 
axis inclined at an angle 0 to the length. The rates of twist and 
of flexure each per unit of length, according to (4.) of § 595, 
will be 

OqosB , (rsin^ 

^ , and ^ 

A ' B ' 

respectively. The latter being (§9) the same thing as the 
curvature, and the inclination of the spiral to its axis being 6, it 

follows (§ X26, or § 590, foot-note) that ^ is the radius of 

curvature of its projection on a plane perpendicular to this line, 
that is to say, the radius of the cylinder on which the spiral lies. 

602 . A wire of equal flexibility in aU directions may clearly 
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be held in any specified spiral form, and twisted to any stated wiw 
degree, by a determinate force and couple applied at one end, any given 
the other end being held fixed. The direction of the force twiS. 
must be parallel to the axis of the spiral, and, with the couple, 
must constitute a system of which this line is (§ 559) the 
central cuds: since otherwise there could not be the same 


system of balancing forces in every normal section of the 
spiral All this may be seen clearly by supposing the wire to 
be first brought by any means to the specified condition of 
strain ; then to have rigid planes rigidly attached to its two 
ends perpendicular to its axis, and these planes to be rigidly 
connected by a bar lying in this line. The spiral wire now 
left to itself cannot but be in equilibrium : although if it be 
too long (according to its form and degree of twist) the equili- 
brium may be unstable. The force along the central axis, and 
the couple, are to be determined by the condition that, when 
the force is transferred after Poinsot's manner to the elastic 


centre of any normal section, they give two couples together 
equivalent to the elastic couples of flexure and torsion. 


Let a be the inclination of the spiral to the plane perpendicular 

to its axis ; r the radius of the cylinder on which it lies ; r the 

rate of twist given to the wire in its spiral form. The curvature 

2 

is (§ 126) equal to -- - - - ; and its plane, at any point of the 

r 

spiral, being the plane of the tangent to the spiral and the 

diameter of the cylinder through that point, is inclined at the 

angle a to the plane perpendicular to the axis. Hence the com* 

ponents in this plane, and in the plane through the axis of the 

cylinder of the flexural couple are respectively 

Beos^a - .ffcos^a . 

cosa, and sin a. 

r r 


Also, the components of the torsional couple, in the same planes, 
are Arsina, and — At cos a. 

Hence, for equilibrium 


^ j5cos*a_ , . . 

5osa4-Arsina 

r 

_ .Scos*a . . 

— i2r= sma — Arcosa 

r 



which give explicitly the values, O and i2, of the couple and force 
required, the latter being reckoned as positive when its direction 
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Wire 

strained to 
any given 
spiral and 
twist. 


Twist deter- 
mined to 
reduce the 
action to a 
single force. 


Spiral 

springs. 


is such as to pull out the spiral, or when the ends of the rigid bar 
supposed above are pressed inwards by the plates attached to the 
ends of the spiral. 

If we make i2=0, we fall back on the case considered previ- 
ously (§ 601). If, on the other hand, we make (t=0, we have 

\ B cos*a 

~ r A sina ’ 

j - B cos^a At 

and iE= — „ . _ 

r® sin a rcosa 

from which we conclude that 

603 . A wire of equal flexibility in all directions may be 
held in any stated spiral form by a simple force along its axis 
between rigid pieces rigidly attached to its two ends, provided 
that, along with its spiral form, a certain degree of twist be 
given to it. The force is determined by the condition that its 
moment round the perpendicular through any point of the 
spiral to its osculating plane at that point, must be equal 
and opposite to the elastic unbending couple. The degree of 
twist is that due (by the simple equation of torsion) to the 
moment of the force thus determined, round the tangent at 
any point of the spiral The direction of the force being, 
according to the preceding condition, such as to press together 
the ends of the spiral, the direction of the twist in the wire is 
opposite to that of the tortuosity (§ 9) of its central curve. 

604 . The. principles and formulse (§§ 598, 603) with which 
we have just been occupied are immediately applicable to the 
theory of spiral springs ; and we shall therefore make a short 
digression on this curious and important practical subject before 
completing our investigation of elastic curves. 

A common spiral spring consists of a uniform wire shaped 
permanently to have, when unstrained, the form of a regular 
helix, with the principal axes of flexure and torsion everywhere 
similarly situated relatively to the curve. When used in the 
proper manner, it is acted on, through arms or plates rigidly at- 
tached to its ends, by forces such that its form as altered by them 
is still a regular helix. This condition is obviously fulfilled if 
(one terihinal being held fixed) an infinitely small force and 
infinitely small couple be applied to the other terminal along 
the axis and in a plane perpendicular to it, and if the force and 
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couple be increased to any degree, and always kept along and 
in the plane perpendicular to the axis of the altered spiral. It 
would, however, introduce useless complication to work out the 
details of the problem except for the case (§ 599) in which one 
of the principal axes coincides with the tangent to the central 
line, and is therefore an axis of pure torsion ; as spiral springs 
in practice always belong to this case. On the other hand, a very 
interesting complication occurs if we suppose (what is easily 
realized in practice, though to be avoided if merely a good 
spring is desired) the normal section of the wire to be of such a 
figure, and so situated relatively to the spiral, that the planes 
of greatest and least flexural rigidity are oblique to the tangent 
plane of the cylinder. Such a spring when acted on in the 
regular manner at its ends must experience a certain degree of 
turning through its whole length round its elastic central curve 
in order that the flexural couple developed may be, as we shall 
immediately see it must be, precisely in the osculating plane of 
the altered spiral. But all that is interesting in this very 
curious effect will be illustrated later (§ 624) in full detail in the 
case of an open circular arc altered by a couple in its own plane, 
into a circular arc of greater or less radius; and for brevity 
and simplicity we shall confine the detailed investigation of 
spiral springs on which we now enter, to the cases in which 
either the wire is of equal flexural rigidity in all directions, or 
the two principal planes of (greatest and least or least and 
greatest) flexural rigidity coincide respectively with the tangent 
plane to the cylinder, and the normal plane touching the central 
curve of the wire, at any point. 

605 . The axial force, on the movable terminal of the 
spring, transferred according to Poinsot (§ 555) to any point 
in the elastic central curve, gives a couple in the plane through 
that point and the axis of the spiral. The resultant of this and 
the couple which we suppose applied to the terminal in the 
plane perpendicular to the axis of the spiral is the effective 
bending and twisting couple ! and as it is in a plane perpen- 
dicular to the tangent plane to the cylinder, the component of 
it to which bending is due must be also perpendicular to this 
plane, and therefore is in the osculating plane of the spiral. 
This component couple therefore simply maintains a cunrature 


Spiral 

springs. 
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dififerent from the natural curvature of the wire, and the other, 
that is, the couple in the plane normal to the central curve, 
pure torsion. The equations of equilibrium merely express 
this in mathematical language. 


Eesolving as before (§ 602) the ’^fiexural and the torsional 
coujjles each into components in the planes through the axis of 
the spiral, and perpendicular to it, we have 


n o/COS®a COS®ao. / , ^ • / \ 

)cosa +-^^sina , 

* r Vq , ' 


o n/COS*a COS^tto. . / . . 

‘Rr=B( )sina — .drcosa , ' 

r To 




and, by § 126, t= 


cos a sin a cos sin ao 


( 7 ), 


where A denotes the torsional rigidity of the wire, and B its 
flexural rigidity in the osculating plane of the spiral ; ao the in- 
clination, and Vo the radius of the cylinder, of the spiral when 
unstrained; a and r the same parameters of the spiral when 
under the influence of the axial force E and couple G ; and t the 
degree of twist in the change from the unstrained to the strained 
condition. 

These equations give explicitly the force and couple required 
to produce any stated change in the spiral ; or if the force and 
couple are given they determine a', r' the parameters of the 
altered curve. 

As it is chiefly the external action of the spring that we are 
concerned with in practical applications, let the parameters a, r 
of the spiral be eliminated by the following assumptions : — 

, . j 1 008 a 

X =£sina, <p = 

r 

j • j ^ cos CL( 

a7o = «sinao, 0o= ^ 

where I denotes the length of the wire, the angle between 
planes through the two ends of the spiral, and its axis, and x the 
distance between planes through the ends and perpendicular to 
the axis in the strained condition ; and, similarly, for the 

unstrained condition ; so that we may regard (<^, x) and a?o) 
as the co-ordinates of the movable terminal relatively to the 
fixed in the two conditions of the spring. Thus the preceding 
equations become 
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Here we see^ that Ld^^Rdx is the differential of a function of 
the two independent variables, a?, Thus if we denote this 
function by .we have . ^ 

^ dE ^_dE . hl«)> 

^-dx ) 

a conclusion which might have been inferred at once from the 
general principle of energy, thus : — 


606 . The potential energy of the strained spring is easily 
seen from § 595 (4), above, to be 

if A denote the torsional rigidity, B the flexural rigidity in the 
plane of curvature, ® and ®o the strained and unstrained cur- 
vatures, and T the torsion of the wire in the strained condition, 
the torsion being reckoned as zero in the unstrained Qondition. 
The axi^l force, and the couple, required to hold the spring to 
any given length reckoned along the axis of the spiral, and to 
any given angle between planes through its ends and the axes, 
are of course (§ 272) equal to the rates of variation of the 
potential energy, per unit of variation of these co-ordinates 
respectively. It must be carefully remarked, however, that, if 
the terminal rigidly attached to one end of the spring be 
held fast so as to fix the tangent at this end, and the motion of 
the other terminal be so regulated as to keep the figure of the 
intermediate spring always truly spiral, this motion will be 
somewhat complicated ; as the radius of the cylinder, the in- 
clination of the axis of the spiral to the fixed direction of the 
tangent at the fixed end, and the position of the point in the 
axis in which it is cut by the plane perpendicular to it through 
the fixed ^nd of the spring, all vary as the spring changes in 
figure. The effective components of any infinitely small motion 
of the movable terminal are its codiponent translation along, 
and rotation round, the instantaneous position of the axis of 
the spiral [two degrees of freedom], along with which it will 

2f 
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Spiral generally have an infinitely small translation in some direction 
and rotation round some line, each perpendicular to this axis, 
and determined from the two degrees of arbitrary motion, by 
the condition that the curve remains a true spiral. 

607 . In ’the practical use of spiral springs, this condition is 
not rigorously fulfilled : but, instead, either of two plans is 
generally followed : — (1.) Force, without any couple, is applied 
pulling out or pressing together two definite points of the two 
terminals, each as nearly as may be in the axis of the unstrained 
spiral; or (2.) One terminal being held fixed, the other is 
allowed to slide, without any turning, in\ fixed direction, being 
as nearly as may be the direction of the axis of the spiral when 
unstrained. The preceding investigation is applicable to the 
infinitely small displacement in either case ; the couple being 
put equal to zero for case (1,), and the instantaneous rotatory 
motion round the axis of the spiral equal to zero for case (2.) 


For infinitely small displacements let <^ = </>o + 6<^, and 
x=:Xo-\-^Xj in (10), so that now 

r — 

d8<l> ^ d8x 

Then, retaining only terms of the lowest degree rela<i|re to 8x 
and 8<l>' in each formula, and writing x and <)> instead of Xo and 
«/>o, we have 



2 ^ ^ ^ )<#>* + 2(.4 — B')x4>8x8<l> + — a:*) + .4 a?®] } 


I 


^Example 1. — For a spiral of 45° inclination we have 

and <l>*=i^ :■ 

V 

and the fonnulte become 


L = +B)rSiiq 

VP 


( 12 ). 


A careful study of this case, illustrated if necessary by a model 
easily made out of ordinary iron or steel wire, will be found very 
instructive. 
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Example 2. — ^Let — be very small. Neglecting, therefore, its Spiral 

I spring of 

infinitely 

I B K "i. A small in- 
square, we have <^=*— , and L ^ -ro<l>= B8— • and cUnation: 

r I r Ir^ 

The first of these is simply the equation of direct flefhire (§ 595). 

The interpretation of the second is as follows : — 

608 . In a spiral spring of infinitely small inclination to the 
plane perpendicular to its axis, the displacement produced in 
the movable terminal by a force applied to it in the axis of the 
spiral is a simple rectilineal translation in the direction of the 
axis, and is equal to the length of the circular arc through 
which an equal force carries one end of a rigid arm or crank 
equal in length to the radius of the cylinder, attached per- 
pendicularly to one end of the wire of the spring supposed 
straightened and held with the other end absolutely fixed, and 
the end whicli bears the crank, free to turn in a collar. This virtually a 
statement is due to J. Thomson,^ who showed that in pulling baiauco. 
out a spiral spring of infinitely small inclination the action 
exercised and the elastic quality used are the same as in a 
torsion-balance with the same wire straightened (§ 4^3). This 
theory is, as he proved experimentally, sufficiently approximate 
for most practical applications ; spiral springs, as commonly 
Hiade and used, being of very small inclination. There is no 
difficulty in finding the requisite correction, for the actual incli- 
nation in any case, from the preceding formulae. The funda- 
mental principle that' spiral springs act chiefly by torsion seems 
to have been first discovered by Binet in 1814.^ 

609 . Eetuming to the case of a uniform wire straight and Elastic 

• • • curvo tenuis* 

untwisted (that is, cylindrical or prismatic) when free from mitting force 
stress ; let us suppose one end to be held fixed in a given 
direction, and no other force from without to influence it except 
that of a rigid frame attached to its other end acted on by a 
force, i2, in a given line, ABy and a couple, (?, in a jilane per- 
pendiculai^to this line. The form and twist it will have when 
in equilibrium are determined by the condition that the torsion 
and flexure at any point, P, of its length are those due to the 
couple Q compounded with the couple obtained by bringing R 

^ Camb. ds Dvh, Math. J<mr. 1848. ® St. Venant, Com/ptes RmAus, Sept. 1864. 
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Kirchboff’s 
kinetic coni' 
parison. 


to P. It follows that if the rigid body of § 597 be left to 
itself at any instant, moving in the manner prescribed round 
the fixed point 0, and subjected only to a constant force equal 
to R acting on it at the point, in a line, parallel to 
AB, it wilf continue moving in the prescribed manner. 


To prove this let the body be compelled to move in the pre- 
scribed manner, and at the same time let the force R act on it 
in the line, Then, taking the co-ordinate axis, OX, parallel 

to this line, and calling x, y, z the co-ordinates of P at any time 

t, we have ^ for the direction- cosines of 0^T\ and, 

as the length of O^Pis unity, the moments of R in ,TD, round 
OX, OY, OZ Sire respectively 


0 , 




R 


ds 


Hence the moments of momentum generated by these in any 
time (being simply ^^eir time integrals) are (since s-t) 

0, RCz’-Zo^ — ^o), 

if (yo, Zq), (y, z) be the co-ordinates of P at the beginning and 
end of the time. But these are precisely the additions to the 
component flexure-torsion couples in the wire from the first to 
the second position of P ; and therefore if the component 
moments of momentum of the body are equal at the beginning 
of the time to the component flexure-torsion couples of the wire 
at the point [xq, y^, z^) the simple action of the force R upon it, 
with the point O held fixed, will keep its moment of momentum 
constantly in agreement with the flexure-torsion couple of the 
wire, and consequently its lines O^T, O^K, constantly parallel 
to the corresponding lines through P in the wire, as P moves 
along it at unit velocity. 

• 

This very remarkable theorem was discovered by Kirchhofif ; 
to whom also the first thoroughly general investigation of the 
equations of equilibrium and motion of an elastic wire is due.^ 
610 . The comparison thus established between the static 
problem of the bending and twisting of a wire, and the kinetic 
problem of the rotation of a rigid body, affords highly interest- 
ing illustrations, an^ as it were, graphic representations, of the 


' Crelle*8 Journal. 1859. Uober das Gleichgewicht iind die Bewegung eines 
uxiendlichwdiinnen elastischeu Stabes. 
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circumstances of either by aid of the other ; the usefulness of Kirchhors 
which in promoting a thorough mental appropriation of both parfson.*^®”*’ 
must be felt by every studeijt who values rather the physical 
subject than the mechanical process of working through mathe- 
matical expressions, to which so many minds able for better 
things in science have unliappily been devoted of late years. 

When particularly occupied with the kinetic problem in 
chap. IX., we shall have occasion to examine the rotations cor- 
responding to the spirals of§ GOl-603, and to point out also the 
’ general character of the elastic curves corresponding to some 
of the less simple cases of rotatory motion. 

611 . For the present we confine ourselves to one example, common • 

. ..■*■. pendulum 

which, so far as the comparison between the static and kinetic and plane 

^ ' elastic 

problems is concerned, is the simplest of all — the Elastic Cxirm curve, 
of James Berno^Jli, and the common pendulum. A uniform 
straight wire, either equally flexible in all planes through its 
length, or having its directions of m|^imum and minimum 
flexural rigidity in two planes through its whole length, is acted 
on by a force and couple in one of these planes, applied either 
directly to one end, or by means of an arm rigidly attached to 
it, the other end being held fast. The force and ccfliple may, 
of course (§ 558), be reduced to a single force, the extreme case 
of a couple being mathematically included as an infinitely small 
force at an infinitely great distance. To avoid any restriction 
of the problem, we must suppose this force applied to an arm 
rigidly attached to the wire, although in any case in which the 
line of the force cuts the wire, the force may be applied directly 
at the point of intersection, without altering the circumstances 
of the wdre between this point and the fixed end. The wire 
will, in these circumstances, be bent into a curve lying through- 
out in the plane through its fixed end and the line of the force, 
and (§ 599) its curvatures at different points will, as was first 
shown by James Bernoulli, be simply as their distances from 
this line. The cuiwe fulfilling this condition has clearly jtust 
two independent parameters, of which one is conveniently re- 
garded as the mean proportional, a, between the radius of 
curvature at any point and its distance ^’om the line of force, 
and the other, the maximum distance, 5, of the wire from the 
line of force. By choosing any value for each of these para- 
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Graphic meters it IS easy to trace the corresponding curve with a very 
of eiwtic high approximation to accuracy, hy commencing with a small 
mitting force circular arc touching at one extremity a straight line at the 

in one plftne* * • i j} t a.* • 

given maximum distance from the line oi lorce, and continuing 
by small circular arcs, with the xiroper increasing radii, accord- 
ing to the diminishing distances of their middle points from 
the line of force. The annexed diagrams are, however, not 
so drawn ; but are simply traced from the forms actually 
assumed by a flat steel spring, of small enough breadth hot to 
he much disturbed by tortuosity in the cases in which different 
parts (5f it cross one another. The mode of application of the 
force is sufficiently explained by the indications in the 
diagram. 


Equation of 
the plane 
elastic curve. 


Let the line of force be axis of a?, and let p be the radius of 
curvature at any point (a:, of the curve. H’he dynamical con- 
dition stated above becomes 




(1) 


where B denotes the flexural rigidity, T the tension of the cord, 
and a a linear parameter of the curve depending on these 
elements. Hence, by the ordinary formula for p”', 


a 


y 


dx^ 


(j 


( 2 ). 


Multiplying by '2dy and integrating, we have 

20 !’' 


y»=(7- 




and finally. 


«=r ( 

J 4a‘- 


(y‘—C)dy 


( 3 ); 


(4a‘ — C'’+2C'y* — y*)i 

which is the equation of the curve expressed in terms of an 
elliptic integral. 

If, in the first integral, (3), we put fljid 


y=±((7±2a®)^ (5), 

the upper sign wit^n the bracket giving points of maximum, and 
the lowet, points, if any real, of minimum distance from the axis. 
Hence there are points of equal maximum distance from the line of 



Fig. 4. 
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Equation of 
the plane 
elastic curve. 


force on its two sides, but no real minima when C < 2a* ; which 
therefore comprehends the cases of diagrams 1. . .5. But there are 
real minima as well as maxima when G 2a*, which is therefore 
the case of diagram 7. In this case it may be remarked that 
the analytical equations comprehend two equal and similar de- 
tached curves symmetrically situated on the two sides of the line 
of force ; of which one only is shown in the diagram. 

The intermediate case, (7= 2a*, is that of diagram 6. For it 
the final integral degrades into a logarithmic form, as follows : — 

f y^y f • 

J (4a* J y(4a’‘ — ’ 

or, with the integrations effected, and the constant assigned to 
make the axis of y be that of symmetry, 

x= ^ (4a* — (6). 

This equation, when the radical is taken with the signs indicated, 
represents the branch proceeding from the vertex, first to the 
negative side of the axis of crossing it at the double point, and 
going to infinity towards the positive axis of x as an asymptote. 
The other branch is represented by the same equation with the 
sign of the radical reversed in each place. 


* i* 

It need scarcely be remarked that in (3) the sign of (1+^^) 

can only change, for a point moving continuously along the curve, 

when becomes infinite. The interpretation is facilitated by 

CIX 


putting or (1+^./= -cose, 

which reduces (3) to 

3/2=2a2cos^-f(7 (7). 

Here, when (the case in which, as we have seen above, 

there are minimum as well as maximum valueS of y on one side 
of the line of force), there is no limit to the value of d. It in- 
creases, of course, continuously for a point moving continuously 
along the curve ; the augmentation being 27r for one complete 
period (diagram 7). 

When (7<2a*, 0 has equal positive and negative values at the 
points in which the curve cuts the line of force,. These values 
being given by the equation 

are obtuse when G is positive (diagram 3), and acute when (7 is 
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negative (diagram 1). The extreme negative value of C IS of Efiuation of 
n « the plane 

course — . elastic curve. 

If we take (7=— 

± h will be the maximum positive or negative value of y, as we 
see by (7) ; and if we suppose h to be small in comparison with 
a, we have the case of a uniform spring bent, as a bow, but 
slightly, by a string stretched between its ends. 

612. An importa;^t particular case is that of figure 1, which nowsiighuy 
corresponds to a bent bow having the same flexural rigidity 
throughout. If the amount of bending be small, the equation 
is easily integrated to any requisite degree of approximation. 

We will merely sketch the process of investigation. 


Let e be the maximum distance from the axis, corresponding 

dv 

to a;=0.* Then y—e gives 3^=0) (3) becomes 


e”— y = 2a’(l 


yi+^ 




dx^ 


whence 


(9). 


^ dx 2a^ — e* ^ 

For a first approximation, omit e*— y® in comparison with a® 
where they occur in the same factors, and we have 

y ® , 

dx a 

or, since y=e when a;=0, 

y=ecos— (10) 

a 

the harmonic curve, or curve of sines, which is the simplest form 
assumed by a vibrating cord or pianoforte-wire. 

For a closer approximation we may substitute for y, in those 
factors where it was omitted, the value given by (10) ; and so on. 
Thus we have 


or 


■ dy _ fje‘—y ' 
dx a 

dy 


3c' 


X 






3e® 2x^ 

—.cos—), 


16a’ 


a 


from which, by integration, 
cos 




e 


a 


and 


X 


y=eco8{— (1+ 

Cv 


3e* 
L( 
Se* 
16a 


3c* . 207 


32a 


sin- 


a 


, 3c* , X . 2x 
• )f4- — ssm — sin — 
*^^~ 32a* '* 


a 


a 
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Plane elastic 
curve and 
common 
pendulum. 


613 . As we choose particularly the common pendulum for 
the corresponding kinetic problem, the force acting on the 
rigid body in the comparison must be that of gravity in the 
vertical through its centre of gravity. It is convenient, accord- 
ingly, not to take unity as the velocity for the point of com- 
parison along the bent wire, but the velocity gravity would 
generate in a body falling through a lieight equal to half the 
constant, a, of § 611: and this constant, a, will then be the 
length of the isochronous simple pendulum. Thus if an elastic 
curve be held with its line of force vertical, and if a i^oint, P, 

be moved along it with a constant velocity equal to V ga, {a 
denoting the mean proportional between the radius of curvature 
at any point and itsidistance from the line of force,) the tangent 
at P will keep always parallel to a simple pendulijfn, of length 
a, placed at any instant parallel to it, and projected with the 
same angular velocity. Diagrams 1 ... 5, correspond to vibra- 
tions of the pendulum. Diagram 6 corresponds to the case in 
which the pendulum would just reach its position of unstable 
equilibrium in an infinite time. Diagram 7 corresponds to 
cases in which the pendulum flies ro^nd continuously in one 
direction, with periodically increasing and diminishing velocity. 
The extreme case, of the circular elastic curve, corresponds to 


‘an infinitely long pendulum flying round with finite angular 


velocity, which of course experiences only infinitely small varia- 


tion in the course of the revolution. A conclusion worthy of 


remark is, that the rectification of the elastic curve is the same 


Wire of any 
shape dis- 
turbed by 
forces and 
couples 
applied 
through 
its length. 


analytical problem as finding the time occupied by a pendulum 
in describing any given angle. 

614 . Hitherto we have confined our investigation of the 
form and twist of a wire under stress to a portion of the whole 
wire not itself acted on by force from without, but merely 
engaged in transmitting force between two equilibrating systems 
applied to the wire beyond this portion ; and we have, thus, 
not included the very important practical cases of a curve 
deformed by its own weight or centrifugal force, or fulfilling 
such conditions of equilibrium as we shall have to use after- 
wards in finding its equations of motion according to D'Alem- 
*'bert's principle. We therefore proceed now to a perfectly 


general investigation of the equilibrium of a curve, uniform or 
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not uniform throughout its length ; either straight, or bent and wire of any 
twisted in any way, when free from stress ; and not restricted t5?&^by 
by any condition as to the positions of the three principal cou|>le8 
flexure-torsion axes (§ 596) ; under the influence of any dis- through 
tributio|i whatever of force and couple through its whole '®***^‘ 
length. 

Let a, /?, y be the components of the mutual force, and i;, ( 
those of the mutual couple, acting between the matter on the 
two sides of the normal section through (a?, y, z). Those for the 
normal section through (a?+Sa?, will be 

f+s**- 

Hence, if and L8s, N^s be the components 

of the applied force, and applied couple, on the portion 85 of the 
wire between those two normal sections, we have (§ 551 ) for the 
equilibrium of this part of the wire 

da dB ^ dy 




ds 


ds 


Z 


ds 


( 1 ), 


and (neglecting, of course, infinitely small terms of the second 
order, as 8^85) 

^ etc.; 

ds 


or 




^A + y± 

ds ^^ds 


f^dz nr t 

^ds ’ ^~ds * 


dz dx 


ds ds 




We may eliminate a, y from these six equations by means of 
the following convenient assumption — 


<*+^+yS=»' 


ds * ' ds * ds 

T meaning the component of the force acting across the normal 
section, along the tangent to the middle line. From this, and 
the second and third of we have 

This, and the symmetrical expressions for jS and 7, used in (1), 
give 


/'g') Longitudinal 
tension. 
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Wire of any 
shape dis- 
turbed by 
forces and 
couples 
applied 
through 
its length. 


Equations 
of torsion- 
flexure. 


X 


ds' 


d 


ds 

4y 


ds 

dz 


<^+a)|+<^+l>s) 


We have besides, from (2) 


ds ' ds 


ds ^ * ds^ 


( 4 ). 


(5). 


To complete the mathematical expression of the circumstances, 
it only remains to introduce the equations of torsion-flexure. 
For this purpose, let any two lines of reference for the substance 
of the wire, PAT, PP, be chosen at right angles to one another in 
the normal section through P. Let Ko, Aq be the components of 
the curvature (§ 589) in the planes perpendicular to these lines, 
and through the tangent, Pl\ when the wire is unstrained ; and 
#c, A what they become under the actual stress. Let To denote 
the rate of twist (§ 119) of either line of reference round the 
tangent from point to point along the wire in the unstrained 
condition, and r in the strainejj^ so that t— To is the rate of twist 
produced at P by the actual stress. Thus [§ 595 (3)], we havS 

Ko)+c(A-- T o) 

{>i'=c(k— /C o)+P(A— Ao)+a(T--To) 

where (Z, m, w), (?', m\ n'), ^ denote the directions 

ds ds ds 

of PAT, PP, PT\ so that 


jdx , dy , dz . ^,dx , ,dy . ,dz 

ds ds ds ds ds ds 

IV + m?n' + nn' = 0, 

;*+m»+n* = l, Z'“+m'*+w'*=:l 


=0 



Now if lines O^AT, 0,P, each, of unit length, be drawn, as in 
§ 693, always parallel to PAT, PP, PP, and if P be carried at 
unit velocity along the curve, the component velocity of ^P*parallel 
to O^P, or that of ^P parallel to O^K with its sign changed, is 
(§ 593) equal to k ; and similar statements apply to A and r. 
Hence, 
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I / ds I / 
+ 7W — 1- n * 




ds 

ds 

fdy 

^ ds 
ds 


I , ,dl ,dm . ,dn\ 

’■=+('T.+'«T;^ + ”5r) 


Torsion, and 
two com* 
ponents of 
curvature, 
of wii'e (or 

/Q\ 

\P)» angular 
velocities 
of rotating 
solid). 


' ds • ds • ds' 

Equations (7) reduce (/, m, n), (/', m', 7i') to one variable element, 
being the co-ordinate by which the position of the substance of 
the wire, round the tangent at any point of the central curve, is 
specified : and (8) express k, A, t in terms of this co-ordinate, 
and the three Cartesian co ordinates a?, y, z of P. The specifi- 
cation of the constrained condition of the wire gives Kq, To as 
functions of s. Thus (6) gives ry, f each in terms of s, and 
the four co-ordinates, and their differential coefficients relatively 
to s. Substituting these in (4) and (5) we have four differential 
equations which, with 

dx^ dy^ (a\ 

constitute the five equations by which the five unknown functions 
(the four co-ordinates, and the tension, T,) are to be determined 
in terms of s, or by means^of which, with s and T eliminated, 
the two equations of the curve may be found, and the co-ordinate 
for the position of the normal section round the tangent deter- 
mined in terms of x, y, z. 

The terndCinal conditions for any specified circumstances are Terminal 
easily expressed in the proper mathematical terms, by aid Qf 
equations (2). Thus, for "instance, if a given force and a given 
couple be directly applied to a free end, or if the problem be 
limited to a portion of the wire terminated in one direction at a 
point Q, fhd if, in virtue of actions on the wire beyond, we have 
a given force (uo, (Bq, y^'), and a given couple (^o» ^o> fo) acting on 
the normal section through Q of the portion under consideration, 
and if Sq is the length of the wire from the zero of reckoning for s 
up to the point Q, and Z/q, Afoj Nq the values of Z, M, N at this 
point, the equations expressing the terminal conditions will be 




when ^=^0 


^=^0, 


f=fo, 


ds 

drf 

ds 


="•+<“•§- r.S> 

.f) 


( 10 ). 
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Tenninal 

conditions. 


Straight 
heam infi- 
nitely little 
hent. 


From these we see, by taking Lo=0, A/o=0, iYo=0, ao=0, 
^0=0, Co^^) that 

615. For the simple and important case of a naturally 

straight wire, acted on by a distribution of force, but not of 
couple, through its length, the condition fulfilled at a perfectly 
free end, acted on by neither force nor couple, is that the curva- 
ture is zero at the end, and its rate of variation from zero, per 
unit of length from the end, is, at the end, zero. In other words, 
the curvatures at points infinitely near the end are as the 
squares of their distances from the end in general (or, as some 
higher power of these distances, in singular cases). The same 
statements hold for the change of curvature produced by the 
stress, if the unstrained wire is not straight, but the other 
circumstances the same as those just specified. . 

616. As a very simple example of the equilibrium of a 
wire subject to forces through its length, let us suppose the 
natural form to be straight, and the applied forces to be in 
lines, and the couples to have^ltheir axes, all perpendicular to 
its length, and to be not great enough to produce more than 
an infinitely small deviation from the straight line. Further, 
in order that these forces and couples may produce no torsion, 
let the three flexure-torsion axes be perpendicular to and 
along the wire. But we shall not limit the problem further 
by supposing the section of the wire to be uniform, as we 
should thus exclude some of the most important practical 
applications, as to beams of balS,nces, levers in machinery, 
beams in architecture and engineering. It is more instructive 
to investigate the equations of equilibrium directly for this 
case than to deduce them from the equations worked out above 
for the much more comprehensive general problem. The par- 
ticular principle for the present case is simply that the mte of 
variation of the rate of variation, per unit of length along the 
wire, of the bending couple in any plane through the length, is 
equal, at any point, to the applied force per unit of length, wi&i 
the simple rate of variation of the applied couple subtracted. 
This, together with the direct equations (§ 599) betwaen the 
component bending couples, gives the required equutions of 
equilibrium. 
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The diagram representing a section of the wire in the plane straight 
let OP^x^ FF'=:8x, Let F and be the components niteiy uttie 

tl heut 



in the plane of, the diagram, of the applied force and* couple, 
each reckoned per unit of length of the wire ; so that Y8x 
and N8x will be the amounts of force and couple in this 
plane, actually applied to the portions of the wire between F 
and P'. 

Let, as before (§ 614), /3 and y denote the components parallel 
to OY and OZ of the mutual force,' and f and rj the components 
in the plane XOY^ XOZ^ of •the mutual couple, between the 
portions of matter on the two sides of the normal section throligh 
P; and /?', 7 ', and f', t}' the same for P'. The matter between 
these two sections is balanced under these actions from the matter 
contiguous to it beyond them, and the force and couple applied 
to it from without. These last have, in the plane XOY, com- 
ponents respectively equal to Y8x and N8x : and hence for the 
equilibrium of the portion PP', 

— Y8x-\- 13' =0jjDy forces parallel to OF, 
and — ^7 couples in plane XOYy 

the term I38x in this second equation being the moment of the 
couple formed by the infinitely nearly equal forces (3' in the 
dissimilar parallel directions through P and P'. Now 


Hence the preceding equations give 


d/3 

dx 





' These fo^s, being each in the plane of section of the solid separating the 
portions of matter between which they act, are of the kind called shearing forces. 
See below, § 662. 
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Straight 
beam Infi- 
nitely little 
bent. 


Case of in- 
dependent 
flexure in 
two planes. 


and these, by the elimination of 


f-r 


( 2 ). 


+Z 


(3), 


dx 

Similarly, by forces and couples in the plane XOZ^ 

dx^ dx 

couples in this plane being reckoned positive when they tend to 
turn from the direction of OX to that of OZ [which is opposite 
to the convention (551) generally adopted as being proper when 
the three axes are dealt with symmetrically]. 

Since the wire deviates infinitely little from the straight line 
0^, the component curvatures are 


and 


in the plane XOY^ 
d^z 


dx^ 


)) 


V 


xoz. 


Hence the equations of flexure are 

(fy d^z 


(4), 


where B and C are the flexural rigidities (§ 596) in the planes 
OTy and xz^ and a the coefficient expressing the couple in either 
produced by unit curvature in the other ; three quantities which 
are to be regarded, in general, as given functions of x. Substi- 
tuting these expressions for f and rjy in (2) and (B), we have 
the required equations of equilibrium. 

617. If the directions of maximum and minimum flexural 
rigidity lie throughout the wire in two planes, the equations 
of equilibrium become simplified by these planes being chosen 
as planes of reference, XOY, XOZ. The flexure in either plane 
then depends simply on the forces in it, and thus the problem 
divides itself into the i^o quite independent problems of in- 
tegrating the equations of flexure in the two principal planes, 
and so finding the projections of the curve on two fixed pl^es 
agreeing with their position when the rod is straight. 


In this case, and with JTOT, XOZ so*chosen, we have a: 
Hence the equations of flexure (4) become simply 


: 0 . 
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and the differential equations of the curve, found by using these 
in (2) and (3), 


dx* 


=S. 




da?* 


=2 


where 


g=-^+r, %=-^+^r 

doc ^ dx 


bent. 

Case of in* 
/e\ dependent 
flexure in 
two planae. 


( 6 ). 


Here g and % are to be generally regarded as known functions 
of a?, given explicitly by (6), being the amounts of component 
simple forces perpendicular to the wire, reckoned per unit of its 
length, that would produce the same figure as the distribution of 
force and couple we have supposed actually applied throtighout 
the length. Later, when occupied with the theory of magnetism, 
we shall meet with a curious instance of the relation expressed by 
(6) In the meantime it may be remarked that although the 
figure of the wire does not sensibly differ when the simple distri- 
bution of force is substituted for any given distribution of force and 
couple, the shearing forces in normal sections become thoroughly 
altered by this change of circumstances, as is shown by (1). 
When the wire is uniform, B and G are constant, and the equa- 
tions of equilibrium become 


.M. ^ 

dx*^ dx* C 


The simplest example is had by taking g and U each constant, a 
very interesting and useful case, being that of a uniform beam weight, 
influenced only by its own weight, except where held or pressed 
by its supports. Confining our attention to flexure in the one 
principal plane, XOY, and supposing this to be vertical, so that 
if w be the mass per unit of length; we have, for the 
complete integral, of course 


y=i^{-i-^+Kx‘-\-K'x*+K"x+K"') ( 8 ), 


where K', etc., denote constants of integration. These, four 
in number, are determined by the terminal conditions ; which, for 

du 

instance, may be that the value of y and of is given for eacli 


end. Or, as for instance in the case of a plank simply resting 
with its ends on two edges or tressles, and free to turn round 
either, tl|^ condition may be that the curvature vanishes at each 
cn(} : so that if OX be taken as the line through the points of 
support, we have 

2 O 
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Flank tap> 
ported by 
its ends ; 


by its 
middle. 


y=0 1 

^y^(\ r a;=0 and when 3?=?, 

I being the length of the plank. The solution then is 

• QVO 6 ?^ 

Hence, by putting a?= JZ, we find for the distance 

Jlm Xu X 

by which the middle point is defiected from the straight line 
joining the points of support. 

Or, as in the case of a plank balanced on a tressle at its middle 
(taken as zero of a?), or hung by a rope tied round it there, we 
may have 

y when a:=0, 

^ }■ when x-il [see above, § 614 ( 10 )]. 

dx^ 

The solution in this case is, for the positive half of the plank, 

( 10 ). 

By putting x-=\l, we find y=^ • • Hence 


when a;=0 and when 3?=?, 


Drot^s com- 618 . When a uniform bar, beam, or plank is balanced on a 
single'tressle at its middle, the droop of its ends is only f of the 
droop v\rhich its middle.has when the bar is supported on tressles 
at its ends. From this it follows that the former is f and the 
latter f of the droop or elevation produced by a force equal to 
half the weight of the bar, applied vertically downwards or 
upwards to one end of it, if the middle is held fast in a hori- 
zontal position. For let us first suppose the vdiole to rest on a 
tressle under its middle, and let two tressles be placed under 
its ends and gradually raised till the pressure is entirely taken 
off from the middle. During tliis operation the middle remains 
fixed and horizontal, while a force increasing to half the weight, ^ 
applied vertically upw^ds on each end, raises it through a 
height equal to the sum bf the droops in the two caseg above 
referred to. This result is of course proved directly by com- 
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paring the absolute values of the droop in those two cases as 

^ ° * ported by its 

found above, with the deflection from the tangent at the end of 
the cord in the elastic curve, figure 2, of § 611, which is 
cut by the cord at right angles. It may be stated otherwise 
thus : the droop of the middle of a uniform beam resting on 
tressles at its ends is increased in the ratio of 5 to 1 3 by laying 
a mass equal in weight to itself on its middle ; and, if the 
beam is hung by its middle, the droop of the ends is increased 
in the ratio of 3 to 1 1 by hanging on each of them a mass 
equal to half the weight of the beam. 

619. The important practical problem of finding the distri- by three or 

XXX o inor6 pointB 

bution of the weight of a solid on points supporting it, when 
more than two of these are in one vertical plane, or *when 
there are more than three altogether, which (§ 568) is indeter- 
minate^ if the solid is perfectly rigid, may be completely solved 
for a uniform elastic beam, naturally straight, resting on three 
or more points in rigorously fixed positions all nearly in one 
horizontal line, by means of the preceding results. 

If there are i points of support, the i — 1 parts of the rod 
between them in order and the two end parts will form ^ + 1 
curves expressed by distinct algebraic equations [§617 (8)], each 
involving four arbitrary constants. For determining these con- 
stants we have + 4 equations in all, expressing the following 
•conditions : — 

I. The ordinates of the inner ends of the projecting parts of 
the rod, and of the two ends of each intermediate part, are 
respectively equal to the given ordinates of the corresponding 
points of support \2i equations]. 

II. Tha curves on the two sides of each support have co- 
incident tangents and equal curvatures at the point of transi- 
tion from one to the other [2i equations]. 

III. The culrvature and its rate of variation per unit of 
length along the rod, vanish at each end [4 equations]. 

Thus the equation of each part of the curve is completely 
determined: and then, by § 616, we find the shearing force 
in any normal section. The difiference between these in the 

^ It need scarcely be.remarked that indetenoinateness does not exist in nature. 

How it may occur in the problems of abstract dynamics, and is obviated by taking 
something more of the properties of matter into account, is instructively illustrated 
by the circumstances referred to in tllb text. 
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neighbouring portions of the rod on the two sides of a point 
of support, is of course equal to the pressure on this point, 

620 . The solution for the case of this problem in which 
endjMi/* two of the points of support are at the ends, and the third 
* ♦ midway between them either exactly in the line joining them, 
or at any given very small distance above or below it, is found 
at once, without analytical work, from the particular results 
stated in § 618. Thus if we suppose the beam, after being 
first supported wholly by tressles at* its ends, to be gradually 
pressed up by a tressle under its middle, it will bear a force 
simply proportional to the space through which it is raised 
from the zero point, until all the weight is taken off the ends, 
and borne by the middle. The whole distance through which 

the middle rises during this process is; as we found, ^ ; 

and this whole elevation is f of the droop of the middle in the 
first position. If therefore, for'^instance, the middle tressle be 
fixed exactly in the line joining those under the ends, it will 
bear | of the whole weight, and leave ^ to be borne by each 
end. And if the middle tressle be lowered from the line join- 
ing the end. ones by ^ of the space through which it would 
have to be lowered to relieve itself of all pressure, it wiU bear 
just ^ of the whole weight, and leave the other two thirds to 
be equally borne by the two ends. 

Rotation of 621 . A wire of equal flexibility in all directions, and 

ft wirft irouxid 

its elastic Straight when freed from stress, offers, when bent and twisted 
in any manner whatevej^ not the slightest resistance to being 
turned round its elastic central curve, as its conditions of 
Elastic nni- equilibrium are in no way affected by turning the whole wire 
joint; 8189 . tlius equally throughout its length. The useful application of 
this principle, to the maintenance of equal angular motion in 
two bodies rotating round different axes, is rendered somewhat 
difficult in practice by the necessity of a perfect attachment 
and adjustment of each end of the wire, so as to have the tan- 
gent to its elastic central curve exactly in line with the axis 
of rotation. But if this condition is rigorously fulfilled, and 
the wire is of exactly equal flexibility in every direction, and 
exactly straight when free from stress, it will give, against any 
constant resistance, an accurately miiform motion from one to 
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another of two bodies rotating round axes which may be in Bqiubie 
dined to one another at any angle, and need not be in one 
plane. If they are in one plane, if there is no resistance to 
the rotatory motion, and if the action of gravity on the wii*e 
is insensible, it will take some of the varieties of form (§ 612) 
of the plane elastic curve of James Bernoulli. But however 
much it is altered from this ; whether by the axes not being in 
one plane ; or by the torsion accompanying the transmission of 
a couple from one shaft to the other, and necessarily, when the 
axes are in one plane, twisting the wire out of it ; or by gravity ; 
the elastic central curve will remain at rest, the wire in every 
normal section rotating round it with uniform angular velocity, 
equal to that of each of the two bodies which it connects. 

Under Properties of JV^^tter, we shall see, as indeed may be 
judged at once from the performances of the vibrating spring 
of a chronometer for twenty years, that imperfection in the 
elasticity of a metal wire does not exist to any such degree as 
to prevent the practical application of this principle, even in 
mechanism required to be durable. 

It is right to remark, however, that if the rotation be too 
rapid, the equilibrium of the wire rotating round its unchanged 
elastic central curve may become unstable, as is immediately dis- 
covered by experiments (leading to very curious phenomena), 
when, as is often done in illustrating the kinetics of ordinary 
rotation, a rigid body is hung by a steel wire, the upper end o^ 
which is kept turning rapidly. 

622 . If the wire is not of rigorously equal flexibility in all PracticAi 
directions, there will be a periodic inequality in the communi- *"®^"‘^^***®*‘ 
cated angular motion, having for period a half turn of either 
body : or if the wire, when unstressed, is not exactly straight, 
there will be a periodic inequality, having the whole turn for 
its period. In other words, if <f} and <f/ be angles simultane- 
ously turned through by the two bodies, with a constant work- 
ing couple transmitted from one to the other through the wire, 
wiU not be zero, as in the proper elastic universal 
flexure joint, but will be a function of sin 2<f> and cos 2^ if the 
first defect alone exists ; or it will be a function of sin <f> and 
cos ^ if there is the second defect whether alone or along with 
the first. It is grobable tiiat, if the bend in the wire when 
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BiMrticiotai- tmstressed is not greater than can be easily provided against 
in actual construction, the inequality of action caused by it 
may be sufficiently remedied without much difficulty in 
practice, by setting it at one or at each end, somewhat inclined 
to the axis of the rotating body to which it is attached. But 
these considerations lead us to a subject of much greater interest 
in itself than any it can have from the possibility of usefulness 
in practical applications. The simple cases we shall choose 
illustrate three kinds of action which may exist, each either 
alone or with one or both the others, in the equilibrium of a 
wire not equally flexible in all directions, and straight when 
unstressed. 


notation 
round its 
elastic cen- 
tral circle, 
of a straight 
wire made 


623 . A uniform wire, straight when unstressed, is bent till 
its two ends meet, which are then attached to one another, with 
the elastic central curve through eact touching one straight 


into a hoop, line : so that whatever be the form of the normal section, and 


the quality, crystalline or non-crystalline, of the substance, the 
whole wire must become, when in equilibrium, an exact circle 
(gravity being not allowed to produce any disturbance). It is 
required to find what must be done to turn the whole wire 
uniformly through any angle round its elastic central circle. 

If the wire is of exactly equal flexibility in all directions,^ it 
will, as we have seen (§ 621), offejno resistance at all to this 
action, except of course by its own inertia ; and if it is once 
%et to rotate thus uniformly with any angular velocity, great or 
small, it would continue so for ever were the elasticity perfect, 
and were there no resistance from the air or other matter 


touching the axis. 

To avoid restricting the problem by any limitation, we must 
suppose the wire to be such that, if twisted and bent in any 
way, the potential energy of the elastic action developed, per 
unit of length, is a quadratic function of the twist, and two com- 
ponents of the curvature (§§ 590, 595), with six arbitrarily given 
coefficients. But as the wire has no twist,® three terms of this 
function disappear in the case before us, and there remain only 


^ In this case, clearly it might have been twisted before its ends were put together, 
without altering the circular form taken when left with its ends joined. 

* Which we havOv supposed, in order that it may take a circular form : although 
in the important case of equal flexibility in all directions this condition would 
enviously be fulfllled, even with twist. 
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three terms, — those involving the squares and the product of 
the components of curvature in planes perpendicular to two 
rectangular lines of reference in the normal section through 
any point. The position of these lines of reference may be 
conveniently chosen so as to make the product of the com- 
ponents of curvature disappear : and the planes perpendicular 
to them will then bp the planes of maximum and minimum 
flexural rigidity when the wire is kept free from twist.^ There 
is no difiiculty in applying the general equations of § 614 to 
express these circumstances and answer the proposed question. 
Leaving this as an analytical exercise to the student, we take a 
shorter way to the conclusion by a direct application of the 
principle of energy. 


Let the potential energy per unit of length be J(J5 k* + CA.*), 
when K and A are the component curvatures in the planes of 
maximum and minimum flexural rigidity : so that, as in § 617, 
B and G are the measures of the flexural rigidities in these 
planes. Now if the wire be held in any way at rest with these 
planes through each point of it inclined at the angles 4> and 

to the plane of its elastic central circle, the radius of this 

A 

circle being r, we should have k=~cos<^, A=~sin<^. Hence, 
since 27rr is the whole length, 

E=v{^os*il>+^8m‘4>) ( 1 ). 


Let us now suppose every infinitely small part of the wire to be 
acted on by a couple in the normal plane, and let L be the amount 
of this couple per unit of length, which must be uniform all round 
the ring in order that the circular form may be retained, and let 
this couple be varied so that, rotation being once commenced, ^ 
may increase at any uniform angular velocity. The equation of 
work done per unit of time (§§ 240, 287) is 


27rr2/^= 


dE_dEr 
dt'^ dV' 


^ When, as in ordinary cases, the wire is either of isotropic material (see § 677 below), 
or has a normal axis (§ 596) in the direction of its elastic central line, flexure will pro- 
duce no tendency to twist : in other words, the products of twist into the corn- 
ponenfs of curvature will disappear from the quadratic expressing the potential 
energy : or the elastic central line is an axis of pure torsion. But, as shown in the 
text, the case under consideration gains no simplicity from this restriction. 


Rotation 
round its 
elastic cen- 
tral circle, 
of a straight 
wire made 
into a hoop. 
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Rotfttioii 
round its 
elastic cen- 
tral circle, 
of a straight 
wire made 
into a hoop. 


Rotation 
round its 
elastic cen- 
tral circle, 
of a hoop of 
wire equally 
liexihle in alJ 
directions, 
but circular 
when un- 
strained. 


And therefore, by (1), 




sin cos s sin 2<f>, 

which shows that the couple required in the normal plane 
through every point of the ring, to hold it with the planes of 
greatest flexural rigidity touching a cone inclined at any angle, 
if), to the plane of the circle, is proportionaj to sin 2^ ; is in the 
toection to prevent ^ from increasing ; and when = Jtt, 

Q 

per unit length of the circumference. From 


amounts to 


2r' 


this we see that* there are two positions of stable equilibrium, 
— being those in which the plane of least flexural rigidity lies 
in the plane of the ring ; and two positions of unstable equili- 
brium, — ^being those in which the plane of greatest flexural 
rigidity is in the plane of the ring. 

624 . A wire of uniform flexibility in all directions, so shaped 
as to be a circular arc of radius a when free from stress, is bent 
till its ends meet, and these are joined as in § 623, so that the 
I whole becomes a circular ring of radius r. It is required to 
find the couple which will hold this ring turned round the 
central curve through any angle 0 in every normal section, 
from the position of stable equilibrium (which is of course that 
in which the naturally concave side of the wire is on the 
concave side of the ring, the natural curvature being either 
increased or diminished, but not reversed, when the wire is 
bent into the ring). Applying the principle of energy exactly 
as in the preceding section, we find that in this case the couple 
is proportional to sin0, and that when ^ = Jtt, its amount per 

unit of length of the circumference is if jB denote the 
flexural rigidity. 


ar 


For in this case we have the potential energy 


and 


\ dE B , , 
27rr d<p ar 


( 2 ). 

( 8 ). 


If every part of the ring is turned half round, so as to t)ring 
the naturally concave side of the wire to the convex side of the 
ring, we have of course a position of unstable equilibrium. 



STATICS. 


473 


625 . A wire of unequal flexibility in difierent directions is 
formed so that, when free from stress, it constitutes a circul^ 
arc of radius a, with the plane of greatest flexural rigidity S 
each point touching a cone inclined to its plane at an angle a. 
Its ends are then brought together and joined, as in §§ 623, 624, 
so that the whole becomes a closed circular ring, of any given 
radius r. It is required to find the changed inclination, to 
the plane of the ring, which the plane of greatest flexural 
rigidity assumes, and the couple, (?, in the plane of the ring, 
which acts between the portions of matter on each side of any 
normal section. 

The two equations between the components of the couple 
and the components of the curvature in the planes of greatest 
and least flexural rigidity determine the two unknown quantities 
of the problem. 

These equations are 


B(—cos<l> — ^cosa)=:G^cos^ ) 
r a ( 

(7(-i sin<^— -^sin a) = G^sin ^ 



since -i- cos a and ~ sin a are the components of natural curva- 
a a 

ture in the principal planes, and therefore cos a, and 


— sin^ sin a, are the changes from the natural to the actual 

r a 

curvatures in these planes maintained by the corresponding com- 
ponents Q cos and G sin of the couple G. 

The problem, so far as the position into which the wire turns 
round its elastic central curve, may be solved by an application 


of the principle of energy, comprehending those of §§ 623, 624 
as particular cases. 

Let L be the amount, per unit of length of the ring, of the 
couple which must be applied from without, in each normal 
section, to hold it with the plane of maximum flexural rigidity at 
each point inclined at any given angle, to the plane of the 
ring. We have, as before (§§ 623, 624), for the potential energy 
of the elastic action in the ring when held so, 


J5?=s7rr{J?( 


ooa<fi 
r 




Sin a 


a 


a 


)*} 


( 6 ). 


Wire un- 
equally flexi- 
ble in difliBr- 
ent direc- 
tions, and 
circular 
when un- 
strained, 
bent to an- 
other circle 
by balancing 
couples ap- 
plied to its 
ends. 
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COS a. sin <f> 

7 ^)— T 


( 6 ). 


Hence 

1 dE^f^.oos<l> 

^2wr ^ r a ' r ' ^ r a ' r 

This equated to zero, is the same as (4) with G eliminated, and 
determines the relation between and r, in order that the ring 
when altered to radius r instead of a may be in equilibrium in 
itself (that is, without any application of couple in the normal 
section). The present method has the advantage of facilitating 
the distinction between the solutions, as regards stability or insta- 
bility of the equilibrium, since (§ 291) for stable equilibrium 
jEJ is a minimum, and for unstable equilibrium a maximum. 

As a particular case, let (7 = oo, which simplifies the problem 
very much. The terms involving C7 as a factor in (6) and (6) 
become nugatory in this case, and require of course that 

sin<#> sina__^ 

■ \j • 

r a 

But the former method is clearer and better for the present case ; 
as this result is at once given by the second of equations (4) ; and 
then the value of (r, if required, is found from the first. We 
conclude what is stated in the following section : — 


Conical 626 . Let a uniform hoop, possessing flexibility only in one 

deveio]^bie tangent plane to its elastic central line at each point, be given, 
so shaped that when under no stress (for instance, when cut 
through in any normal section and uninfluenced by force from 
other bodies) it rests in the form of a circle of radius a, with 
its planes of no flexibility all round touching a cone inclined 
^to the plane of this circle. This is very nearly the case with 
a common hoop of thin sheet-iron fitted upon a conical vat, 
or on either end of a 'barrel of ordinary shape. Let such a 
hoop be shortened (or lengthened), made into a circle of radius 
a by riveting its ends together (§ 623) in the usual ♦way, and 
left with no force acting on it from without. It will rest with 

its plane of no flexibility inclined at the angle sin""^(~sina) 

to the plane of its circular form, and the elastic couple acting 
in this plane between the portions of matter on the two sides 
of any normal section will be 




oos<^ 

r 


COSa 

a 


)• 


These results we see at once, by remarking that the component 
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curvature in the plane of inflexibility at each point must be contcai 

^ ^ bendings of 

• • 1 1 n Ai 1 Sin a • . 1 . , 1 developable 

invariably of the same value, , as m the given unstressed surface 

CL 

condition of the hoop : and that the component couple, Q cos 
in the plane perpendicular to that of no flexibility at each 
point, must be such as to change the component curvature fti 

j i • 1 /> COS tt . cos ^ 

this plane from to — - • 

^ a r 

The greatest circle to which such a hoop can be changed is 


of course that whose radius is — : and for this A = Jtt, or the 

surface of no flexibility at each point (the surface of the sheet - 
metal in the practical case) becomes the plane of the circle : 
and therefore (? =; oo, showing that if a hoop approaching 
infinitely nearly to this condition be made, in the manner ex- 
plained, the internal couple acting across each normal section 
will be infinitely great, which is obviously true. 

627 . Another very important and interesting case readily Flexure of a 
dealt with by a method similar to that which we have applied pute! 
to the elastic wire, is the equilibrium of a plane elastic plate 
bent by any forces subject to certain conditions stated below 
(§ 632). Some definitions and preliminary considerations may 
be conveniently taken first. 

(1.) A surface of a solid is a surface passing through always Definitions, 
the same particles of the solid, however it is strained. 

(2.) The middle surface of a plate is the surface passing 
through all those of its particles which, when it is free from 
stress, lie in a plane midway between iim two plane sides. 

(3.) A normal section of a plate, or a surface normal to a 
plate, is a surface which, when the plate is free from stress, 
cuts its sides and all planes parallel to them at right angles, 
being therefore, when unstrained, necessarily ^either a single 
plane or a cylindrical (or prismatic) surface. 

(4.) The deflection of any point or small part of the plate, k 
the distance of its middle surface there from the tangent plane 
to the middle surface at any conveniently chosen point of re- 
ference in it. 

(6.) The inclination of the plate, at any point, is the inclina- 
tion of the tangent plane of the middle surface there to the 
tangent plane at the point of reference. 
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(6.) The curvature of a plate at any point, or in any part,, is 
the curvature of its middle surface there. 

(7.) In a suiiace infinitely nearly plane the curvature is said 
to be uniform, if the curvatures in every two parallel normal 
sections are equal. 

' (8.) Any diameter of a plate, or distance in a plate infinitely 
nearly plane, is called finite, unless it is an infinitely great mul- 
tiple of the least radius of curvature multiplied by the greatest 
inclination. 

Choosing XOY 2i^ the tangent plane at the point of reference, 
let {pc, y, z) be any point of its middle surface, i its inclination 

there, and — its curvature in a normal section through that 
r 


point, inclined at an angle to ZOX, We have 

tan /: 


,fdz^ , dz^^ 

V 1 


and, if i be infinitely small. 


dx^ ' dy^ 


cos® sin ^ cos<^4-^-? sin*<f» 

r dx^ dxdy ^ ^^dy^ ^ 


( 1 ) 


( 2 ). ■ 


To prove these, let'^, t/, f be the co-ordinates of any point of the 
surface infinitely near {x, y, z). Then, by the elements of the 
differential calculus, 

{=^ i+ 


dx 
Let 

so that we have 


cos<^, rjzzzp Biu<^, 


and 


C=Ap+^Bp^, where cos<^-|-^ sin^ 


y (^)* 


Then by the formula for the curvature of a plane curve (§ 9), 


r 


, or, as A is infinitely small, 2-s=:B, 


and thus (2)»is proved. 

It follows that the surface represented by 

z=si(Ax^+2cxy+By*) (4), 

is a surface of uniform curvature if A, B, c be constant through^ 
out the admitted range of values of {x, y) ; these being limited 
by the condition that Ax+cy, and cx+By must be everywhere 
infinitely smaU. 

628 . When a plane surface is bent to any other shape than 
a developable surface (§ 139), it must experience some degree 
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of stretching or contraction. But an essential condition for the lamitation 
theory of elastic plates on which we are about to enter, is that Sot fSSJ*® 
the amount of the stretching or contraction t^s necessary in mlddSS^urS^ 
the middle surface is at most incomparably smaller than the abiS 
stretching and contraction of the two sides (§ 141) due to cur- 
vature. This condition, if we exclude the case of bending into 
a surface differing infinitely little from a developable surface, is 
equivalent to the following ; — 

The deflection [§ 627 (4)] is^ at all 'places flnitely [§ 627 (8)] 
distant from the point of reference, incomparably smaller than 
the thickness. 


And if we extend the signification of deflection” from that 
defined in (4) of § 627, to distance from some true developable sur- 
face, the excluded case is of course brought under the statement. 

Although the truth of this is obvious, it is satisfactory to 
prove it by investigating the actual degrees of stretching and 
contraction referred to. 

629. Let us suppose a given plane surface to be bent to stretching of 
some curved form without any stretching or contracting of synclastiJ 
lines radiating from some particular point of it, O \ and let it flexure, 
be required to find the stretching or contraction in the cir- 
cumference of a circle described from 0 as centre, with any 
radius a, on the unstrained plane. If the stretching in each 
part of the circumference, and not merely on the whole, is to be 
found, something more as to the mode of the bending must be 
specified; which, for simplicity, in the first place, we shall 
suppose to be, that any point P of the given surface moves in 
a plane perpendicular to the tangent ^ane through 0, during 
the straining. 

Let a, 0 be polar co-ordinates of P in its primitive position, 
and r, 6 those of the projection on the tangent plane through 0, 
of its position in the bent surface, and let z be the distance of 
this position from the tangent plane through 0, An element, 
adOy of the unstrained circle, becomes 

(r*dO^ 4" dr* -j- 

on the bent surface ; and, therefore, for the stretching^ of this 
element we have 

.r* . dr* . dz* ^ 






(!)• 


Ratio of the lengthening to the unetietched length. 
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Hence if e denote the ratio of the elongation of the whole cir> 
cumference to its unstretched length, or the mean stretching of 


the circun^rence, 


27rJo a o 


dr^ . dz^ 




)-l} 


( 2 ) 


where we must suppose z and r known functions of 0. Confining 
ourselves now to distances from 0 within which the curvature of 
the surface is sensibly uniform, we have 

and r=psin~=a(l— ^~+etc.) (3) 

2p p p 

if p be the radius of curvature of the normal section through 0 
and P : and, if we take as the zero line for 6 that in which the 
tangent plane is cut by one of the principal normal planes (§ 130), 

— =icos*^H*“ W 

P Pi Pi ^ pi Pi ^^pi pi ^ ^ 

where pi, p^ are the principal radii of curvature. Hence the 

term under the radical sign disappears if we include no 

a^dO^ 


terms involving higher powers than the first, of the small fraction 

~ ; and, to this degree of approximation 
P 

P Pi Pi P ^ pi Pi 

or, by (4), and reductions, finally 


PiPi Pi f>2 Pi p% 

Using this in (2) we find 



i 


o> 


Pi Pi 



The whole amount of stretching thus expressed will, it follows 
from (5), be distributed uniformly through the circumference, if, 
instead of compelling each point P to remain in 'the plane through 
0, perpendicular to XOY, we allow it to yield in the direction of 
the circumference through a space equal to 

From (6) we oouolude that , 


680 . If a plane area be bent to a uniform degree of curva- 
ture throughout, without any stretching in any radius through 
a certain point of it, and with uniform stretching or contraction 
oyer the circumference of every circle described from the same 
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point as centre, the amount* of this contraction (reckoned stretching df 
negative where the actual effect is stretching) is equal to the synciastio 
ratio of one-sixth of the square of the radiusipof the circle, to 
the rectangle under the maximum and minimum radii of cur- 
vature of normal sections of the surface ; or which is the same 
thing, the ratio of two-thirds of the rectangle under the maxi- 
mum and minimum deflections of the circumference from the 
flingent plane of the surface at the centre, to the square of the 
radius ; or, which is the same, the ratio one-third of the maxi- 
mum deflection to the maximum radius of curvature. 

If the surface thus bent be the middle surface of a plate of 
uniform thickness, and if each line of particles perpendicular 
to this surface in the unstrained plate remain perpendicular to 
it when bent, the stretching on the convex side, and the con- 
traction on the concave side, in any normal section, is obviously 
equal to the ratio of half the thickness, to the radius of curva- 
ture. The comparison of this, with the last form of the pre- 
ceding statement, proves that the second of the two conditions 
stated in § 628 secures the fulfilment of the first, 

631 . If a surface ajready bent as specified, be again bent to stretching 
a different shape still fulfilling the prescribed conditions, or if surface by 
a surface given curved be altered to any other shape by bend- fuimitng^* 
ing according to the same conditions, the contraction pro- condition, 
duced in the circumferences of the concentric circles by this 
bending, will of course be equal to the increment in the value 
of the ratio stated in the preceding section. Hence if a curved 
surface be bent to Sny other figure, without stretching in any 
part of it, the rectangle under the two principal radii of curva- 
ture at every point remains unchanged. This is Gauss’s cele- Gauss's 
brated theorenl regarding the bending of curved surfaces, 
which we gave a more analytical demonstration in our intro- 
ductory Chapter (see § 150). 

* 632 . Without further preface we now commence the theory Limitations 
of the flexure of a plane elastic plate wim the promised (§ 627) 

statement of restricting conditions. to eiome^ 

(1.) Of the forces applied from without to any part of the 
plate, bounded by a normal surface [§627 (3)], the components pi«te. 
parallel to any line in the plane of the plate are either evan- 
escent or are reducible to couples. In other words the algebraic 
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in elemen- 
tary theory 
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Results of 
general 
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sum of such components, for any part of the plate bounded by 
a normal surface is zero. 

(2.) The principal radii of curvature of the middle surface are 
everywhere infinitely great multiples of the thickness of the plate. 

(3.) The deflection is nowhere, within finite distance from the 
point of reference, more than an infinitely small fraction of the 
thickness. 

(4.) Neither the thickness of the plate nor the coefficients Sf 
elasticity of its substance need be uniform throughout, but if 
they vary at all they must vary continuously from place to 
place ; and must not any of them be incomparably greater in 
one place than in another within any finite area of the plate. 

633. The general theory of elastic solids investigated later 
shows that when these conditions are fulfilled the distribution 
of strain through the plate possesses the following properties, 
the statement of which at present, although not necessary for 
the particular problem on which we are entering, will promote 
a thorough understanding and appreciation of the principles 
involved. 

(1.) The stretching of any part of th|^ middle surface is in- 
finitely small in comparison with that of either side, in every 
part of the plate where the curvature is finite. 

,(2.) The particles in any straight line perpendicular to the 
plate when plane, remain in a straight line perpendicular to 
the curved surfaces into which its sides, and parallel planes of 
the substance between them, become when it is bent. And 
hence the curves in which these surfaces S,re cut by any plane 
through that line, have one point in it for centre of curvature 
of them all. 

(3.) The whole thickness of the plate remains unchanged, at 
every point ; but the half thickness on one side (which when 
the curvature is synclastic is the convex side) of the middie 
surface becomes diminished and on the other side increased, by 
e^al amounts compaifltble with thfi elongations and shorten- 
ings of lengths equal to the hair thickness, measured on the 
two side surfaces of the plate. 

634. The conclusions from the general theory on which we 
shall found the equations of equilibrium and motion of an 
elastic plate fere as follows : — 
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Let a naturally plane plate be bent to any surface of uni- 
form curvature [§ 627 (7)] throughout, the applied forces and 
the extents of displacement fulfilling the conditions and restric- 
tions of § 632 : Then — 

(L) The force across any section of the plate is, at each 
point of it, in a line parallel to the tangent plane to the middle 
surface in the neighbourhood. 

*(2.) The forces across any set of parallel normal sections are 
equally inclined to the directions of the normal sections at all 
points (that is to say, are in directions which would be parallel 
if the plate wei;e bent, and which deviate actually from parallel- 
ism only by the infinitely small deviations produced in the 
normal sections by the flexure). 

(3.) The amounts of force across one normal section, or any 
set of parallel normal sections, on equal infinitely small areas, 
are simply proportional to the distances of these areas from the 
middle surface of the plate. 

(4.) The component forces in the tangent planes of the nor- 
mal sections are equal and in dissimilar directions in sections 
which are perpendicular to one an- 
other. For proof, see § 661. [The 
meaning of ‘‘ dissimilar directions '' 
in this expi’ession is explained by 
the diagram ; where the arrow-heads 
indicate the directions in which 
the portions of matter on the two 
sides of each normal section would 
yield if the substance were actually 
divided, half way through the plate from one side, by each of 
the normal sections indicated by dotted lines.] 

(5.) By the law of superposition, we see that if the applied 
forces be all doubled, or altered in any other ratio, the curva- 
ture in every normal section, and all the internal forces specified 
in (1), (2), (3), (4), are changed in the* same ratio ; and th|l 
potential energy of the internal forces becomes changed accord- 
ing to the square of the same ratio. 

635 . From § 634 (3) it follows immediately that theTorces 
experienced by any portion of the plate bounded by a normal 
section through the circumference of a closed polygon or , curve 
of the middle surface, from the action of the contiguous matter 

2h 
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Stress- 
couple act- 
ing across 
a normal 
section. 


Twisting 
components 
proved equal 
round any 
two perpen- 
dicular axes. 



Principal 
axes of bend- 
ing stress. 


of the plate all round it, may be reduced to a set of couples 
by taking them in groups over infinitely small rectangles 
into which the bounding normal section may be imagined as 
divided by normal lines. From § 634 (2) it follows that the 
distribution of couple thus obtained is uniform along each 
straight portion, if any there is, of the boundary, and equal 
per equal lengths in all parallel parts of the boundary. 

636. From § 634 (4) it follows that the component couples 
round axes perpendicular to the boundary are equal in parts 
of the boundary at right angles to one another, and are in 

directions related 4:0 one another 
in the manner indicated by the 
circular arrows in the diagi'am ; 
that is to say, in such directions 
that if the axis is, according to 
the rule of § 234, drawn outwards 
from the portion of the plate 
under consideration, for one point 
of the boundary, it must be drawn 
inwards for every point where the boundary is perpendicular to 
its direction at that point. 

637. We may now prove that there are two normal sections, 
at right angles to one another, in which the component couples 
round axes perpendicular to them vanish, and that in these 
sections the component couples round axes coincident with the 
sections are of maximum and minimum values. 

Let OAB be a right-angled triangle of the plate. Let A and II 

be the two com- 
ponent couples 
acting on the 
side OA ; K and 
n those on the 
side 0B\ and O 
and H those on 
the side AB ; 
the amount of 
each couple be- 
ing reckoned 
per unit of 

length of the side on which it acts, and the axes and directions" of 
the several couples being as indicated by the circular arrows when 





X 
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each is reckoned as positive. Then, if AB^a^ and the Piinoijpu 

whole amounts of the couples on the three ^des are respectively ing 

A a cos <^, naCOS<^, veatlgated. 

Ka sin </>, ITa sin 
Gay Ha. 

Resolving the two latter round OX and OF, we have 
(jacos</»— /fasin<^ round OXy 
and Oa sip<^+Aracos</> „ OF. 

But if the portion in question, of the plate, were to become rigid, 
its equilibrium would not be disturbed* (§ 664) ; and therefore 
we must have 

Oacos</>— Arasin<^=Aacosc#>4-nasin<^ by couples round OX 
and 

Oasin<^+^acos</>=Kasin<^+na cos</> ,, ,, OF 

From these we find immediately 


n 


1 


(!)• 


} 


( 2 ). 


0= A cos®</>+2n sin<^ cos<^-}-K sin®<^, 

77= (K— A) sin^cos</) -f-II (cos’* sin® <^) 

Hence the values of </>, which make H vanish, give to Q its 
maximum and minimum values, and, being determined by the 
equation . ^ . IT 


tan 2<^= 


A) 


( 3 ), 


KK 

differ from one another by Jtt. 

A modification of these formulae, which we shall find valuable, 
is had by putting 


2=J(K+A), 0=HK-A) 

( 4 ). 

This reduces (2) to 


G^=2)+n sin2<^--0 cos2<^ ) 

7r= n cos2<^+0 sin2<^ j 

( 5 ), 

which again become 


(7= 2 -f- 12 cos 2(0 —ft) 1 

77 = — 12sin2(0 — a) f 

( 6 ). 


( 7 ). 


where a pbeing a value of given by (3)], and 12 are taken so 
that n=12sin2a, 0= — 12cos2a, 

so that, of course, 12=(n®-|’0®)^ 

This analysis demonstrates the following convenient synthesis of 
the whole system of internal force in question : — 


} 


638 . The action experienced by each part of the plate, in Synciastic 
virtue of the internal forces between it and the surrounding tic stresses 
contiguous matter of the plate, being called a stress [in accord- 
ance with the general use of this term defined below (§ 658)], 
nlay be regarded as made up of two distinct elements — fl.) a syn- 
clastic stress, and (2.) an an ticlastic stress ; as we shall call them. 
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stress re- 
ferred to its 
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Octantal re- 
solution and 
composition 
of antlclastic 
stress. 


(1,) Synclastic stress consists of equal direct bending action 
round every straigBt line in the plane of the plate. Its amount 
may be conveniently regarded as measured by the amount, Sj 
of the mutual couple between the portions of matter on the two 
sides of any straight noimal section of unit length. Its effect 
would be to produce equal curvature in all normal sections 
(that is to say, a spherical figure) if the plate were equally 
flexible in all directions. 

(2.) Anticlastic stress consists of two simple bending stresses 
of equal amounts in opposite directions round two sets of 
parallel straight lines perpendicular to one another in the 
plane of the plate. Its effect would be uniform anticlastic 
curvature, with equal convexities and concavities, if the plate 
were equally flexible in all directions. Its amount is reckoned 
as the amount, 12, of the mutual couple between the portions 
of matter on the two sides of a straight normal section of imit 
length, parallel to either of these two sets of lines. It gives 
rise to couples of the same amount, /2, between the portions of 
matter on each side of a normal section of unit length parallel 
to either of the sets of lines bisecting the right angles between 
j ^ those; but the couples now referred 

to are in the plane of the normal 
aiction instead of perpendicular to 
it. This is proved and illustrated 
by the annexed diagram, represent- 
ing [a particular case of 4:he diagram 
and equations (1) of § 637] the equi- 
librium of an isosceles right-angled 
triangle under the influence of couples, 
each equal to applied to it round axes coinciding with 

its legs, and a third couple, fl, round an axis perpendicular to 
its hypotenuse. 

If two pairs of rectangular axes, each bisecting the right 
angles formed by the other, be chosen as axes of reference, an 
anticlastic stress having any third pair of rectangular lines for 
its axes may, as the preceding formulae [§ 637 (5)] show, be 
resolved into two having their axes coincident with the two 
pairs of axes of reference respectively, by the ordinary cosine 
formula with each angle doubled. Hence it follows that any 


rj-p nvi 
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two anticlastic stresses may be compounded into one by the conttmouon 
same geometrical construction as the parallelogram of forces, 
made upon lines inclined to one another at an angle equal to 
twice that between the corresponding axes of the two given 
stresses ; and the position of the axes of the resultant stress 
will be indicated by the angles of this diagram each halved. . 

639 . Precisely the same set of statements are of cqurse Geometrical 
applicable to the curvature of a surface. Thus the propositiqn 
proved in § 637 for bending stresses has, for its analogue 
in curvature, Euier*s theorem proved formerly in § 130 ; and 
analogues to the series of definitions and propositions founded 
on it and derived from it may be at once understood without 
more words or proof. 


Let z=\(Kx^-\‘27zxy+Xy^) (1) 

be the equation of a curved surface infinitely near a point 0 at 
which it is touched by the plane YOX, Its curvature may be 
regarded as compounded of a cylindrical curvature, A., with axis 
parallel to OX, a cylindrical curvature, k, with axis parallel to 
OY, and an anticlastic curvature, ©, with axis bisecting the 
angles XOY, YOX', Thus, if « and X each vanished, the surface 

would be cylindrical, with — for radius of curvature and generat- 

ic 


Two cylin- 
drical curva- 
tures round 
perpendicu- 
lar axes, and 
an anticlas- 
tic curvature 
round axis 
bisecting 
their right 
angles ; 


ing lines parallel to OY, Or, if #c and X each vanished, there 
would be anticlastic curvature, witB sections of equal maximum 
curvature in the two directions, bisecting the angles XOY and 


YOX', and radius of curvature in those sections equal to 



^ 2 ) or *- Hpheri- 
' cal curvature 
and two 

.Q. anticlastic 
(oj ^ curvatures; 


If now we put 

<r=J(K + A,), %=l(K—k) 
the equation of the surface becomes 

or, if x=:r cos<f>, ys=rsin<;^, ) 

2:=:|^{(r+^cos2^+® sin2^}r* J 
or, lastly, ^=J{(r+a)C0s2(<^— a)}r*, 

^s=ci>cos2a, sr=sci>sin2a 
In these formulae cr measures the spherical curvature ; and ^ and curvature 


( 4 ); 


J 

} 


/5I oraspherl- 
^ cal and one 
anticlastic 


ts two components of anticlastic curvature, referred to the paii^f 
axes X'X, Y'Y, and the other pair bisecting their angles. The 
resultant of ^ and « is an antielastio curvature cc, with axes in- 
clined, in the angle XOY at angle a to OX, and in YOX', at 
angle a to OF. 
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Work done 
in bending. 


640 . The notation of §§ 637, 639 being retained, the work 
done on any area A of the plate experiencing a change of cur- 
vature (S/t, Sff), under the action of a stress (K, Ay 13), is 


(KSk -f- ASA. 2nS«) A ‘ ( 1 ) ; 

or ^228<r -f- 2 08^ '-j- 2X18®^ A (^)> 

if, as before, 

, 2=J(K+A), ©=J(K-A), cr=J(K+X), ^=J(ic-A) (3). 

Let FQP' Q! be a rectangular portion of the plate with its 
centre at 0, and its sides Q'P, P'Q parallel to OX, and Q'P', PQ 
parallel to OF. If ^ 


} 


( 4 ). 


z = J(Ka;’ + 2aa;3/ + A./) 

be the equation of the curved surface, we have 

dz , dz , . 

and therefore the tangent plane at {x, y) deviates in direction 
from if OF by an infinitely small rotation 

Kx+Tsy round OF 
and zsx » OX 

Hence the rotation from XOY to the mean tangent plane for all 
points of the side PQ or Q'P' is 

round OF, 

and TjO'P.® „ OX 

Hence if the tangent plane, XOY, at 0 remains fixed, while the 
curvature changes from (k, «, A) to (k+8#c, w+S®, A+8A), the 
work done by the couples PO.K round OF, and PO.H round 
OX, distributed over the side PQ, will be 

^Q'P.PQ.{K8K+mts), 

and an equal amount will be done by the equal and opposite 
couples distributed over the side Q'P' undergoing an equal and 
opposite rotation. Similarly, we find for the whole work done 
on the sides P'Q and Q'P, 


PQ,Q'P.{U8w+K8k). 

Hence the whole work done on all the four sides of the rectangle 
is PG.O'P.(K8/c4-2n8ar4-A8A) : 

whence the proposition to be proved, since any given area of the 
plate may be conceived divided into infinitely small rectangles. 

It is an instructive exercise to verify the result by beginning 
with the consideration of a portion of plate bounded by any 
given curve, and using the expressions (1) of § 637, by which 
we find, for the couples on any infinitely short portion, ds, of its 
boundary, specified in position by (a?, y), 
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(— A'^+n-^){fo round OX 

But, as we have just seen (4), th^ rotation experienced by the 
tangent plane to the plate at (a?, when the curvature changes 
from (#c, », A) to (#c+8/c, ts-^8ts^ A+8A), is 

and xSu+^8\ „ ♦ 0 X j 

the tangent pline to the plate at 0 being supposed to remain un- 
changed in position ; and therefore the work done on the portion 
ds of the edge is 

{ ^ +y8^) }*. 

The required work, being the integral of this over the whole 
of the bounding curve, is therefore 

(K8#c4“2lT8ay-}“A8A)4 ; 

since /a>^ds /i/^ds=A, 

and A A-f *=0. 

each integral being round the whole closed curve. 



Work don* 
in bending. 


641 . Considering now the elastic forces called into action 
by the flexure {/c, ts, \) reckoned from the unstressed condition 
of the plate (plane, or infinitely nearly plane), and denoting by 
w the whole amount of their potential energy, per unit area of 
the plate, we have, a§ in the case of the wire treated in § 594, 

K8k:=8^Wj A8\^8xWj 2T189=s8isW ( 7 ); 

* 

or, according to the other notation, 

2'28(r=^8fyWj 2®S^ss8^Wf 2ll8w=8jgW ( 8 ); 

where, as above explained, K and A denote the simple bending 
stresses (measured by the amount of bending couple, per unit 
of length) round lines parallel to OF and OX respectively : U 
the anticlastic stress with axes at 4ft? to OX and OF: and^^' 
and © the synclastic stress and the anticlastic stress with OX 
and OF for axes, together equivalent to K and A. Also, as in 
§ 695, we see that whatever be the character, aeolotto^ic or iso- 
tropic, § 677, of the substance of the plate, it must be a homo- 
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geneous quadratic function of the three components of curva- 
ture, whether («, or (o-, ®). From this and (7), or (8), 

it follows that the coefficients in the linear functions of the 
three components of curvature which express the components 
of the stress required to maintain it, must fulfil the ordinary 
conservative relations of equality in three pairs, reducing the 
whole number from nine to six. 


Thus Aj Bj (7, a, 6, c denoting six constants depending on the 
quality of the solid substance and the thickness of the plate, we 
have + + (9); 

and hence, by (7), 

K=.4ic-f-cA +6® 

.A=CK A" B\‘\"CL'J3 V (10). 

2ll = Jk “l-flX -"I- C7t5 j 

Transforming these by § 640 (3) we have, in terms of cr, ®, 

w=^\{(A+BA-^c)(r^ + (A+B-^2c)^^ + C^^+2{b—aPxs + 

2{h+a)iT^+2{A^B)(T^] ( 11 ), 

and 2 2 — (.4 -|-7?-|~2c)cr-!-|-(^— — 

20 =(.<4— J5)cr-4*(.(4 -f“-^““2c)^-|“(^““C^)® > (12). 

2n=(^+^)<^+(^ — a)'^+Czs ) 

These second forms are chiefly useful as showing immediately the 
relations which must be fulfilled among the coefficients for the 
important case considered in the following section. 


642 . If the plate be equally flexible in all directions, a 
synclastic stress must produce spherical curvature : an anti- 
clastic stress having any pair of rectangular lines in the plate 
for its axes must produce anticlastic curvature having these 
^ines for sections of equal greatest curvature on the opposite 
sides of the tangent plane : and in either action the amount of 
the curvature is simply proportional to the amount of the 
stress. Hence if b and denote two coefficients depending on 
. the compressibility and rigidity of the substance if isotropic (see 
§§ 677, 680, below), and on the thickness of the plate, we have 

2=d^<r, © = Ii^, n = (Ifl)* 

And therefore [§ 640 (2)] 

li;=^<r* + fe(^*+«a) * (14), 

♦ 

Hence the coefficientsin the general expressions of § 641 fulfil, 
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in the case of equal flexibility in all directions, the following 
conditions : — 

a=0, 5=0, 2(^—c) = (7 (15); 

and the newly-introduced coefficients jj and k are related to them 
thus: — .4-|-c=^, ^(7=^~c=!i (16). 

643. Let us now consider the equilibrium of an infinite Plate bent 
plate, disturbed from its natural plane by forces applied to it 

in any way, subject only to the conditions of § 632. The sub- 
stance may be of any possible quality as regards elasticity in 
different directions : and the plate itself need not be homo- 
geneous eitlier as to this quality, or as to its thickness, in 
different parts ; provided only that round every point it is in 
both respects sensibly homogeneous [§632 (4)] to distances great 
in comparison with the thickness at that point. 

644. Let OX, OF be rectangular axes of reference in the 
plane of the undisturbed plate ; and let z be the infinitely small 
displacement from this plane, of the point (x, y) of the plate, 
when disturbed by any forces, specified in their effective com- 
ponents as follows — A portion, E, of the plate bounded by a 
normal surface cutting the middle surface in a line enclosing 
an infinitely small area a in the neighbourhood of the point 
{x, y), being considered, let Za denote the sum of the compon- 
ent forces perpendicular to XOY on all the matter of E in the 
neighbourhood of the point {x, y) : and Lcr, Ma the component 
couples round OX and OF obtained by transferring, according 
to Poinsot, the forces from all points of the portion .S, supposed 
for the moment rigid, to one point of it which it is convenient 
to take at the centre of inertia of the area, a, of the part of the 
middle surface belonging to it. This force and these coup]^, conditions 
along with the internal forces of elasticity exerted on the ubSSi. 
matter of E, across its boundaiy, by the matter surrounding 

it, must (§ 564) fulfil the conditions of equilibrium for E treated 
as a rigid body. And E, being not really rigid, must have the 
curvature due, according to § 641, to the bending stress con- 
stituted by the last-mentichied forces. These conditions ex- 
pressed mathematically supply five equations from which, four 
elements specifying the internal forces being eliminated, we 
have a single partial differential equation for z in terms of x 
and y, which is the required equation of equilibrium. 
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Let O' be a rectangle PQP'Ct\ with sides 5a? parallel to OK 

and hy parallel to OF. 
Let a5y, a^y be the in- 
finitely nearly equal shear- 
ing forces perpendicular to 
5,71 L ^ r\ I the plate in the normal sur- 

faces through P(X and 
OP' respectively : and let 
jS' be the cort*esponding 
notation for PO, P'Q'. 


0! 


E 

P 

JL 


fix 


-JY 


O 

We shall have, of course, 

a'— a=^Sa?, and ^=-^5y. 

The effect of these actions on the portion, P, of the plate, con- 
sidered as rigid, is forces a'S^, ^'5a? through the middle points of 
QP', O'P', in the direction of z positive, and forces aSy, /85a? 
through the middle points of PQi^ PQ, in the direction of z 
negative. Hence, towards the equilibrium of P as a rigid body, 
they contribute 

(a'— a)5y+(i® — or component force parallel to OP, 

dx 

aSy.Sx couple round OF, 
and /38x.Sy „ „ OK ; 

(in these two last expressions the difference between a and a and 
between /8 and j8' being of course neglected). Again, if K, 

A, n specify, according to the system of § 637, the bending 
stress at (a?, y), we shall have couples infinitely nearly equal 
and opposite, on the pairs of opposite sides, of which, estimated 
in components round OX and OF, the differences, representing 
the residual turning tendencies on P as a rigid body, are as 

dA, 


follows : — 

round O-Y, 


from sides PQ, O'P', 

„ PQ;,QP',~Sx.Sy, 


J) 


dU. 


round OF, 


from sides PQ, Q'P', -^5y.5a?, 

dK 

,, PQ , OP , ^^5a?.5^ j 




or in all, 


round OX, (^+g)&8y, 
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The equations of equilibrium, therefore, between these and the BqiuitioiiM 
applied forces on JEJ as a rigid body give, if we remove the iJpuS? 
common factor, JSyVSow. 

z+^A'^ 


dx dy 


=0 


^ +^+^+§=0 


(1)* 


dy 

„ , . dU. . dK „ 

The first of these, with a and ^ replaced in it by their values 
from the second and third, becomes 


d^K dm d^A 
dx^ dxdy 


=Z* 


dM dL 


( 2 ). 


dy^ dx dy 

Now K, X, Ts denoting component curvatures of the plate, accord 
ing to the system of § 639, we have of course 

d^z . d^z d^z 


K = 


dx^ 


. d^z 
drf 




and hence (10) of § 641 give 


dxdy 


dH 


( 8 ), 


K=^— -4-c — 4-6 

dx"^^ dy^ dxdy 

. dH , JiH , d^z 

® ^dy^ "'dxdy 

dx^ dy^ dxdy 


( 4 ). 


Equations 
connecting 
stress and 
curvature. 


Using these in (2) we find the required differential equation of 
the disturbed surface. On the general supposition (§ 643) we 
must regard J5, (7, «, 6, c as given functions of x and y. 
In the important practical case of a homogeneous plate they are 
constants ; and the required equation becomes the linear partial 
differential equation of the fourth degree with constant coeffi- 
cients, as follows ; — 

.dH , d^z , //Y , „ \ ^^<2^ .o'* d^z , j^d*z ^ dM dL 

dx'‘dy'^^^^^^^dx*dy*'^^ dxdy‘'^^ dy*~^ dx dy 
For the case of equal fiexibility in all directions, according to 
§ 642 (13), this becomes 




d^z . d^z 


or 


dx^ 


dx^dy^ dy 

)*z = Z 




dM 


dx dy 
dL 


Partial 

differential 


( 6 ). ^Q&tion 


dy ^* " dx dy 

645 . To investigate the boundary conditions for a plate of 
limited dimensions, we may first consider it as forming part of 


the bent 
surface. 
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Boundary an infinite plate bounded by a normal surface drawn through a 
conditions, curve traced on its middle surface. The preceding in- 

vestigation leads immediately to expressions for the force and 
couple on any portion of the normal bounding surface. If then 
the portion in question be actually cut out from the surround- 
4ng sheet, and if a distribution of force and couple identical 
with that so found be applied to its edge, its elastic condition 
will remain absolutely unchanged throughout up to the very 
normal edge. To fulfil this condition requires three equations, 
expressing (1.) that the shearing force applied to the edge (that 
is, the applied tangential force in the normal surface constitut- 
^wson’s ing the edge), which is necessarily in the direction of the 
normal line to the plate, must be equal to the required amount, 
and (2. and 3.) that the couple applied to any small part of the 
edge must have components of the proper amounts round any 
two lines in the plane of the plate. These three equations 
were given by Poisson as necessary for the full expression of 
two ^ the boundary condition ; but Kirchhoff has demonstrated that 
by Kirchhoff. they express too much, and has shown that two equations 
suffice. This we shall prove by showing that when a finite 
plate is given in any condition of stress, or free from stress, we 
may apply, round axes everywhere perpendicular to its normal 
surface-edge, any arbitrary distribution of couple without pro- 
ducing any change except at infinitely small distances from 
the edge, provided a certain distribution of force, also calcu- 
lated from the distribution of couple, be applied to the edge, 
perpendicularly to the plate. 

• Let XY, be an infiiytely small element at a point (a?, y) 

of a curve traced on the middle surface of an 
infinite plate ; and, PX and PY being parallel 
to the axes of x and y, let YXP=<I>. Then, 
if (8s denote the shearing force in the normal 
surface to the plate through 3s, and, as before 
(§ 644), a.PY and /3.PX be those in normal 
surfaces through PT and PX, we must have, 
for the equilibrium of the triangle YPX sup- 
posed rigid (§ 564), 

{^8:=:a,PY+p.PX, whence (=a sin<^4 ^C0B<^. 
Using here for a and ^ their values by (1) of § 644, we have 
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Next, if Gh and llhs denote the components round XY^ and 
round an axis perpendicular to it in the plane of the plate, of the 
couple acting across the normal surface through we have 
[(2) of § 637], 

(7=:Acos“<^+2n sin<^cos^4'KsiJi*<^ (2), 

Zr=(K— A) sin<^cos<#>+n(cos*<^— sin*</>) ( 3 ). 

If (f, Zf ) denoted the action experienced by the edge in virtue 
of applied forces, all the plate outside a closed curve, of which Ss 
is an element, being removed, these three equations would ex- 
press the same as the three boundary equations given by Poisson. 
Lastly, let ^ 85 , G 8 d, |J 85 denote the force perpendicular to the 
plate, and the components of couple, actually applied at any point 
[Xy y) of a free edge on the length 8s of the middle curve. As 
we shall immediately see (§ 648), if 




ds 


0 


(4), 


(5). 


the plate will be in the same condition of stress throughout, ex- 
cept infinitely near the edge, as with (f, G, H) for the action on 
the edge. Hence, eliminating f and H between these four equa- 
tions, there remain to us ( 2 ) unchanged and another, or in all 
these two — 

G= A cos * <^+211 sin<^cos<)5>-fK sin*</>, and 

which are Kirchhoff ’s boundary ‘equations. 

646. The proposition stated at the end of last section is Distribution 
equivalent to this : — That a eertain distribution of normal force deter- 
shearing force on the bounding idge of a finite plate may be produce 

j, *ji_*ii_n j Ai A • sftnie flexure 

determined which shall produce the same effect as any given asaffiven 
distribution of couple, round axes everywhere perpendicular to of couple 
the normal surface supposed to constitute the edge. To prove perpen-*®* 
this let equal forces act in opposite directions in lines EF, EF' bouiidarV. 
on each side of the middle line and parallel to it, constituting 
the supposed distribution of couple. It must be understood 
that the forces are actually distributed along their lines of 
action, and not, as in the abstract dynamics of ideal rigid bodies, 
applied indifferently at any points of these lines ; but the 
amount of the force per unit of length, though equal in the 
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neighbouring parts of the two lines, must differ from point to 
point along the edge, to constitute any other than a uniform 

distribution of couple. Lastly, 
we may suppose the forces in 
the opposite directions to be not 
confined to two lines, as shown 
in the diagram, but to be diffused 
over the two halves of the edge 
on the two sides of its middle 
line ; and further, the amount of 
them in equal infinitely small 
breadths at different distances 
from the middle line must be 
proportional to these distances, 
as stated in § 634 (3), if the given 
distribution of couple is to be thoroughly such as LT of § 645. 

Let now the whole edge be divided into infinitely small 
rectangles, such as A BCD in the diagram, by lines drawn per- 
pendicularly across it. In one of these rectangles apply a 
balancing system of couples consisting of a diffused couple 
equal and opposite to the par^ of the ^ven distribution of 
couple belonging to the area of the rectangle, and a couple 
of jingle forces in the lines AD, CB, of equal and opposite 
moment. This balancing system obviously cannot cause any 
sensible disturbance (stress , or strain) in the plate, except 
within a distance comparable with the sides of the rectangle ; 
and, therefore, when the same thing is done in all the rectapgles 
in^o which the edge is divided, the plate is only disturbed to 
an infinitely small distance ffom the edge inwards all round. 
But the given distribution of couple is thus removed (being 
directly balanced by a system of diffused force equal and 
opposite everywhere to that constituting it), and there repiaius 
only the set of forces applied in the cross lines. Of these there 
are two in each cross line, derived from the operations per- 
formed in the two rectangles of which it is a commip side, and 
their difference alone remains effective. Tl;^is we see that if 
the given distribution of couple be uniform along the edge, it 
may be removed without disturbing the condition of the plate 
except infinitely near the edge : in other words, 
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647 . A uniform distrikiition of couple along the whole edge 
of a finite plate, everywhere round axes in the plane of the plate, 
and pe'tpendicular to the edge, produces distortion, spreading to 
only infinitely small distances invjards from the edge all round, 
and no stress or distortion of the plate as a whole. The truth of 
this remarkable proposition is also obvious when we consider 
that the tendency of such a distribution of couple can only be 
to drag the two sides of the edge infinitesimally in opposite 
directions round the area of the plate. Later we shall investi# 
gate strictly the strain, in the neighbourhood of the edge, pro- 
duced by it, and we shall find that it diminishes with extreme 
rapidity inwards from the edge, becoming practically insensible 
at distances exceeding twice the thickness of the plate. 

648 . A distribution of couple on the edge of a plate, round tionof*ahSlr 
axes everyii^iere in the plo-ne of the plate, and perpendicular to th5/pro^- 
the edge, of any given amount per unit of length of the edge, may flexure 

he removed, and, instead, a distribution of force perpendicular [rlhutlon of 
the plate, equal in amount per unit length of the edge, to the rate 
of variation per unit length of the amount of the couple, without 
altering the flexure of the plate as a vjhole, or pi'oducing any dis- 
turbance in its stress or strairPiexcept infi7titely near the edge. 


In the diagram of § 646 let AB =z 8s, Then if H be the 
amount of the given couple per unit length along the edg% be- 
tween AD, BC, the amount of it on the rectangle A BCD is H88, 
and therefore T1 must be the amount of the forces introduced along 
AD, CB, in order that they may constitute a couple of the requi- 
site moment. Similarly, if H'8s denote the amount of the couple 
in the contiguous rectangle on the other side of BC, the force in 
BC derived from it will be S' in the direction opposite to H, 
There remains effective in BC a single force equal to the differ- 
ence, 

If from .4 to J5 be the direction in which we suppose s, a length 
measured along the edge from any zero point, to increase, we have 


H'- H=^Ss. 

o US 


Thus we are Jeft with single forces, equal to applied in 

lines perpendicularly across the edge, at consecutive distances 
8s firom one another; and for this we may substitute, with- 
out causing disturbance except infinitely near the edge, a eon- 
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dH 

tinuous distribution of transverse force, amounting to - per unit 

as 

length ; which is the proposition to be proved. The direction of 

ilTJ 

this force, when ^ is positive, is that of z negative : whence 

CLS 

immediately the form of it expressed in (4) of § 645. 

649 . As a first example of the application of these equa- 
tions, we shall consider the very simple case of a uniform 
plate of finite or infinite extent, symmetrically influenced in 
concentric circles by a load distributed symmetrically, and by 
proper boundary appliances if required. 


z 


Let the origin of co-ordinates be chosen at the centre of sym- 
metry, and let r, 6 be polar co-ordinates of any point P, so that 
’ x^rQOsSy 3 ^=rsin^. 

The second number of (6), § 644, will be a function of r, which 
for brevity we may now denote simply by Z (being the amount 
of load per unit area when the applied forces on each small part 
are reducible to a single normal force through some point of it). 
Since z is now a function of r, and, as we have seen before 
[§ 491(e)], 

r ^ dr ^ 

when u is any function of r, equation (6) of § 644 becomes 

A d f d d . dz^ 


r dr dr^r dr dr 


Hence 


jrdrj^ jrZdr+iC(}ogr-iy‘ + j;C'r> + C"logr+C"' (2), 

which is the complete integral, with the four arbitrary constants 
explicitly shown. The following expressions, founded on inter- 
mediate integrals, deserve attention now, as promoting a thorough 
comprehension of the solution ; and some of them will be required 
later for expressing the boundary conditions. The notation of 
(7) will be explained in § 650 : — 


/inclination, divided by radius ; or curvature in\ a 
\ normal section perpendicular to radius / f 

(curvature in radial section) 
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(sum of curvatures in rectangular sections) 
= rZdr+ Ologr+C 


PUt« 

ciroolariy 

atrained. 


.d^Z , dz ^ 
ar* rdr 


= — J^^'C?r4-iC'{(^+c)logr+J(^ — c)} (^) 

I -I /nf// j 1 -\ y-v/// A ^ 


fi’=:0 

- d^z , . dz 

£^c-r~::+A~y- 

dr^ rdr 




i A \ ^ ^ dz j dCf A d ^ 

7r> + 7r 


=—frZdr + a— 
rj r 


( 8 ). 


Of these (6) and (8) express, according to the notation of § 646, 
the couple and the shearing force acting on the normal surface 
cutting the middle surface of the plate in the circle of radius r. 

They are derivable analytically from our solution (2) by means of 
. (2), (3), and (1) of § 646, with (4) of § 644, and (16) of § 642. 

The work is of course mugh shortened by taking y=0, and 
a:=r, and using (3) and (4) of the present section. The student 
I may go through this process, with or without the abbreviation, as 
an analytical exercise ; but it is more instructive, as well as more 
direct, to investigate ab initio the equilibrium of a plate sym- 
metrically strained in concentric circles, and so, in the course of 
an independent demonstration of (6) § 644, for this case, or (1) 

§ 649, to find expressions for the. fiexural and shearing stresses. 

650. It is clear that, in every part of the plate, the normal independent 
sections (§ 637) of maximum and minimum, or minimum and for cir^lar 
maximum bending couples are those through and perpen- 
dicular to the radius drawn from 0 the centre of symmetry. 

At distance r from 0, let L and 0 be the bending couples in 
the section through the radius, and in the section perpen- 
dicular to^t ; so that, if X and k be the curvatures in these 
sections, wWiave, by (10) of § 641 and (15) of § 642, 

G:=^c\+Ak f W- 

Let also f be the shearing force (§ 616, foot-note) in the 

2 I 


sections. 
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Independent circular normal section of radius r. The symmetry requires 
for o^uSr*^ that there be no shearing force in radial normal sections. 

* * Considering now an element, iJ, bounded by two radii 

making an infinitely small angle 80 with one another, and 
two concentric circles of radii r — JSr and r+^8r; we see 
that the equjil couples, ZSr on its radial normal sections, round 
axes falling short of direct opposition by the infinitely small 
angle 80, have a resultant equal to L8r80 round an axis per- 
pendicular to the middle radius, in the negative direction when 
L is positive; and the infinitely nearly equal couples on its 
outer and inner circular edges have a resultant round the same 

axis, equal to being the difference of the values taken 


by Ot80 when r — and r -f JSr are put for r. There is also 
the couple of the sheariug forces on the outer and inner edges, 
each infinitely nearly equal to . ^r80 ; of which the moment is 
Hence, for the equilibrium of E under the action of 
these couples, 

- Z,&-8(?+ trWSr = 0, 

ar 


„ ao), 

if, as we may now conveniently do, we suppose no couples to 
be applied from without to any part of the plate except its 
.bounding edges. Again, considering normal forces on E, we 


have 


d[^r^0) 

dr 


8fr for the sum of those acting on it from the con- 


tiguous matter of the plate, and Zr808r from external matter 
if, as above, Z denote the amount of applied normal force per 
unit area of the plate. Hence, for the equilibrium of these 
forces. 


^(0 

dr 


j-Zr=0 


(11). 


Substituting for fin (11) by (10) ; for L and 0 h^he result 
by (9) ; and, in the result of this, for X and k thei^xpressions 


dz d^z 

by the differential calculus, which are — and -j-i , since the 

rdv dr 


plate is a surface of revolution differing infinitely little from 
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a plane perpendicular to the axis, we arrive finally at (1) the ip^e^ndyt 
differential equation of the problem. Of the other formulae of 
of § 649, (6), (7), (8) follow immediately from (9) and (10) now 
proved : except jEr= 0, which follows from the fact that the 
radial and circular normal sections are the sections of maximum 


terms In 
integral. 


and minimum, or minimum and maximum, curvature. 

651. We are now able to perceive the meaning of each of 
the four arbitrary constajjts. " 

(1.) (7"' is of course merely a displacement of the plate with- 
out strain. 

(2.) C"\ogr is a displacement which produces anticlastic 

C" 

curvature throughout, with i -- for the curvatures in the two 


principal sections : coiTesponding to which the bending couples, 

C" 

X, G, are equal to ± (^ — • An infinite plane plate, with 

a circular aperture, and a uniform distribution of bending couple 
applied to the edge all round, in each part round the tangent as 
axis, would experience this effect ; as we see from the fact that 
the stress in the plate, due to diminishes according to the 
inverse square of the distance from the centre of symmetry. 
It is remarkable ^hat although the absolute value of the deflec- 
tion, C" log r, is infinite for infinite values of r, the restrictive 
condition (3) of § 632 is not violated provided 0" is infinitely 
small in comparison with the thickness : and it may be readily 
proved that the law (1) of § 633 is, in point of fact, fulfilled by 
this deflection, even if the whole displacement has rigorously 
this value. O'' log r, and is precisely in the direction perpen- 
dicular to the undisturbed plane. For this case f=0, or there 
is no shear. 

(3.) is a displacement corresponding to spherical 

curvature : and therefore involving simply a uniform synclastic 
stress [§ 638 (2)], of which the amount is of course [§ 641 
(10) or (11)] equal to .4 -f-c divided by the radius of curva- 
ture, or (ii|h c)xi C\ agreeing with the equal values given 
for L and by (6) and (7) of § 649. In this case also 0, or 
there is no shearing force. A finite plate of any shape, acted 
on by a uniform bending couple all round its edge, becomes 
bent thus spherically. 
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(4.) iC/(logr — 1)?’^ is a deflection involving a shearing force 
C * 

equal to — > and a bending couple, 

^C{{A+c)\ogr-\-^[A — c)}, 


in the circle of distance r from the centre of symmetry. 
flexure^Sf*^*' 652. It is now a problem of the merest algebra to find 
flat ring. flexurc of a flat ring, or portion of plane plate bounded by 

two concentric circles, when acted o^ by any given bending 
couples and transverse forces applied uniformly round its 
outer and iflner edges. For equilibrium, the forces on the 
outer and inner edges must be in contrary directions, and of 
equal amounts. Thus we have three arbitrary data : the 
amounts of the couple applied to the two edges, each reckoned 
per unit of length, and the whole amount, F, of the force on 
either edge. By (4), § 651, or (8) of § 649, we see that 



and there remain unknown the two constants, C' and to be 
determined from the two equations given by putting the ex- 
pression for 0 [(6) of § 649] equal to the given values for the 
values of r at the outer and inner edges respectively. 

Example . — A circular table (of isotropic fhaterial), with a 
concentric circular aperture, is supported by its outer edge, 
which rests simply on a horizontal circle ; and is deflected by 
a load uniformly distributed over its inner edge (or vice versd, 
inner for outer). To find the deflection due to this load (which 
of course is simply added to the deflection due to the weight, 
determined below). Here 0 must vanish at each edge. 


The radii of the outer and inner edges bdng a and a\ the 
equations are 

jq(^+c)loga+i(^-c)}+JCV+c)-CV-c)i=0, 

CL 

and the same with a for a. Hence 

Cr'(A-cX-^-^)=-iC(A+c) log J f 

and 

i c)(a* — 0= — J C[(4+c)(aMog a-a'®loga')+K : 

and thus, using for C its value (12), we find [(2) § §49] 
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F 


[l(— logH-H 


a*loga-~a'Mo^' 




-4-|“C 


o*a'*log 


FlMcaitt of 


tt' 


2ir^L*v ‘-S' 1-1 ^-^A+c^ 'M-o 

Putting, the factor of r* into a more convenient form, and assign- 
ing C'" so that the deflection may be reckoned from the level of 
the inner edge, we have finally 

a* , a , -3i4+Cv - 


* I />//! rtatring 
75— logr+C/ J. equilibrated 




+ 






log^-L-CTlog 


a 


A-c a*-o'* ‘“®a' *a‘-a'*7®a' 

Towards" showing the distribution of stress through the breadth 
of the ring, we have from this, by § &49 (6), 

which, as it ought to do, vanishes when r=a\ and when r=a. 


Further, by § 649 (8), 


^=1. 


£_ 

27rr 


(15) 


(which shows that, as is obviously true, the whole amount of the 
transverse force in any concentric circle of the ring is equal to F)» 


by foroea 
symmetrl* 
cally distri- 
buted over 
its edges; 


653 . The problem of § 652, extended to admit load dis- and with 
tributed in any syimnetrical manner over the surface of the metricany 
ring instead of merely confined to one edge, is solved 
algebraically in precisely the same manner, when the terms 
dependent on Z, and exhibited in the several expressions of 
§ 649, are found by integration. One important remark we 
have to make however : that much needless labour is avoided 
by treating as a discontinuous function in these integrations 
in cases in which one continuous algebraic or transcendental 
function does not express the distribution of load over the 
whole portion* of plate considered. Unless this plan were 

dz 

followed, the expressions for f^-nd f, would have to be 

worked out separately for each annular portion of plate through 
which Z is continuous, and their values equated on each side 
of each separating circle. Hence if there were i annular 
portions to be thus treated separately there w^ould be ii 
arbitrary constants, to be determined by the 4(^— 1) equations 
so obtained, and the 4 equations expressing that at the outer 
and inner^ounding circular edges 0 has the prescribed values 
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(whether zero or not) of the applied bending couples, and that 
z and f have each a prescribed value at one or other of these 
circles. But by the more artful method, the multiplication of 
detail required in virtue of the discontinuity of Z is confined 
to the successive integrations ; and the arbitrary constants, of 
which there are now but four, are determined by the conditions 
for the two extrenxe bounding edges. 

Example— A circular table (of isotropic material) with a 
concentric circular aperture, is borne by its outer or inner edge 
which rests^teimply on a horizontal circular support, and is 
loaded by matter uniformly distributed over an annular area of 
its surface, extending from its inner edge outwards to a con- 
centric circle of given radius, c. It is required to find the 
flexure. 


First, supposing the aperture filled up, and the plate uniform 
from outer edge to centre, let the whole circle of radius c be 
uniformly loaded at the rate a constant, per unit of its area. 
We have 




JrZdr= 

/^/rZir= 


frdrf— frZdr— 

When r = 0 

w 

0 

0 

0 

0 


w 






0 


X (21og--fl) 

10.(4r2 log--Hc2) 

yg- (2r3 log — — r®+c2 log — +Ic2) 


I. 

n. 

III. 

IV. 

V. 


Of these results, v. used in (2) gives the general solution ; and 
IV., III., and II, in (6) and (8) give the corresponding expressions 
for O and f. If, first, we suppose the value of O thus found to 
have any given value for each of two values, r', r", of r, and f to 
have a given value for one of these values of r, we have three 
simple algebraic equations to find (7, C"\ ani we solve a more 

general problem than that proposed; to which we descend by 
making the prescribed values of G and f zero. The power of 
mathematical expression and analysis in dealing with discon> 
tinuous functions, is strikingly exemplified in the applicability 
of the result not only to the contemplated case, in which c is in- 
termediate between r' and r"; but also to cases in which c is less 
than either (when we fall back on the previous case, of § 652), 
or c greater than either (when we have a solution more directly 
obtainable by taking Z^ssw for all values of r). 
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* If the plate is in reality continuous to its centre, and uniformly 
loaded over the whole area of the circle of radius c, we must 
have (7=0 and (7"=0 to avoid infinite values of ( and G at the supported 
centre : and the equation 0=0 for the outer bounding of the SiSn>n*it» 
disc gives at once, completing the determinatiUb. If, lastly, 8^*ineS^ 
we suppose c to be not less than the radius of the disc, we have Jwn 
the solution for a uniform circular disc uniformly supported round 
its edge, and strained only by its own weight. 


654 . If now we consider the general problem, — to deter- 
mine the flexure of a plate of any form, withg^an arbitmry oTno“ 
distribution of load over it, and with arbitrary boundary 
appliances, subject of course to the condition that all the 
applied forces, when the data are entirely of force, must con- 
stitute an equilibrating system ; we may immediately reduce 
this problem to the simpler one in which there is no load 
distributed over the area, but arbitrary boundary appliances 
only. We shall merely sketch the mathematical investigation. 


First it is easily proved, as for a corresponding expression for 
three independent variables in § 491 (c), that 

iogDdx'di/'= 2irp (1) 

where p is any function of two. independent variables, x\ y \ 
p the same function of a?, y ; 

D denotes ^ t 

and fj integration over an area comprehending all values of x\ y' 
for which p does not vanish. Hence 


^dx^^ dy^ " ^ 

u=^^Jfdx'dy'\og D//dx''dy"Z" log D' 

47r 


( 2 ), 

( 3 ) 


where D' = sj {{x" -^x'y •\‘{y' ^y’y} ; and if Z" and Z denote 
the values for (a?", y") and (a?, y') of any arbitrary function of two 
independent variables. Let this function denote the amount of 
of load per unit of area, which we may suppose to vanish for all 
values of the co-ordinates not included in the plate ; and to avoid 
trouble regarding limits, let all the integrals be supposed to ex- 
tend from — Qo to -b Qo, We thus have, in z = u, a solution 
of our equation (2) : and therefore 2 ; — u must satisfy the same 
equation wanting the second member : or, if } denote a general 
solution of 
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( 4 ), 


Wa?* dy^ 

then 2 :=w+j (6) 

is the general solution of (2). The boundary conditions for j are 
of course%ad by substituting w+j for in the directly prescribed 
boundary equations, whatever they may be. 


Flat circular ■ 655 . Mathematicians have not hitherto succeeded in solving 
CMC wtherto this problem with complete generality, for any other form of 
’ plate than the circular ring (or circular disc with concentric 
circular aperture). Having given (§§ 640, 653) a detailed 
solution of the problem for this case, subject to the restriction of 
symmetry, we shall merely indicate the extension of the analysis 
to include any possible non- symmetrical distribution of strain. 
The same analysis, under much simpler conditions, will occur to 
us again and again, and will be on some points more minutely 
detailed, when we shall be occupied with important practical 
problems regarding electric influence, fluid motion,' and electric' 
and thermal conduction, through cylindrical spaces. 


Taking the centre of the circular bounding edges as origin for 
polar co-ordinates, let 

a:=rcos^, y=rsin^. 

We easily find by transformation 


dx^ dy^Z" r dr^^ dr' ' dO^ 
If we put logr=^, or r=e^ 

this becomes ^ 4- ^ -J- -f ^) 


dx^ ‘ dy 


Hence if, as before, V® denote -^4- , 

' ’ dx^^dy^ 

d^ . d^ d* . d^ 






( 6 ). 

( 7 ) , 

( 8 ) . 



This equated to zero gives 

I 


g V 


if V denote any solution of 

dH d^v 
d^'^dS^ 


=0 


( 10 ), 

( 11 ). 


We shall see, when occupied with the electric and other problems 
referred to above, that a general solution of this equation, appro- 
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TIriate for our present problem as for all involving the expression 
of arbitrary functions of 6 for particular values of is 


00 


t ? = 2 { cos 2 ^ - j- sin e 0)5 + (gt, cos 20+^4 sin 1 0 ) 5""^^ } ( 12 ), 

0 

where Af, g, ar^ constants. That this is 'a solution, is of 

course verified in a moment by differentiation. From it we 
readily find (and the result of course is verified also by differ- 
entiation), 


i«»oo 




<-0 




-}-Jh8int0)e v' (13), 

v' being any solution of ( 11 ), which may be conveniently taken 
as given by ( 12 ) with accented letters A[^ etc., to denote four 
new constants. If now the arbitrary periodic functions of 0, * 
with 27r for period, given as the values whether of displacement, 
or shearing force, or couple, for the outer and inner circular 
edges, be expressed by Fourier’s theorem [§ 77 (14)] in simple 
harmonic series; the two equations [§ 646 ( 5 )] for each edg^ 
applied separately to the coefficients of cos 20 and sin 20 in the 
expressions thus obtained, give eight equations for determining 
the eight constants ^ 4 , gb, A[^ gi/, 7?/, g/. 

656 . Although the problem of fulfilling arbitraiy boundary Hectanguiar 
conditions has not yet been solved for rectangular plates, there 
is one remarkable case of it which deserves particular notice ; 
not only as interesting in itself, and important in practical 
application, but as curiously illustrating one of the most 
difficult points 
[§§ 646, 648] of the 
general theory. A 
rectangular plate 
acted on perpen- 
dicularly by a 
balancing system 
of four equal pa- 
rallel forces ap- 
plied at its four 




JPi 


corners, becomes strained to a condition of uniform anti- 
clastic curvature throughout, with the sections of no-flexure 
parallel to its sides, and therefore with sections of equal oppo- 
site maximum curvature in the normal planes inoKned to the 
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Rectangular 
plate, held 
and loaded 
by diagonal 
pairs of 
corners. 


Transition 
to finite 
fiexures in- 
dicated. 


Transmis- 
sion of force 
throi^^h 
elastic solid. 


sides at 45®. This follows immediately from § 648, 9 we 
suppose the corners rounded off* ever sp little, and the forces 
diffused over them. 

Or, in each of an infinite number of normal lines in the edge 
AB, let a pair of opposite forces each equal to JP be applied ; 
which cannot disturb the plate. These, with halves of the single 
forces P in the dissimilar directions at the corners A and P, con- 
stitute a diffused couple over the whole edge u4P, amounting in 
moment per unit of length to JP, round axes perpendicular 
to the plane of the edge. Similarly, the other halves#of the 
forces P at the corners ABy with halves of those at C and 
D and introduced balancing forces, constitute diffused couples 
over the edges CA and Z)P; and the remaining halves of the 
corner forces at 0 and Z), with introduced balancing forces, con- 
stitute a diffused couple over CD ; each having ^P for the 
amount of moment per unit length of the edge over which it is 
diffused. Their directions are mutually related in the manner 
specified in § 638 (2), and thus taken all together, they constitute 
an anticlastic stress of value 0=|^P. Hence (§ 642) the result 

P 

is uniform anticlastic strain amounting to > and having its 

axes inclined 45° to the edges ; that is to say (§ 639), a flexure 
with maximum curvatures on the two sides of the tangent plane 

p 

each equal to > and in normal sections in the positions stated. 

657. Few problems physical mathematics are more 
curious than that presented by the transition from this solu- 
tion, founded on the supposition that the greatest deflection 
is but a small fraction of the thickness of the plate, to the 
solution for larger flexures, in which corner portions will bend 
approximately as developable surfaces (cylindrical, in fact), and 
a central quadrilateral part will remain infinitely nearly plane ; 
and thence to the extreme case of an infinitely thin perfectly 
flexible rectangle of inextensible fabric. This extreme case may 
be easily observed and experimented on by taking a carefully 
cut (§ 145) rectangle of paper, supporting it by fine threads 
attached to two opposite corners, and kept parallel, while two 
equal weights are hung by threads from the other ‘corners. 

658. The definitions and investigations regarding strain of 
§§ 154-190»aonstitute a kinematical introduction to the theory 
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of efts tic solids. We must now, in commencing the elementary Tranamin- “ 
dynamics of the subject, consider the forces called into play 
through the interior of a solid when brought into a condition of *^'*'** 
strain. We adopt, from Eankine,^ the term stress to designate such 
forces, as distinguished from strain defined (§ 154) to express 
the merely geometrical idea of a change of volume or figure. 

659. When through any space in a body under tlie action Homogene- 

Oils 

of force, the mutual force between the portions of matter on the 
two sides of any plane area is equal arid parallel to the mutual 
force Across any equal, similar, and parallel plane area, the 
stress is said to be homogeneous through that space. In other 
words, the stress experienced by the matter is homogeneous 
through any space if all equal, similar, and similarly turned, 
portions of matter within this space are similarly and equally 
influenced by force. 

660. To be able to find the distribution of force over the Force 
surface of any portion of matter homogeneously stressed, we across any 

-I- Rlll'fftCG ill 

must know the direction, and the amount per unit area, of the elastic *>iid. 
force across a plane •area cutting through it in any direction.^ 

Now if we know this for any three planes, in three different 
directions, we can find it for a plane in any direction as we see 
in a moment by considering what is necessary for the equili- 
brium of a tetrahedron of the substance. The resultant force on 
one of its sides must be equal and opposite to the resultant of 
the forces on the three others, which is known if these sides are 
parallel to the three planes for each of which the force is given. 

661. Hence the stress, in a body homogeneously stressed, is 
completely specified when the direction, and the amount per unit 
area, of the force on each of three distinct planes is given. It is, 
in the analytical treatment of the subject, generally convenient 
to take these planes of reference at right angles to one another. 

But we should immediately fall into error did we not remark 

that the specification here indicated consist not of nine but in by six in* 
reality only of six, independent elements. For if the equili- eiemenu. 
brating forces on the six faces of a cube ‘ be each resolved into 
three components parallel to its three edges OX, OY, OZ, we 
have in all 18 forces ; of which each pair acting perpendicularly 
on a pair of opposite faces, being equal and directly opposed, 

» Cambridge and Dublin Mathematical Journal, 1860. 
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between 



balance one another. The twelve tangential components that 
remain constitute three pair of couples having their axes in the 

direction of the three edges, each 
of which must separately be in 
equilibrium. The diagram shows 
the pair of equilibrating couples 
having OY for axis ; from the 
consideration of which we infer 
that the forces on the faces (zy), 
parallel to OZ, are equal to the 
forces on the faces (ya?), parallel 
to OX, Similarly, we see that 
the forces on the faces (ya?), 
parallel to OF, are equal to those on the faces {xz), parallel to 
OZ ; and that the forces on (xz)y parallel to OX, are equal to 
those on (zy)y parallel to OF. 

Specification 662 . Thus, any three rectangular planes of reference being 

of df St/TCSB * • • 

by six in- ’ clioscn, we may take six elements thus, to specify a stress : 
eluents : »jP, Qy R the normal components of the forces on these planes ; 
longitum^a! and 8y Ty U the tangential components, respectively perpen- 
three simple dicular to OX, of the forces on the two planes meeting in OX, 
stresses!^® perpendicular to OF, of the forces on the planes meeting in 
OF, and perpendicular to OZy of the forces on the planes meet- 
ing in OZ ; each of the six forces being reckoned, per unit of 
area. A normal component will be reckoned as positive when 
it is a traction tending to separajjp the portions of matter on the 
Simple longi- two sides of its plane. P, Q, R are sometimes called simple 
shearing, longitudinal stresses, and 8, T, U simple shearing stresses. 

stresses. 


Force across 
any surface 
in terms of 
rectangular 
specification 
of stress. 


From these data, to find in the manner explained in § 660, the 
force on any plane, specified by ly rriy n, the direction-cosines of 
its normal ; let such a plane cut OX, OF, OZ in the three points 
X, Yy Z, Then, if the area XYZ be denoted for a moment by 
Ay the areas YOZy ZOX, XO F, being its projections on the three 
rectangular planes, will be respectively equal to Aly Amy An, 
Hence, for the equilibrium of the tetrahedron of matter* bounded 
by those four triangles, we have, M Fy Gy H denote the com- 
ponents of the force experienced by the first of them, XYZ, per 
unit of its area, F.A:=^P.IA^ U,mA-{-T,nAy 
and the two symmetrical equations for the components parallel to 
0 Y and OZ, Hence, dividing by A^ we conclude 
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G‘^Ul"\"Q,Tn’\’Sti > 

H^Tl+Stn+Rn ) 

These!* expressions stand in the well-known relation to the 
ellipsoid Px^ + Qy^ + + 2 (^y- 2 ?+ Tzx-^ Uxy) = 1 (2), 

according to which, if we take 


x=lry y=^mr^ z^^nr, 

and if A., /x, v denote the direction-cosines and p the length of the 
perpendicular from the centre to the tangent plane at (a?, y, z) of 
the ellipsoidal surface, we have 



We conclude that 




663. For any fully specified state of stress in a solid, a 
quadratic surface may always be determined, which shall re- 
present the stress graphically ^n the following manner : — 

To find the direction, and the amount per unit area, of the 
force acting across any plane in the solid, draw a line perpen- 
dicular to this plane from the centre of the quadratic to it^ 
surface. The required force will be equal to the reciprocal of 
the product of the length of tl^s line into the perpendicular 
from the centre to the tangent plane at the point of intersec- 
tion, and will be perpendicular to the latter plane. 

664. From this it follows that for any stress whatever 
there are three determinate planes at right angles to one 
another such that the force acting, in the solid across each of 
'them is precisely perpendicular to it. These planes are called 
the principal or normal planes of the stress ; the forces upon 
them, per unit area, — its principal or normal tractions; and 
the lines perpendicular to them, — its principal or normal axes, 
or simply its axes. The three principal semi- diameters of the 
quadratic surface are equal to the reciprocals of the square 
roots of the normal tractions. If, however, in any case each of 
the three normal tractions is negative, it will be convenient to 
reckon them rather SiS positive pressit/res ; the reciprocals of the 
square roots of which will be the semi- axes of a real stress- 
ellipsoid representing the distribution of force in the manner 
explained above, with pressure substituted throughout for 
traction. 


Force across 
any snr&oe 
in terms of 
rectangular 
speciUcation 
of stress. 


Stress- 

quaUratii*. 


Normal 
planes and 
axes of a 
stress. 
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665. When the three normal tractions are all of one sign, 
the stress -quadratic is an ellipsoid ; the cases of an ellipsoid 
of revolution a^id a sphere being included, as those in which 
two, or ail three, are equal. When one, of the three is negative 
and the two others positive, the surface is a hyperboloid of one 
sheet. When one of the normal tractions is positive and the 
two others negative, the surface is a hvperboloid of two sheets. 

666. When one of the three principal tractions vanishes, 
while the other two are finite, the stress-quadratic becomes a 
cylinder, circular, elliptic, or hyperbolic, according as the other 
two are equal, unequal of one sign, or of contrary signs. When 
two of the three vanish, the quadratic becomes two planes ; and 
the stress in this case is (§662) called a simple longitudinal stress. 
The theory of principal planes, and normal tractions just stated 
(§ 664), is fchen equivalent to saying that any stress whatever 
may be regarded as made up .of three simple longitudinal 
stresses in three rectangular directions. The geometrical inter- 
pretations are obvious in all these cases. 

667. The composition of stresses is of course to be effected by 
adding the component tractions thus : — If (P^, Q^, P^, ^1. 2^1, U,), 
(Pg, Q^y R^y S 2 y T^y U^y ctc., c^iiotc, according to § 662, any 
given set of stresses acting simultaneously in a substance, their 
joint effect is the same as that of a single resultant stress of 
which the specification in corresponding terms is {XRy -S'Q, SR, 
SSy STy SU). 

668. Each of the statements that have now been made 
(§§ 659, 667) regarding stresses, is applicable to infinitely smalt 
strains, if for traction perpendicular to any plane, reckoned per 
unit of its area, we substitute elongation, in the lines of the trac- 
tion, reckoned per unit of length ; and for half the tangential trac- 
tion parallel to any direction, sAear in the same direction reckoned 
in the manner explained in § 175. The student will find it a 
useful exercise to study in detail this transference of each one 
of those statements, and to justify it by modifying in the proper 
manner the results of §§ 171, 172, 173, 174, 175, 185, to adapt 
them to infinitely small strains. It must be remarked that the 
strain- quadratic thus formed according to the rule of § 663, 
which may have any of the varieties of character mentioned in 
§§ 665, 666, is not the same as the strain-ellipsoid of § 160, 
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which is always essentially an ellipsoid, and which, for an in- Laws of 
finitely small strain, differs infinitely little from a sphere. stress com- 
The comparison of § 172, with the result of ^661 regarding 
tangential tractions, is particularly interesting and important. 

669. Ihe following tabular synopsis of the meaning of the 
elements constituting the corresponding rectangular specifica- 
tions of a strain and stress explained in preceding sections, 
will be found convenient : — 


Components 
of the 

strain. I stress. 


Planes ; of which 
relative motion, or 
across which force, 
is reckoned. 


Direction 
of relative 
motion or 
of force. 


e 

f 

9 

a 


P 

Q 

R 

S 


yz 

zx 



X 

y 

z 

y 

z 


Rectangular 
dementis of 
strains and 
stresses. 


h 

c 


T 

U 



z 

X 

X 

y 


670. If a unit cube of matter under any stress (P, Q, R, S, work done 
Ty U) experience the infinitely small simple longitudinal strain within a 
6 alone, the work done on it will be Pe ; since, of the com- solid, 
ponent forces P, 17, T parallel to OX, U and T do no work in 
virtue of this strain. Similarly Qf, Rg are the works done if, 
the same stress acting, the single longitudinal strains / or ^ 
are experienced, either alone. *Again, if the cube experiences 
a simple shear, a, whether we regard it (§ 172) as a differential 
sliding of the planes yx, parallel to y, or of the planes zx, 
parallel to z, we see that the work done is 8a : and similarly, 

Th if the strain is simply a shear h, parallel to OZ, of planes 
zy, or parallel to OX, of planes xy\ and Pc if the strain is a 
shear c, parallel to OX, of planes xz, or parallel to OF, of planes 
yz. Hence the whole work done by the stress (P, Q, P, 8, T, U) 
on a unit cube taking the strain (c,/, g, a, h, c), is 

Pe - 1 - Q/+ Rg+Sa+Tb+Uc (3 ) . 

It is to be remarked that, inasmuch as the action called a stress 
is a system of forces which balance one another if the portion 
of matter experiencing it is rigid, it cannot (§ 561) do any work 
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Work done 
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face of a 
varying 
solid. 


when the matter moves in any way without change of shape : 
and therefore no amount of translation or rotation of the cube 
taking place ^ong with the strain can render the amount of 
work done different from that just found. 

If the side of the cube be of any length p, instea^of unity, 
each force will be times, and each relative displacement p 
times; and therefore the work done p^ times the respective 
amounts reckoned above. Hence a body of any shape, and 
of cubic content (7, subjected throughout to a uniform stress 
(P, Qy Ry Sy Ty U) whUe taking uniformly throughout a strain 
fy 9> ^y ^)y exporieuces an amount of work equal to 

It is to be remarked that this is necessarily equal to the 
work done on the bounding surface of the body by forces 
applied to it from without. For the work done on any portion 
of matter within the body is simply that done on its surface by 
the matter touching it all round, as no force acts at a distance 
from without on the interior substance. Hence if we imagine 
the whole body divided into any number of parts, each of any 
shape, the sum of the works done on all these parts is, by the 
disappearance of equal positive and negative terms expressing 
the portions of the work done on each part by the contiguous 
parts on all its sides, and spent by these other parts in this 
action, reduced to the integral amount of work done by force 
from without applied all round the outer surface. 

The analytical verification of this is instructive with regard t6 
the syntax of the mathematical language in which the theory of 
the transmission of force is expressed. Let a?, y, z be the co- 
ordinates of any point within the body; W the whole amount 
of work done in the circumstances specified above ; and JXf in- 
tegration extended throughout the space occupied by the body : 
so that ^ 

Qf+Rg-\-Sa-\rTb+ Uc)dxdydz (6). 

If now we denote by a, y the^ component displacements of any 
point of the matter infinitely near the point {x, y, z)y experienced 
when the strain (e,/, a, b, c) takes place, whether non-rota- 
tionally (§ 182) and with some point of the body fixed, or with 
any motion of translation whatever and any infinitely small 
rotation, by adapting § 181 (5) to infinitely small strains 
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according to our present notation (§ 6G9), and using in it stmin-com- 
§ 190 (e), we have Lrmsofdia- 

, y Ithiceuient. 


( 6 ). 


da 

dx' 

/= 

dp 

dy’ 

11 

« 

dp dy 
dz'^ dy' 


dy da 
dx dz 

+ 

II 

dx 


With these, (5) becomes 

(7). s?r 

Hence by integration 

ir==/;i(Pa+ up+ Ty)dydz-^{ Ua-\- Q^J^Sy)dzdx+{ Ta-\-S^+Ry)dxd!f^ (8), 


the limits of the integrations being so taken that, if d(r denote an 
element of the bounding surface, ff integration all over it, and 
Z, r/i, n the direction-cosines of the normal at any point of it, the 
expression means the same as 

ir==//'{(Pa-f (9) ; 

which, with the terms grouped otherwise, becomes 

( 10 ). 

The second member of this, in virtue of (1), expresses directly agieeswith 
the work done by the forces applied from without to the bounding on surface, 
surface. 


671 , If, now, we suppose the body to yield to a stress (P, Q, 

P, U)y and to oppose this stress only with its innate resist- ^^Jress 
ance to change of shape, the differential equation of work done 
will [by (4) with de, dfy etc., substituted for c, /, etc.] be 
dw=^Fde’\- Qjdf-\-Rdg-\-Sda-\-Tdh-\- Ude 
if w denote the whole amount of work done per unit of volume 
ill any part of the body while the substance in this part ex- 
periences a strain {e, /, g, a, h, c) from some initial state re- 
garded as a state of no strain. This equation, as we shall see Physical 
later, under Properties of JMatter, expresses the work done in 
a natural fluid, by distorting stress (or difference of pressure in 
different directions) working against its innate viscosity ; and 
w is then, according to Joule’s discovery, the dynamic value of 
the heat generated in the process. The equation may also be 
applied to express the work done in straining an imperfectly 
elastic solid, or an elastic solid of which the temperature varies 
during the process. In all such applications the stress will 
depend partly on the speed of the straining motion, or on the 
varying temperature, and not .at all, or not solely, on the state 

2 k 
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of strain at any moment, and the system will not be dynamically 
conservative. 

672. Definition , — A perfectly elastic body is a body wliicli^ 
when brought to any one state of strain, requires at all times 
the same stress to hold it in this state ; however long it be 
kept strained, or. however rapidly its state be altered from any 
other strain, or froni no strain, to the strain in question. Here, 
according to our plan (§§ 443, 448) for Abstract Dynamics, 
we ignore variation of temperature in the body. If, however, 
we add a condition«of absolutely no variation of temperature, 
or of recurrence to one specified temperature after changes of 
strain, we have a definition of that property of perfect elasticity 
towards which highly elastic bodies in nature approximate ; and 
which is rigorously fulfilled by all fluids, and may be so by 
some real solids, as homogeneous crystals. But inasmuch as 
the elastic reaction of every kind of body against strain varies 
with varying temperature, and (a thermodynamic consequence 
of this, as w’e shall see later) any increase or diminution of 
strain .in an elastic body is necessarily^ accompanied by a 
change of temperature ; even a perfectly elastic body could not, 
in passing through different strains, act as a rigorously con- 
servative system, but, on the contrary, must give rise to dis- 
sipation of energy in consequence of the conduction or radiation 
of heat induced by these changes of temperature. 

But by making the changes of strain quickly enough to pre- 
vent any sensible equalization of temperature by conduction or 
radiation (as, for instance, Stokes has shown, is done in sound 
of musical notes travelling through air) ; or by making them 
slowly enough to allow the temperature to be maintained 
sensibly constant^ by proper appliances ; any highly elastic, or 
perfectly elastic body in nature may be got to act very nearly 
as a conservative system. 

673. In nature, therefore, the integral amount, of work 
defined as above, is for a perfectly elastic body, independent 
(§ 274) of the series of configurations, or states of strain, 
through wTiich it may have been brought from the first to 
the second of the specified conditions, provided it has not 


1 ** On the Thermoelastic and Themiomagnetic Properties of Matter” (W. Thom- 
son). Q^iarierly Jounial of Mathematics. April 1857. ^ Ibid, 
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been allowed to change sensibly m temperature during tlie 


process. 


The analytical statement is that the expression (11) for div 
must be the differential of a function of e, yj a, c, regarded 
as independent variables ; or, which means the same, to is a 
function of these elements, and 


Potential 
oiienfy of 
an elaatift 
solicl held 
atminod. 


^ ~ ~de ’ 


7.. > 

rr dw 

d b ’ 


dw 

d'V p 

(Ic 



In Appendix C. we shall return to the comprehensive analytical 
treatment of this theory, not confining it to infinitely small strains 
for which alone the notation (6,/,...), as defined in § 669, is 
convenient. In the meantime, we shall only say that when the 
whole amount of strain is infinitely small, and the stress-com- 
ponents are therefore all altered in the same ratio as the strain- 
components if these are altered all in any one ratio ; w must be a 
homogeneous quadratic function of the six variables c, «, 5, c, 
which, if we denote by (e, c), (/, /)... constants depend- 
ing on the quality of the substance and on the directions chosen 
for the axes of co-ordinates, we may write as follows : — 

= I { (e, e)e* + (/,/)/> + {g,g)g'‘-\- {a, a)a» + (i, ft )4« + (c, c)c» 
+2(e,/)e/-|-2(e, g)eg+^e, «)ea+2(e, ft)eft+2(c, c)ec 
+'‘^if,g)fg+Kff «)/«+2(/, fti/’ft+SC/, c)fc 
+ K9> <i)ga+^{gfi)gb + ^{g, c)gc 
+ 2{a,b)ab + 2(a, c)ac 
+2(bj c)bc} 

The 21 coefficients (e, c), (/,/)...(&, c), in this expression con- 
stitute the 21 ‘‘coefficients of elasticity,’^ which Green first 
showed to be proper and essential for a complete theory of the 
dynamics of an elastic solid subjected to infinitely small strains. 
The only condition that can be theoretically imposed upon these 
coefficients is that they must not permit tv to become negative for 
any values, positive or negative, of the strain-components c, ^ ... 
Under Properties of Matter, we shall see that a jfklse theory 
(Boscovich’s), falsely worked out by mathematicians, has led to 
relations among the coefficients of elasticity which experiment has 
proved to be false. 

Eliminating w from (12) by (13) we have 
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P=:{e,e)e-\-[e,f)f-\-{e, g)g-^{e, a)a+{e,b)b+{e, c)c '\ 

Q>={e,fy¥{f,f)f+{f,g)g+{f,a)a-\-{f,b)b-{-{f,e)c ( 

etc. ^ etc. C ^ 

etc. eTc. y 

These equations express the six components of stress (P, Q, E, 
S, Ty U) as linear functions of the six components of strain 
[Cyfygy 5, c) wUh 15 equalities^ among their 36 coefficients, 
which leave only 21 of them independent. The mere principle 
of superposition (which we have used above in establishing the 
quadratic form |||r w) might have been directly applied to de- 
monstrate linear formulae for the stress- components. Thus it is 
that some authors have been led to lay down, as the foundation 
of the most general possible theory of elasticity, six equations 
involving 36 coefficients supposed to be independent. But it is 
only by the principle of energy that, as first discovered by Green, 
the fifteen pairs of these coefficients are proved to be equal. 

The algebraic transformation of equations (1?) to express the 
strain-components singly, by linear functions of the stress-com- 
ponents, may be directly effected of course by forming the proper 
determinants from the 36 coefficients, and taking the 36 proper 
quotients. From a known determinantal theorem, used also 
above [§ 313 (d*)], it follows that there are 15 equalities between 
pairs of these 36 quotients, because of the 15 equalities in pairs 
of the coefficients of c,/, etc., in (14). Thus, if we denote by 

[P,P], iQy Ql ... [P, Q], ... [Q,P] ... 

the set of 36 determinantal quotients found by that process [being, 
therefore, known algebraic functions of the original coefficients 
(e, e), (/,/), ... etc.], we have 


e=[P,P]P.f[P,a]a+[P,P]P+[P,^}Sf+[P,20P-}-[P,C7]^7>| 
f=lQ,F]P+lQ,Q'\Q+iQ,R\R+ia,^+lQ,T]T-\-[Q,ir\U V (16) ; 

etc. etc. J 


and these new coefficients satisfy 15 equations 

[p, a]=[Q, p], [p, p]=[^, p]. . . (17). 

By what we proved in § 313 (d) when engaged with precisely 
the same algebraic transformation, we see that [P, P], [Q, Q], ..., 
[P, Q],»... are simply the coefficients of P®, Q®, .. ., 2PQ, ... in the 
expression for obtained by eliminating e,/, ... from (13), so that 

io=J{[P,P]P*+[Q,Q]Q« + ...+2[P,G]P<3+2[P,P]PP+...}(18); 


L' Viz., (e,/) = (/, e ), ... (e, a) = (a, e), ... (6, c) = (c,7>) ... 


N (15) 
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and 


■lopl /=[ jq 1 ff=laW’ 

r^-u6«=r^®i c-r‘^“’i 


Struiii- 
cuinpouanU 
(19) : fT^prosstiX 
' ' ’ m terras 

of stress. 


where the brackets [ ] denote the partial differential coefficients 
taken on the supposition that w is expressed as a function of 
P, Qj etc., as in (19) ; to distinguish them from those of equatioUvS 
(12) which were taken on the supposition that w is expressed as 
a function of e, /, etc., as in (13). We have also, as;in § 313 (d), 
ta=J(Pc+a/+P^+5aH-2’4+Pc) (20); 

which might have been put down in the beginning, as it simply 
expresses that 


674 . The average stress, due to elasticity of tlie solid, when .Vvoruge 


stro.H.'i 


strained from its natural condition to that of strain {e, /, g, a, h, c) throuKh 
is (as from the assumed applicability of the principle of super- itig strain, 
position we see^t must be) just half the stress required to ke(q) 
it in this state of strain. 


675 . A body is called homogeneous when any two equal, noinffeoius- 

^ ^ ^ ^ ousn(‘8« 

similar parts of it, with corresponding lines parallel and turned 
towards the same parts, are undistinguishable from one another 
by any difference in quality. The perfect fulfilment of this 
condition without any limit as to the smallness of the parts, 
though conceivable, is not generally regarded as probable for 


any of the real solids or fluids known to us, however seemingly 


homogeneous. It is, we believe, held by all naturalists that Molecular 
there is a molecular structure, according to which, in conijpound 
bodies such as water, ice,* rock -crystal, etc., the constituent 


substances lie side by side, or arranged in groups of finite 
dimensions, and even in bodies called simple {i.e., "not known 
tq^be chemically resolvable into other substances) there is no 
ultimate homogeneousness. In other words, the prevailing 
belief is that every kindiif matter witli which we are acquainted 
has a more or less coarse-graiiud texture, whether having visible ™ fine-*' 
molecules, as great masses of solid stone or brick-building, or 
natural granite or sandstone rocks : or, molecules too small to 
be visible or directly measurable by us (but not infinitely smalt)^ hoinogwje- 
in seemingly homogeneous metals, or continuous crystals, or ouBueaa. 
liquids, or gases. We must of course return to this subject 


‘ Probably not undiscoverahly small, althongh of dimensions not yet known to us. 
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under Propeiliies of Matter ; and in the meantime need only 
say that the definition of homogeneousness may be applied 
practically on a very large scale to of building or coarse- 

grained conglomerate rock, or on a more moderate scale to 
blocks of common sandstone, or on a very small scale to seem- 
ingly homogeneous metals;^ or on a scale of extreme, undis- 
covered fineness, to vitreous bodies, continuous crystals, solidified 
gums, as India rubber, gum-arabic, etc., and fluids. 

676 . The substance of a homogeneous solid is called iso- 
trojpic when a spherical portion of it, tested by any physical 
agency, exhibits no difference in quality however it is turned. 
Or, which amounts to the same, a cubical portion cut from any 
position in an isotropic body exhibits the same qualities rela- 
tively to each pair of parallel faces. Or two equal and similar 
portions cut from any positions in the body, not subject to the 
condition of parallelism (§ 675), are undistingullhable from one 
another. A substance which is not isotropic, but exhibits dif- 
ferences of quality in different directions, is called acolotropic. 

677 . An individual body, or the substance of a homo- 
geneous solid, may be isotropic in one quality or class of 
qualities, but aeolotropic in others. 

Thus in abstract dynamics a rigid body, or a group of bodies 
rigidly connected, contained within and rigidly attached to a 
rigid spherical surface, is kinetically symmetrical (§ 285) if its 
centre of inertia is at the centre of the sphere, and if its moments 
of inertia are equal round all diameters. It is also isotropic 
relatively to gravitation if it is cenlrobaric (§ 526), so that tlie 
centre of figure is not merely a centre of inertia, but a true 
centre of gravity. Or a transparent substance may transmit 
light at different velocities in different directions througli*it 
(that is, be doxibly refracting)^ and yet a cube of it may (and 
generally does in natural crystals) abiorb the same part of a 
beam of white light transmitted across it perpendicularly 
any of its three pairs of faces. Or (as a crystal which exhibits 
dichroisnii) it may be aeolotropic relatively to the latter, or to 
either, optic quality, and yet it may conduct heat equally in 
all directions. 

^ Which, however, we know, as recently proved by Devillc and Van Troost, are 
porous enough at high temperatures to allow very free percolation of gases. 
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678. The remarks of § 675 relative to homogeneousiiess in 
the aggregate, and the supposed ultimately heterogeneous 
texture of all substanc^ however seemingly homogeneous, in- 
dicate corresponding limitations and non-rigorous practical 
interpretations of isotropy. 

679. To be elastically isotropic, we see first that a splierical 
or cubical portion of any solid, if subjected to Tuiiform normal 
pressure (positive or negative) all round, must, in yielding, 
experience no deformation : and therefore must be eqxially 
compressed (or dilated) in all directions. But, further, a cube 
cut from any position in it, and acted on by tangential or dis- 
torting stress (§ 662) in planes paraUel to two pairs of its sides, 
must experience simxde deformation, or shear (§ 171), in the 
same direction, uuaccomx^anied by condensation or dilatation,^ 
and the same in amount for all the three ways in which a stress 
may be thus apx)lied to any one cube, and for different cubes 
taken from any different x)ositions in the solid. 

680. Hence the elastic quality of a iDerfectly elastic, homo- 

geneous, isotropic solid is fully defined by two elements ; — its 
resistance to comxn*essi^)n, and its resistance to distortion. The 
amount of uniform xn’essure in all directions, x)er unit area of 
its surface, required to x>roduce a stated very small comx)ression, 
measures the first of these, and the amount of the distorting 
stress required to ^ stated amount of distortion 

measures the second. The numerical measure of the first is 


Practical 
limitation 
of isotropy, 
and homo* 
geneousness 
of aeolo- 
tJfopy, to the 
average in 
the aggregate 
of molecules. 

Conditions 
fulfllled in 
elastic 
isotropy. 


Measures of 
resistance 
to compres- 
sion and re- 
sistance to * 
distortion. 


the conq)ressing x>i'essure^ divided by the diminution of the 
bulk of a x)ortion of the substance which, when uncompressed, 
occuj)ies the unit volume. It is sometimes called tlie elasticity KiusUcity 
of volume, or the resistance to comjyression. Its recijirocal, or 
the amount of compression on unit of volume divided by the 
compressing x)ressure, or, as we may conveniently say, the com- 
pression per unit of voltime, jier unit of comjiressiiig pressure, 
is commonly called the compressibility. The second, or resist- compres- 

1 It must be remembered that the changes of figure and volume we are concerned 
with are so small that the principle of superposition is applicable ; so that if any 
distorting stress produced a condensation, an opposite distorting stress would pro- 
duce a dilatation, which is a violation of qie i8otroi)ic condition. But it is possible 
that a distorting stress may produce, in a truly isotropic solid, condensation or 
dilatation in proportion to the square of its value : and it is probable that such 
effects may be sensible in India rubber, or cork, or other bodies susceptible of 
great deformations or compre.ssions, with persistent elasticity. 
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Rigidity, or 
dmUcity 
of figure, 
defined. 


Discrepant 
reckonings 
of shear and 
distorting 
stress, from 
the simple 
longitudinal 
strains or 
stresses re- 
spectively 
involved. 


Strain pro- 
duced hy 
a single 
longitudinal 
stress. 


ance to change of shape, is measured by the tangential stress 
(reckoned as in § 662) divided by the amount of tlie distortion 
or shear (§ 175) which it produces, and is called the rigidity of 
the substance, or its elasticity of figure, 

681. From § 169 it follows that a strain compounded of a 
simple extension in one set of parallels, and a simple contrac- 
tion of equal amount in any other set perpendicular to those, 
is the same as a simple shear in either of tlie two sets of 
planes cutting the two sets of parallels at 45°. And the 
numerical measure (§ 175) of this shear, or simple distortion, 
is equal to double the amount of the elongation or contraction 
(each measured, of course, per unit of length). Similarly, we 
see (§ 668) that a longitudinal traction (or negative pressure) 
parallel to one line, and an equal longitudinal positive pressure 
parallel to any line at right angles to it, is equivalent to a dis- 
torting stress of tangential tractions (§ 661) parallel to the 
planes which cut those lines at 45°. And the numerical 
measure of this distorting stress, being (§ 662) the amount of* 
the tangential traction in eitlier set of planes, is equal to the 
amount of the positive or negative normal pressure, not doubled, 

682. Since then any stress whatever may be made up of 
simple longitudinal stresses, it follows that, to find the relation 
between any stress and the strain produced by it, we have only 
to find the strain produced by a single longitudinal stress, 
which we may do at once thus : — A simple longitudinal stress, 

P, is equivalent to a uniform 
dilating tension JP in all direc- 
tions, compounded with two 
distorting stresses, each equal 
to JP, and having a common 
axis in the line of the given 
longitudinal stress, and their 
other two axes any two lines at* 
right angles to one another and 
toMt. The diagram, drawn in a 
plane through one of these latter 
lines, and the former, sufficient- 
ly indicates the synthesis ; the 
only forces not shown being those perpendicular to its plane. 
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Hence if n denote the riqidihi, and k the resistance to dUa- sn**” }>«>- 

, ri • ii t 1 A 1 -I tlucod by 

tation [being the same as the reciprocal of the compressibility 
(§ 680)], the effect will be an equal dilatation in all direc- sti'ess. 
tions,* amounting, per unit of volume, to 


k 



compounded with two equal distortions, each amounting to 



n 



and having (§ 679) their axes in the directions just stated as 
those of the distorting stresses. 

683 . The dilatation and two shears thus determined maj' 
be conveniently reduced to simjile longitudinal strains by still 
following the indications of § 681, tlius : — 

The two shears together constitute an elongation amounting 
}-P , , 

to ^ in the direction of the given force, P, and equal contrac- 


tion amounting to 



all ^directions perpendicular to it. 


hP 


And the cubic dilatation implies a lineal dilatation, equal 


in all directions, amounting to 
we have 


IZ 

9 k 


On the whole, therefore, 


linear elongation = J-), in the direction of the applied 

stress, and 

linear contraction =P(-i — ^), in all directions perpendicular 

i)7i vk 

to the applied stress. 


(3). 


Heuco 
Young’s 
iruxiulus 
(§ 686) 

9»fc 

3/c-t-n. 


684 . Hence \Yhen the ends of a column, bar, or wire, of 
•isotropic material, are acted on by equal and opposite forces, 

it experiences a lateral lineal contraction, equal to — - r- — : of Ratio of 

2(34:+ w) lateral eon- 

the longitudinal dilatation, each reckoned as usual per unit lon^Sitoai 
of lineal measure. One specimen of the fallacious mathe- 
matics above refeiTed to (§ 673), is a celebrated conclusion of 
Havier’s and Poisson's that this ratio is J, which requires the 
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Ratio of 
lateral con- 
traction to 
longitudinal 
extension, 


different 
for different 
substances 
from i for 
jelly to 0 
for cork. , 


rigidity to be f of the resistance to compression, for all solids : 
and which was first show» to be false by Stokes^ from many 
obvious observations, proving enormous discrepancies from it 
in many well-known bodies, and rendering it most improbable 
that there is any approach to a constancy of ratio between 
rigidity and resistance to compression in any class of solids. 
Thus clear elastic jellies, and India rubber, present familiar 
specimens of isotropic homogeneous solids, which, while differ- 
ing very much from one another in rigidity stiffness ”), are 
probably all of very nearly the same coraxiressibility as water. 
This being pound per square inch ; the resistance to 

compression, measured by its reci 2 )rocal, or, as we may read it, 
''308000 lbs. jier square inch,” is obviously many hundred 
times the absolute amount of the rigidity of the stiffest of those 
substances. A column of any of them, therefore, wdien pressed 
together or l-)\|lled out, within its limits of elasticity, by balanc- 
ing forces applied to its ends (or an India-rubber band when 
pulled out), experiences no sensible change of volume, though 
very sensible change of length. Hence the proportionate ex- 
tension or contraction of any transverse diameter must be 
sensibly equal to J the longitudinal contraction or extension : 
and for all ordinary stresses, such substances may be practically 
regarded as incompressible elastic solids. Stokes gave reasons 
for believing that metals also have in general greater resist- 
ance to compression, in proportion to their rigidities, than 
according to the fallacious theory, although for them the dis- 
crepancy is very much less than for the gelatinous Jiodies. This 
probable conclusion was soon experimentally demonstrated by 
Wertheim, who found the ratio of lateral to longitudinal change 
of lineal dimensions, in columns acted on solely by longitudinal 
force, to be about’ J for glass and brass ; and by Kirchhoff, w^ho, 
by a very well-devised experimental method, found *387 as the 
value of that ratio for brass, and ‘294 for iron. For copper we 
find that it probably lies between -226 and '441, by recent 
experiments^ of our own, measuring the torsional and longi- 
tudinal rigidities (§§ 596, 599, 686) of a copper wire. 

^ On the Friction of Fluids in Motion, and the Equilibrium and Motion of Elastic 
Solids. — Trans. Camh. Phil. Jour., April 1845. See also Carnh. and Dub.. Math. 
Jour., March 1848. 

* On the Elasticity and Viscosity of Metals (W. Thomson). Proc. R. S., May 1865. 
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685. All these results indicate rigidity less in proportion to 

the compressibility than according#to Navier’s and Poisson’s pefeSuoiia, 
theory. And it has been supposed by many naturalists, who 
have seen tlie necessity of abandoning that theory as inapplic- 
able to ordinary solids, that it may be regarded as the proper 
theory for an ideal 'perfect solid ^ and as indicating an amount of 
rigidity not quite reached in any real substance, but approached 
to. in some of the most rigid of natuml solids (as, for instance, 
iron). But it is scarcely possible to hold a piece of cork in the 
hand without perceiving tlie fallaciousness of this last attempt 
to maintain a theory which never had any good foundation. 

By careful measurements on columns of cork of various fornu 
(among them, cylindrical pieces cut in the ordinary way for 
bottles) before and after compressing them longitudinally in a 
Brahmah’s press, we have found that the change of lateral 
dimensions is insensible both with small longiti^inal contrac- 
tions and return dilatations, within the limits of elasticity, and 
with such enormous longitudinal contracti(.)ns as to -J or J of 
the original length. It is thus* proved decisively that cork is 
much more rigid, while metals, glass, and gelatinous bodies are 
all less rigid, in proportion to resistance to compression than 
the supposed perfect solid;” and the utter worthlessness of 
the theory is experimentally demonstrated. 

686. The modulus of elasticity of a bar, wire, fibre, thin Young’s 
filament, band, or cord of any material (of which the substance dSned. 
need not be isotropic, nor even homogeneous within one nomial 
section), as a bar of glass or wood, a metal wire, a natural fibre, 

an India-rubber band, or a common thread, cord, or tape, is 
a term introduced by Dr. Thomas Young to designate what 
we also sometimes call its longitudinal rigidity: that is, the same as 
quotient obtained by dividing the simple longitudinal force rigidity, 
required to produce any infinitesimal elongation or contraction 
by the amount of this elongation or contraction reckoned as 
always per unit of length. 

687. Instead of reckoning the modulus in units of weight, weigia- 
it is sometimes convenient to express it in terms of the weight and length 
of the unit length of the rod, wire, or thread. The modulus 

thus reckoned, or, as it is called by some writers, the length of 
the modulus, is of course found by dividing the weight-modulus 
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Velocity of bv the Weight of the unit length. It is useful in many applica- 
of a simple tions of the theory of elasticity ; as, for instance, in this result, 
stress which will bc proved later : — the velocity of transmission of 

a rod. longitudinal vibrations (as of sound) along a bar or cord, is 

equal to the velocity acquired by a body in falling from a 
height equal to half the length of the modulus.^ 

Specillc 688. The specific modulus of elasticity of an isotropic suh-* 

jnjsotropic stance, or, as it is most often called, simply the modulus of 
elasticity of the substance, is the modulus of elasticity of a bar 
of it having some definitely specified sectional area.. If this 
be such that the weight of unit length is unity, the modulus of 


substance will be the same as the length of the modulus of 


any bar of it : a system of reckoning which, as we have seen, 
has some advantages in application. It is, however, more usual 
to choose a common unit of area as the sectional area of the 


bar referred in tli® definition. There must also be a definite 
understanding as to the unit in terms of which the force is 
iii^termsof measured, whicli may be either the absolute unit (§ 223): or 
unit^^orof' the gravitation unit for a specified locality ; that is (§ 226), the 
gravity on Weight in that locality of the unit of mass. Experimenters 
mass in any liitherto have stated their results in terms of the gravitation 
locality. Unit, oach for his own locality ; the accuracy hitherto attained 
being scarcely in any cases sufficient to require corrections 
for the different forces of gravity in the different places of 
observation. 

«89. The most useful and generally convenient specifica- 
tion of the modulus of elasticity of a substance is in grammes- 
weight per square centimetre. This has only to be divided by 
the specific gravity of the substance to give the length of the 
modulus, British measures, liowever, being still unhappily 
sometimes used in practical and even in high scientific state- 


1 It is to be understood that the vibrations in question are so much spread out 
through the length of the body, that inertia does not sensibly influence the trans- 
verse contractions and dilatations which (unless the substance have in this respect 
the peculiar character presented by cork, § 684) take place along with them. Also, 
under thermodynamics, we shall see that changes of temperature produced by the 
varying stresses cause changes- of temperature which, in ordinary solids, render the 
velocity of transmission of longitudinal vibrations sensibly greater than that calcu- 
lated by the rule stated in the text, if we use the stmMe modtdus as understood froifl 
the definition there given ; and we shall learn to take into account the thermal effect 
by using a definite static modulus, or kinetic modulus, according to the circumstances 
of any case that may occur. 
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ments, we may have occasion to refer to reckonings of the 
modulus in pounds per square inch or per square foot, or to 
length of the modulus in feet. 

690. The reckoning most commonly adopted in British 
treatises on mechanics and practical statements is pounds per 
square inch. The modulus thus stated must be divided by 
the weight of 12 cubic inches of the solid, or by the product 
of its specific gravity into *4337,^ to find the length of ^ the 
modulus, in feet. 

To reduce from pounds per square inch to grammes per 
square centimetre, multiply by 70*31, or divide by *014223. 

French engineers generally state their results in kilogrammes,^ 
per square millimetre, and so bring them to more convenient 
numbers, being Txnnnnr inconveniently large numbers 

ex 2 )ressing moduli in grammes weight per square centimetre. 

691. The same statements as to units, ^;pducinjj factors, »and 
nominal designations, are applicable to the resistance to com- 
pression of any elastic solid or fluid, and to the rigidity (§ 680) 

of an isotropic body; or, i% general, to any one of the 21 co- Metrical 
efficients in the expressions [§ 673 (14)] for stresses in terms of tumsof 
strains, or to the reciprocal of any one of the 21 coefficients of elasticity 
in the expressions [§ 673 (16)] for strains in terms of stresses, ®^“®*’*‘'** 
as well as to the modulus defined by Young. 

1 This decimal being the weight in lbs. of 12 cubic inches of water. The one 
great advantage of the Frencli metrical system is, that the mass of the unit volume 
(1 cubic centimetre) of water at its temperature of maximum density (3'*‘945 c.) is unity 
(1 gramme) to a sufficient degree of approximation for almost all practical purposes. 

Thus, according to this system, the density of a body and its specific gravity mean 
one and the same thing ; whereas on the British no-system the density is expressed 
by a number found by multijdying the specific gravity by one number or another, 
accoixling to the choice of a cubic inch, cubic foot, cubic yard, or cubic mile th.at is 
made for the unit of volume ; and the grain, scruple, gunmaker’s drachm, apothe- 
cary’s drachm, ounce Troy, ounce avoirdupois, pound Troy, pound avoirdupois, 
stone (Imperial, Ayrshire, Lanarkshire, Dumbartonsliire), stone for hay, stone 
for corn, quarter (of a hundredweight), quarter (of corn), hundredweight, or ton, 
that is chosen for unit of mass. It is a remarkable phenomenon, belonging rather 
to moral and social than to physical science, that a people tending naturally to be 
regulated by common sense should voluntarily condemn themselves, as the British 
have so long done, to unnecessary hard labour in every action of common business 
or scientific work related to measurement ; from which all the other nations of 
Europe have emancipated themselves. We have been informed, through the kind- 
mss of Professor W. H. Miller, of Cambridge, that he concludes, from a very trust- 
worthy comparison of standards by Kupffer, of St. Petersburgh, that the weight 
of a cubic decimetre of water at temperature of maximum density is 10()0*013 
grammes. 
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692 . In 681, 682 W6 Gx&minGd, tliG GffGct of sl simplG 
longitudinal stress, in producing elongation in its own direc- 
tion, and contraction in lines perpendicular to it. With stresses 
substituted for strains, and strains for stresses, we may apply 
the same process to investigate the longitudinal and lateral 
tractions required to produce a simple longitudinal strain (that 
is, an elongation in one direction, with no change of dimensions 
perp^endicular to it) in a rod or solid of any shape. 

Thus a simple longitudinal strain e is equivalent to a cubic 
dilatation e without change of figure (or linear dilatation 
equal in all directions), and two distortions consisting each of 
dilatation Jc in the given direction, and contraction in each 
of two directions perpendicular to it and to one another. To 
produce the cubic dilatation, e, alone requires (§ 680) a normal 
traction ke equal in all directions. And, to produce either of 
the distortio]:\^ simply, since the measure (§ 175) of each is §^, 
requires a distorting stress equal to ny. §<?, which consists of 
tangential tractions each equal to this amount, positive (or 
drawing outwards) in the line ofc the given elongation, and 
negative (or pressing inwards) in the perpendicular direction. 
Thus we have in all 

normal traction = {10 + ^71)6^ in the direction of the given 'J 

strain, and I 

normal traction :=[k — f n)c, in every direction perpen- f 

dicular to the given strain. J 

693 . If now we suppose any possible infinitely small strain 

h according to the specification of § 669, to be 
given, to a body, the stress (P, Q, P, S, T, U) required to 
maintain it will be expressed by the following formulae, ob- 
tained by successive applications of § 692 (4) to the com- 
ponents e,/, g separately, and of § 680 to a, 5, c : — 

T^^ribj U=nc^ 

P^%e+^{f+g\ 

2 „ ^ 


( 5 ). 


where 
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694« Similarly, by § 680 and § 682 (3), we have 


az=Ls,b=-T,c=^-U, 

n 71 n 


strain- 
oomponcnta 
in terms of 
stress for 
isotropic 
body. 


where 

and 


il/= 


ife={P-o-(Q+iE)}, 
jW/=:{Q-or(i?+P)}, 

Mg={R-,T{P+Ci)], } ( 6 ), 

m — 1 

2771 ”” 2(3/j+n) 71 ’ ^ 

as the fonmihe expressing the strain (r, /, g, a, h, c) in terms of 
the stress (P, Q, R, S, P, U). They are of course merely the 
algebraic inversions of (5); and (§ 673) they niiglit have been 
found by solving these for e, /, g, a, h, c, regarded as the un- 
known quantities. M is here introduced to denote Young’s 
modulus (§ 683). and m from § 698 (5). 

695. To express the equation of energy for an isotropic Equation or 
substance, we may take the general formula, 

w:=i(Pe+Qf+Rg+^Sa+Tb+Uc)...[^ 673 (20)], 

and eliminate from it P, Q, etc., by (5) of § 693, or, again, e,f, 
etc., by (6) of § 694, we thus find 

2w=(k+—)ie^+p+g^)+2{h-^^Xfg+ge+ef)+7i{a^+b^+c^) 

1 1 I 1 1 >(7)- 


energy for 
the same. 


696. The mathematical theory of the equilibrium of an 
elastic solid presents the following general problems : — 

A solid of any given shape^ when undisUirhed^ is acted on in 
its substance lyy force distributed through it in any given manner, 
and displacements arc arbitrarily prod%iced, or forces arbitrarily 
applied, over its bounding surface. It is required to find the 
displacement of every point of its substance. 

This problem has ften thoroughly solved for a shell of 
homogeneous isotropic substance bounded by surfaces which, 
when undisturbed, are spherical and concentric (§ 735) ; but 
. not hitherto for a body of any other shape. The liiptations 
under which solutions have been obtained for other cases (thin 
plates, and rods), leading, as we have seen, to important 
practical results, have been stated above (§§ 588, 632). To 


Funda- 
mental 
problems 
of mathe- 
matical 
theory. 
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Conditions 
of internal 
equilibrium, 


expressed 
by three 
equations. 


demonstrate the laws (§§ 591, ^33) which were taken in an 
ticipation will also be one of our applications of the general 
equations for interior equilibrium of an elastic solid, which we 
now proceed to investigate. 

697 « Any portion in the interior of an elastic solid may be 
regarded as becoming perfectly rigid (§ 564) without disturb- 
ing the equilibrium either of itself or of the matter round it. 
Hence the traction exerted by the matter all round it, regarded 
as a distribution of force applied to its surface, must, with the 
applied forces acting on the substance of the portion considered, 
fulfil the conditions of equilibrium of forces acting on a rigid 
body. This statement, applied to an infinitely small rectangular 
parallelepiped of the body, gives the general differential equa- 
tions of internal equilibrium of an elastic solid. It is to be 
remarked that three equations suffice ; the conditions of equili- 
brium for the couples being secured by the relation established 
above (§ 661) among the six pairs of tangential component 
tractions on the six faces of the figure. 


Lot (x, y, z) be any point within the solid, and edges, 

respectively parallel to the rectangular axes of reference, of an 
infinitely, small parallelepiped of the solid having that point for 
its centre. 

If P, (2, ‘P, T, U denote (§ 662) the stress at (a?, y, z\ the 
average amounts of the component tractions (see table, § 669) on 
the faces of the parallelepiped will be 

±(P±^^. J3ar)6^52:, parallel to OX^ 
doc 


on the two faces 


±{U±^^.lSx)SySz, 

±(r±g’.i&)8y8z, 


)) 




OY 

oz. 




Taking the symmetrical expressions for the tractions on the two 
other pairs of faces, and summing forfiill the faces all the com- 
ponents parallel to the three axes separately, we have 


parallel to OA, 


dx dy 
AU dQ 

AT dS 

^ i I 


dz 

dz 

dR 


dx dy dz 


^8xSy8z, 

)8x8y8Zf 






OY 
OZ. 
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liblium. 


Let now F, Z denote the components of the applied force Oeneni 
on the substance at (a?, reckoned per unit of volume ; so that 
X^xhyhz^ Yhxhyhz^ Z^ByBz will be their amounts on the small 
portion' in question. Adding these to the corresponding com- 
ponents just found for the tractions, equating to zero, and omitting 
the factor SxSySzy we have 


dP .dU . dT 


dx 

dU 




dx 

dT 

dx 


dy 

dQ 


dz 

\-^+y=o 


+ 


dy dz 


( 2 ); 


dy dz 


which are the general equations of internal stress required for 
equilibrium. 

If for P, Qj jB, S, T, U we substitute the linear functions of 
e, /, a, by c in terms of which they are expressed hy (14) of 
§ 673, we have the equations of internal strain. And if wo 
eliminate Cyfy g, «, b, c by (6) of § 670 wo have, for (a, y) the 
components of the displacement of any interior point in terms of 
{Xy yj z) its undisplaced position in the solid, three linear partial 
differential equations of the second degree, which are the equa- 
tions of internal equilibrium in their ultimate form. It is to be 
remarked that, by supposing the coefficients (e, e)y (e,/), etc., 
to be not constant, but given functions of (Xy. y, z), we avoid 
limiting the investigation to a homogeneous body. 

698. These equations being sufficient as well as necessary «««•- 

for the equilibrium of the body, they must secure that the con- that 

^ j ^ forces on 

dition of § .697 is fulfilled for any and every finite portion of 

it : as is easily verified. SuiS tii/si^c 

equations of 

Let jQT* denote integration throughout any particular part of the 
solid, d(r an element of the surface bounding this part, and 
integration over the whole of this surface. We have 

ff/Xdxdydz^ -//A% + ^+^^dxdydz. 

Hence, integrating each term once, attending to the limits as in 
Appendix A., and denoting by *2, m, n the direction- cosines of 
the normal through dcTy 

fffXdxdydz=z^[fAPdydz+ Udzdx+ Tdxdy)] Bwf Tn)d<rl 

and therefore [§ 662 (1)] fffXdxdydZ’^\ffFdv\=S‘0 (8). 

Again we have 
XfJi(yzJ^r)dxdydz=.-^f/f^^^ 

2L 
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Now, integrating by parts, etc., as in Appendix A., we have 
/J/y^dxdydz = [/fySmd<r] --fffSdxdyda^ 


and 


///z^dxdydz^ [ffzSnda] --///Sdxdydz. 


Hence ///{y 


^ z^)dxdydz = [//{ySm — zSn)d<r ] . 


Using this in the preceding expression, integrating the other 
terms each once simply as before, and using § 662 (1), we find 

///{yZ^z7)dxdydz+[f/{yH^zG)d^]=^0 (4). 

The six equations of equilibrium being (3), (4), and the sym- 


metrical equations relative to y and z ; are thus proved. 

For an isotropic solid, the equations (2) become of course much 
simpler. Thus, using (6) of § 693, eliminating e, a, 5, c 
by (6) of § 670, grouping conveniently the terms which result, 
and putting (A;+Jn) (5), 

we find 


d , da. .d^ dy 
dardx' dy dz 




doc^ 


^ ^ ^ ^ ^ ^ y=0 

dy^dx'dy'dz* ^dx^ ^ dy^ dz^ * 

dz^dx^ dy^ dz^^ ^dx^ dy^'dz*^' ^ 




( 6 ), 


m 


or, as we may write them short, 

^ _ db 

dx 


d8 


f*nV*a+A'=0, m^+nV*^+l^=0, m^+nV*y+-^=0 (7), 


if we put 
and 


'dy 

da 


dx 

d^ 


+ 




dy 


X jL.a“ 


d* 


dx^*dy*~dz^ 


:V‘ 


( 8 ), 

( 9 ), 


so that 8 shall denote the amount of dilatation in volume ex- 
perienced by the substance ; and V’ the same symbol of operation 
as formerly [Appendix A. and B., and §§ 491, 492, 499, etc.] 

699 . One of the most beautiful applications of the general 
problems. - equations of internal equilibrium of an elastic solid hitherto made 
is that of M. de St. Venant to “ the torsion of prisms.”^ To one 
end of .a long straight prismatic rod, wire, or solid or hollow 
cylinder of any form, a given couple is applied in a plane per- 


St Venant’s 
application 
to torsion 


' Mimoires dea ScmttUa Etrarigera, 1855. ** De la Torsion des Prii!||^e8, avec des 
Considerations sur leur Flexion,** etc. 
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pendiciilar to the length, while the otiier end is held fast ; it Torsion pro- 
is required to find the degree of twist (§ 120) produced, and ****®®^ 
the distribution of strain and stress throughout the prism. 

The conditions to be satisfied here are that the resultant action 
between the substance on the two sides of any normal section 
is a couple in the normal plane, equal to the given couple. 

Our work for solving the problem will be much simplified by 
first establishing the following preliminary propositions : — 

700 . Let a solid (whether aeolotropic or isotropic) bo so Lemma, 
acted on by force applied from without to its boundary, that 
throughout its interior there is no normal traction^ on any 
plane parallel or perpendicular to a given plane, XOY, which 
implies, of course, that there is no distorting stress with axes 
in or parallel to this plane, and that the whole stress at any 
point of the solid is a simple distorting stress of tangential 
forces in some direction in the plane parallel to XOY, and in 
the plane perpendicular to this direction. Then — 

(1.) The interior distorting stress must be equal, and 
similarly directed, in all parts of the solid lying in any line 
perpendicular to the plane XOY 

(2.) It being premised that the traction at every point of 
any surface perpendicular to the plane XOY is, by hypothesis, 
a distribution of force in lines perpendicular to this plane ; the 
integral amount of it on any closed prismatic or cylindrical 
surface perpendicular to XOY, and bounded by planes parallel 
to it, is zero. 

(3.) The matter within the prismatic surface and terminal 
planes of (2.) being supposed for a moment (§ 564) to be rigid, 
the distribution of trac- y\ 
tions referred to in (2.) 
consti#ites a couple 
whose moment, divided 
by the distance between 
those terminal planes, is 
equal to the. resultant 
force of the tractions on 

the area of either, and 

whose pla|ie^ is parallel O x 

to the lines of these resultant forces. In other words, the 
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Lcmttia. moment of the distribution of forces over Jibe prismatic surface 
referred to in (2.) round any line (OF or OJP) in the plane XOY, 
is equal to the sum of the components (T or S), perpendicular 
to the same line, of the traction in either of the terminal planes 
multiplied by the distance between these planes. 

To prove (1.) consider for a moment as rigid (§ 564) an 
infinitesimal prism, AB (of sectional area w), perpendicular to 

XOY, and having plane ends. A, B, parallel 






to it. There being no forces on its sides (or 
cylindrical boundary) perpendicular to its 
length, its equilibrium so far as motion in 
the direction of any line (OX), perpendi- 
cular to its length, requires (§ 551, i.) that 
the components of the tractions on its ends 
be equal and in opposite directions. Hence, 
in the notation of § 662, the distorting- 
stress components, T, must be equal at A 
and B ; and so must the stress components 8, for the same 
reason. 

To prove (2.) and (3.) we have only to remark that they are 
required, according to § 551, i. and ii., for the equilibrium of 
the rigid prism referred to in (3.) 

Or, analytically, by the general equations (2) of § 697, since 


we have 

dT ^ dS ^ 

(1), 

and 

II 

(2). 


Of these (1) prove that S and T are functions of x and y without 
z, or, in words, (1.) And if ^denote integration over the whole 
of any closed area of XOY, we have 


^^4 


dx dy 

of which the second member, when the limits of the effected and 
indicated integrations are properly assigned, is found to be the 
same as /(Tam<ly+Soo8<li)ds, 

where / denotes integration over the whole bounding curve, ds 

* The brackets [ ], as here used, denote integrals assigned property for the bound- 
ing curve. 
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an element of its length, and </> the inclination of dls to JTO. r^mma. 
But, by (1) § 66J?, with Z=sm^, m=:oos<^, w=0, we have 

//=rsin</»+/Scos^ ' (3), 

if H denote the traction (parallel to OZ), reckoned as usual per 
unit of area, experienced by the bounding prismatic surface. 


Hence 


^dT . dS., , 


( 4 ); 


dx dy 
and therefore, because of (2), 

fHds^O ( 6 ), 

which is (2.) in symbols. Again we have, by integration by parts, 

11 *. 

and substitution, (2), of tor — y 

ffTdxdy = IfTxdy] * -ffx^^dxdy 

= iJTxdy] * ■\-ffx^^^dxdy = ifTxdy] * + [/Sbrfx] * 

^fx{^Tmi<f>’\-SQO^<l>)ds=^fxHds ( 6 ), 

which proves (3.) 


701 . For a solid or hollow circular cylinder, the solution of Torsion ol‘ 
§ 699 (given first, we believe, by Coulomb) obviously is that cl^inder. 
each circular normal section remains unchanged in its own 
dimensions, figure, and internal arrangement (so that every 
straight line of its particles remains a straight line of un- 
changed length), but is turned round the axis of the cylinder 
through such an angle as to give a uniform rate of twist (§ 120) 
equal to the applied couple divided by the product of the 
moment of inertia of the circular area (whether annular or, 
complete to the centre) into the rigidity of the substance. 


For, if we suppose the distribution of strain thus specified to 
be actually produced, by whatever application of stress is neces- 
sary, we have, in every part of the substance, a simple shear 
pa&llcl to the normal section, and perpendicular to the radius 
through it. The elastic reaction against this requires, to balance 
it (§§ 679, 682), a simple distorting stress consisting of forces in 
the normal section, directed as the shear, and others in planes 
through the axis, and directed parallel to the axis. The amount 
of the shear is, for parts of the substance at distance r from the 
axis, equal obviously to rr, if t bo the rate of twist. Hence the 

* The brackets [], as here used, denote integrals assigned properly for the boimd> 
ing curve. 
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Torsional 
rigidity of 
circular 
dylinder. 


amount of the tangential force in either set of planes is nrr per 
unit of area, if n be the rigidity of the substance. Hence there 
is no force between parts of the substance lying on the two sides 
of any element of any circular cylinder coaxal with the bounding 
cylinder or cylinders ; and conseg[uently no force is required on 
the cylindrical boundary to maintain the supposed state of strain. 
And the mutual action between the parts of the substance on the 
two sides of any normal plane section consists of force in this 
plane, directed perpendicular to the radius through each point, 
and amounting to nrr per unit of area. The moment of this dis- 
tribution of force round the axis of the cylinder is (if c?cr denote 
an element of the area) nrjfdar^y or the product of nr into the 
moment of inertia of the area round the perpendicular to its plane 
through its centre, which is therefore equal to the moment of the 
couple applied at either end. 


Prism of any 702 . Similarly, we see that if a cylinder or prism of any 

strSn^ a shapo he compelled to take exactly the state of strain above 
simple twist, through the centres of inertia of 

the noimal sections, taken instead of the axis of the cylinder, 
the mutual action between the parts of it on the two sides of 
any normal section will be a couple of which the moment will 
be expressed by the same formula, that is, the product of the 
rigidity, into the rate of twist, into the moment of inertia of 
the section round its centre of inertia. 


The only additional remark required to prove this is, that if 
the forces in the normal section be resolved in any two rect- 
angular directions, OX, OTy the sums of the components, being 
respectively nrffxd(r and nrffyd(Ty each vanish by the property 
(§ 230 ) of the centre of inertia. 

requires 703 . But for any other shape of prism than a solid or 
on its sides. Symmetrical hollow circular cylinder, the supposed state of 
strain will require, besides the terminal opposed couples, force 
parallel to the length of the prism, distributed over the pris- 
matic boundary, in proportion to the distance along the tangent, 
from each point of the surface, to the point in which this line 
is cut by a perpendicular to it from the centre of inertia of the 
normal section. To prove this let a normal section of the 
prism be represented in the annexed diagram. Let P^T, re- 
presenting the shear at any point, P, close to the prismatic 
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boundary, be resolved into PN and PT respectively along the 
normal and tangent. 

The whole shear, PK, / — 

being equal to rr, its 

component, PiV', is equal ^ ~ 

to tt* sin® or T.PP. The) (j ' /TtIt 

corresponding compo- 
nent of the required 
stress is nr.PE, and 
involves (§ 661) equal 
forces in the plane of 
the diagram, and in the 
plane through TP perpendicular to it, each amounting to nr.PE 
per unit of area. * 

An application of force equal and opposite to the distribu- 
tion thus found over the prismatic boundary, would of course 
alone produce in the prism, otherwise free, a state of strain 
which, compounded with that supposed above, would give the 
state of strain actually produced by the sole application of 
balancing couples to the two ends. The result, it is easily 
seen (and it will be proved below), consists of an increased 
twist, together with 9 warping of naturally plane normal 
sections, by infinitesimal displacements perpendicular to them- 
selves, into certain surfaces of anticlastic curvature, with equal 
opposite curvatures in the principal sections (§ 130) through 
every point. This theory is due to St. Venant, who not only 
pointed out the falsity of the supposition admitted by several 
previous writers, that Coulomb's law holds for other forms of 
prism than the solid or hollow circular cylinder, but discovered 
fully the nature of the requisite correction, reduced the deter- 
mination of it to a problem of pure mathematics, worked out 
the solution for a great variety of important and curious causes, 
compared the results with observation in a manner satisfactory 
and interesting to the naturalist, and gave conclusions of great 
value to the practical engineer. 

704 . We take advantage of the identity of mathematical 
conditions in St. Venant's torsion problem, and a hydrokinetic 
problem first solved a few years earlier by Stokes,^ to give 

1 ''-On some cases of Fluid Motion.” — Owmb. PhU, Trans, 184a 



Traction on 
sides of . 
prism eon* 
strained to a 
simple twist 


St Venant*s 
correction 
to give the 
strain pro- 
duced by 
mere twist- 
ing couples 
applied to 
the ends. 
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^[ydro- 
Idnetic 
analogue 
to torsion 
problem. 


Solution 
of torsion 
problem. 


the following statement, which will be found very useful in 
estimating deficiencies in torsional rigidity below the amount 
calculated from the fallacious extension of CoulomVs law : — 

705. Conceive a liquid of density n completely filling a 
closed infinitely light prismatic box of the same shape within 
as the given elastic prism and of length unity, and let a couple 
be applied to the box in a plane perpendicular to its length. 
The effective moment of inertia of the liquid^ will be equal to 
the correction , by which the torsional rigidity of the elastic 
prism calculated by t^ false extension of Coulomb's law, must 
be diminished to give the true torsional rigidity. 

Further, the actual shear of the solid, in any infinitely thin 
plate of it between two normal sections, will at each point be, 
when reckoned as a differential sliding (§ lf2) parallel to their 
planes, equal to and in the same direction as the velocity of the 
liquid relatively to the containing box. 

706. To prove these propositions and investigate the mathe- 
matical equations of the problem, we first show that the con- 
ditions of the case (§ 699) are verified by a state of strain 
compounded of (1.) a simple twist round the line through the 
centime's of inertia, and (2.) a distorting of each normal section 
by infinitesimal displacements perpen(8bular to its plane : then 
find the interior and surface equations to determine this w'arp- 
ing : and lastly, calculate the actual moment of the couple to 
which the mutual action between the matter on the two sides 
of any normal section is equivalent. 

Taking OX, OF in any normal section through O any con- 
venient point (not necessarily its centre of inertia), and OZ per- 
pendicular to them, let sc+a, z+y be the co-ordinates of 

the position to which a point (a?, y, z) of the unstrained solid is 
displaced, in virtue of the compound strain just described.* Thus 
y will be a function of x and y, without z- and, if the twist 
(1.) be denoted by t according to the simple twist reckoning of 
§ 120, we shall have 

ar-f-a=:a?cos(T5r)— ysin(Tz), ^ /3 ==: x sin (rz) cos (rz) (7). 

Hence, for infinitely small values of z, 

a=— ryz, fizszrxz (8). 

^ That is, the moment of inei*tia of a rigid solid which, as will be proved in Vol. n., 
may be fixed within the box, if the liquid be removed, to make its motions the same 
as they are with the liquid in it. 
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of 8train> 
stress^ and 
internal 

(9). aqnilibrinin. 


Adhering to the notation of §§ 670, 693, only changing to Saxon BJquaUona 
letters, we have 

/ ^ 

*=0, f=0, g=0, n=TX+^, 1)=— t=0 

Hence [§ 693 (5)] 

P=0, 0=0, R=0, S=nlrx-\-^\ T=ni—ry-\-^-), U=0 

a^' da: 

And with the notation of § 698, (8) and (9), 

8=0, V*a=0, V*/S=:0 

Hence if also 

dx^ dy^ 

the equations of internal equilibrium [§ 698 (6)] are all satisfied. 

For the surface traction, with the notation of §§ 662, 700, we 
have, by § 662 (1), 

• -F=0, (j=0, ^=:Tsin<f>+/S»COsd> (13) ; surface trac 

^ tion to be 

or eliminating T and /S by (10), and introducing — ^ to denote 

dp • 

the rat^ of variation of y in the direction perpendicular to the 
prismatic surface, and q (^PEoi § 703) the distance from the point 
of the surface for which H is expressed, to the intersection of the 
tangent plane with a perpendicidar from O, 




( 10 ). 

(11) . 

( 12 ) , 


w { (^ cos <^ + -^ sin — T(y sin a? cos <^) } 

UuC 


dy 


or H=nA 

^dp 


rq). 


^4). 


To find the mutual action between the matter on the two sides couple re- 
of a normal section, we first remark that, inasmuch as each of the traction in 
two parts of the compound strain considered (the twist and the socltion. 
warping) separately fulfils the conditions of § 700, we must have 
fJTdxdy^fxHds, and ffSdxdy^fyHds (15). 

Hence when the prescribed surface condition i/=0 is fulfilled, we 
have JfTdxdy=^0y XfSdxdy=:0 (16)) 

and there remains only a couple 

N^fJXSx-- Ty)dxdy=^nrjf(x^ +y ) dxdy-^ njf{y^^x^)dxdy (17), 

in the plane of the normal section. That condition, by (14), gives 

= w or ^cos<^+-^sin<^=T(ysin<^— a7Cos<^) (13), 

dp ^ dy dx 

for every point of the prismatic surface. 

We shall see in Vol. ii. that (12) and (18) are differential equa- Hydro- 

, j kinetic ap. 

tions which determine a function, y, of a?, y, such that ^ and SiSomS 

^ ^ ^ equations, 

are the components of the velocity of a perfect liquid initially at 
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Hydro- 
kinetic ap- 
plication of 
torsional 
equations. 


St. Venant's 
invention of 
solvable 
cases. 


rest in a prfimatio box as described in § *3^5, and set in motion by 
communicating to the box an angular velocity, r, in the direction 
reckoned negative round OZ: and that the time-integral (§ 297) 

hich this is done, however suddenly 

^^dxdy, which is the excess of 
ax 

nTj[f(x^-\‘y*)dxdy QYer N. Also, a and b in (9) are the com- 
ponents, parallel to OX and OF, of the velocity of the liquid 
relatively to the box, since — ry and rx are the components of 
the velocity of a point (a?, y) rotating in the positive direction 
round OZ with thfe angular^velocity t. Hence the propositions 
(§ 705) to be proved. 


of the continuous couple by w 

or gradually, is njf(x^^y- 

dy 


707 . M. de St. Venant finds solutions of these equations in 
two ways : — (A.) Taking any solution whatever of (12)| he finds 
a series of curves for each of which (18) is satisfied, and any 
one of which, therefore, may be taken as the boundary of a 
prism to which that solution shall *he applicable : and (B.) By 
the purely analytical method of Fourier, he solves (12), subject 
to the surface equation (18), for the particular case of a rect- 
angular prism. 

^ (A.) For this M. de St. Venant finds a general integral of the 

boundary condition, viewed as a difiqj^ential equation in terms of 
the two variables a?, thus: — ^Multiplying (18) by efe, and re- 

placing Bin <lids and cob <l}ds by their vtdues dy and ^dx, we have 

(19). 




In this the first two terms constitute a complete differential of a 
function of x and y, independent variables ; because y satisfies 
(12). Thus, denoting this function by Uy we have 

dy du , dy du .oa\ 

and (19) becomes du — jTd(a;*-l-y*)=0, 

which requires that m— jT(a?*+y*)=:(7 (21), 

for every point in the boundary. It is to be remarked that, 

because d dy d dy 

dx dy"^ dy dx ’ 


we have, from (20), ^+^=0 (22) ; 

or u also, as y, fulfiUsP the equation = 0. A function, 
algebraically homogeneous as to a?, y, which satisfies this equationr 
is [Appendix B. (a)] a spherical harmonic independent of z. 
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Hence a homogeneous solution of integral de0ee t can only be v«ii«at*s 

.1 . i. * 1. Tfc ✓rtrk'v . ... r.,. . . '' Inventttmof 

the part of Appendix H. (oU) not containing z. This is soiyabie 

C^+ C'ri\ 

where [Appendix B. (26)] and 

or, if we change the constants so as to extirpate the imaginary 

symbol, • 

or, in terms of polar co-ordinates, 

2r*(A cos i$+ B sin i^) (24). 

Using this solution for the case t=:2 and (without loss of 
generality) putting B—Q. we have 

w=2A(a?*-3^*) (26) ; 

whence by (20) 

y=— 4Aa?y (26); 

and the equation (21) of the series of bounding curves to which 
this solution is applicable is 




(27), 


if we put, for brevity. 


C 


which give 4 A =t 


^T— 2A 


=a 


-a 


y= — T 

Using this in (17) we have 


^=6* 

so that (26) becomes 
a* — 6* 




xy 


(28). 


N= wt{ fj{x* )dxdy — —y*)dxdy } , 


a* +6* 

or, if /, J denote the moments of inertia of the area of the normal 
section, round the axes of x and y respectively, 


Solution fur 

elliptic 

cylinder. 


or lastly, as we have for the elliptic area (27), 


(29); 


wa6j,- y 

.— b\ J=-^a*, 


—b*~ 


Tra*b^ 


y 


(30). 


Another very simple but most interesting case investigated by 
M. de St. Yenant, is that arrived at by taking a harmonic of the 

third degree for u. Thus, introftcing a factor for the sake 
of homege^lpousness and subsequent convenience, we have 
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St. Venant’s 
invention of 
eolvable 
cases. 


Solution for 

equilateral 

triangle, 


For curvi- 
linear 
squares, 


For star wltli 
four rounded 
points. 




i— (x’ — *a!) — iT(a:“ + j/*) = C, 
a 


— jTr*=C, j 


(31). 

or in polar co-ordinates, \ — r*cos3^- 

as an equation giving, by different values of (7, a series of 
bounding lines, for which 

y=^.l(2^8_3aj2y)--_^r*sin3^ (32) 

is the solution of (12), subject to (18). For the particular value 

(31) gives three straight lines, the sides of an equilateral triangle 
having a for perpendicular from angle to opposite side, and 
placed relatively to x and as shown in the diagram (§ 708, 
below). Thus we have the complete solution of the torsion pro- 
blem for a prism of normal section an equilateral triangle. 
Equation (17) worked out for this area, with (32) for y, gives 

iV'=w(iY-.fAr)T. 

But {K being the proper moment of inertia of the triangle, and 


Ar= 


a' 


A its area) 

and thus, for the torsional rigidity, we have the several expressions 




N-^r=%nK=n- 


a* a* , A* A* 


lev's 45Z 

Similarly, taking for u a harmonic of the fourth degree and 
adjusting the constants to his wants, St. Vcnant finds the 
equation, 7 - *) =1 — ^ 

or . r^—ar* cos4^=l— a 

to give, for different values of a, a series of curvilineal squares 
(see diagram of § 708 (3.), below), all having rounded corners, 
except two similar though differently turned curvilineal squares 
with concave sides and acute angles corresponding to a=*5, 
and J(>y/2--l) ; for each of which the torsion problem is 
algebraically solved. 

And by taking u the sum of two harmonics, of the fourth and 
eighth degrees respectively, and properly adjusting the constants, 
he finds 

' ^ g M ~ 1 1 j 1 ? ~ ~ +^* 

f TTi-IHf— rr- ri— = 

^6 '0 gll ^0 

as the equation of the curve shown in § 709, diagram (4), for 
which therefore the torsion problem is solved. 


n 


(33). 


} 


(34) 


f 
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(B.) The integration (21) of the boundary equation, introduced 
by St. Venantfor use in his synthesis, (A.) is also very useful in 
the analytical investigation, although he has not so applied it. 
First, we may remark, that the determination of u for a given 
form of prism is a particular case of “ Greenes problem’* proved 
possible and determinate in Appendix A. (e) ; being to find u, a 
function of x, y which shall satisfy the equation 

dx^ dy ^ ’ 

for every point of the area bounded a certain given closed circuit, 
subject to the condition, (36) 

for every point of the boundary. 

When u is found, equations (20) and (17) with (10) complete 
the solution of the torsion problem. 

For the case of a rectangular prism, the solution is much 
facilitated by taking 

which gives 


St VeiiABt’s 
I'edttction 
to Green’s 
problem. 


Solution for 
rectangular 
X>risni, 


d^V d^V 


/ 


(37). 


and for boundary condition, 

17= (^T — A)x'* 

If the rectangle be not square, let its longer sides be parallel to 
OX ; and let a, b bo the lengths of each of the longer and each 
of the shorter sides respectively. Take, now, 

A= Jt, and B=^\rh^ (38). 

The boundary condition becomes 

v=0 when y=± 

and r=--T(^6*-— ^*) when a?=±Ja ) 

To solve the problem by Fourier’s method (compare with the 
more difficult problem of § 655), the requisite expansion of analysis. 
— y* is clearly 1 

y*=(~) ^*{cos>7— ~ cos 3); + ~oos5iy— etc.} (40) ; 


found by 
Fourier’s 


IT 


where, for brevity. 

And, for the same cause, putting 
we have, for the form of solution. 



(41) 


^ Obtainable, as a matter of course, from Bburier's general theorem, but most 
easily by two successive integrations of the common formula 

2 

1= — (cos ^ ^ cos 8^+ i cos - etc. ) 
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Solution for 
reotangular 
prisniy found 
oy Fourier's 
analy^ 


Extension 
to a class of 
curvilinear 
rectangles. 


«;==2{.4,<+i6-<*<+»>^+5,<+xg+<*<+»>f}oos(2*+l)i7 (42), 

which satisfies (37), and gives v=:0 for ^ = ±^3. The residual 
boundary condition gives, for determining and Ba+i, 

irCL ltd 


wa 


ira 




(43). 


These two equations give a common value for the two unknown 
quantities ; with which (42) becomes 

(44). 

£-(«+»^ + g+<»<+0^ 

From this we find, by (37), (38), and (20), 

. /2x,i..v (-1)* £+(«<+Of_g-(.<+i)f 

y=— ra^+T(-)«J*SA^^ 




sin(2/+l)i7 (45); 


and (17) gives, for the torsional rigidity. 




a (2t4-l)» 


ltd 


1 1— g-(«<+i)-5 


ltd 


] 


(46). 


l + £”(**‘+i)‘6 

If we had proceeded in all respects as above, only taking ^1= — Jt 
instead of in (37), we should have obtained expres- 

sions for y and N-^r, seemingly very difierent, but necessarily 
giving the same values. These other expressions may be written 
down immediately by making the interchange x, y, a, b for y, x, 
bj a in (45) and (46), and changing the sign of each term of (45). 
They obviously converge less rapidly than (45) and (46) if, as 
we have supposed, a > 5, and it is on this account that we pro- 
ceeded as above rather than in the other way. The comparison 
of the results gives astonishing theorems of pure mathematics, 
such as rarely fall to the lot of those mathematicians who confine 
themselves to pure analysis or geometry, instead of allowing them- 
selves to be led into the rich and beautiful fields of mathematical 
truth which lie in the way of physical research. 

A relation discovered by Stokes^ and Lam4* independently 
[which we have already used in equations (20), (22)] taken in 
connexion with Lamp’s method of curvilinear co-ordinates,* allows 
us to extend the Fourier analytical method to a large class of 
curvilineal rectangles, including the rectilineal rectangle as a 
particular case, thus : — 

* On the Steady Motion of Incompressible Fluids. Canib. Phil. Trans., 1842. 

' • M4moire sur les lois de I’Equilibre du Fluide Eth6rA Journal de PEcole Poly- 
techmque, 1884. 

* See lliomson on the Equations of the Motion of Heat referred to Curvilinear 
co>ordinates. Comb. Math. Journal, 1845. 
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Let ^ be a function of y satisfying the equation 

^+^=0 

dx^^dy^ 


and, as this shows that ^dy^^dx is a complete differential, 

CLOD 


Lamp’s 
tnnsfoiiiia- 
/4.7\ tion to plane 
V* * isothermal 
co-ordlnatee. 


let 


dy 


(48); 


or, which means the same, 

dy 


di 


dx' — dx~ dy 
This other function also, as we see from (49), satisfies the 


equation 


^-L^— ft 

dx*"^ dy^ 


( 50'^ Theorem of 
Stokes and 


And, also because of (49), two intersecting curves, whose equa- 
tions are ^=-4, (51), 

cut one another at right angles. Let now, A and B being 
supposed given, x and y be determined by these two equations. 
The point whose co-ordinates are rr, y may also be regarded as 
specified by (A, or by the values of 1 ;, which give curves 
intersecting in (a?, y). Thus (f, ^?) with any particular values 
assigned to ^ and specifies a point in a plane. Common 
rectilineal co-ordinates are clearly a particular case (rectilineal 
orthogonal co-ordinates) of the system of curvilineal orthogonal 
co-ordinates thus defined. Let now m, any function of x, bo 
transformed into terms of 17 . We have, by differentiation, 
d^u d^u_d^u.d^^ 4 - o 1 \ . . dr^^. 

^1/* //iS* '//'»»* tItiO "* //jJ/Tw '//-Y? //y? / 7 »/ / 7 *i ' "*//n 


Lamd. 


dx^ dy"^ d^^^dx^^ dy^' d^dr^dx dx^ dy dy^ ^ dri*^dx* 

I du.d*^ d*L du-cPnj d*tis 
' • r/iiS / * /7<M ^/■7'»»9 ** x7<*iS' 


d^^dx* dy^' * dr)^dx^ 

which is reduced by (49) and (50) to 

d^u . d*u ,d*u dPu. .d^ 

^*. 8 / \ 


dx*"^ dy* 
Hence the equation 


dy* 

f-^‘) 


d^^^drj^' ^dx^^dy 
d^U 

dx^’^dy*'^ ^ 
d^u , d^u 


dy'^ 

(52) , 

(53) . 


= 0 . 


transforms into 
Also the relations 

du dy du ^ dy 

dy^ dx^ dx"^ dy 
transform, in virtue of (49), into 

du ^dy du ^ dy 
drf^ ^ cff "" drf 


(54). 


( 55 ). 
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Solution for 
rectangle of 
plane i8o< 
thermalH. 


Example. 
Rectangle 
bounded by 
two con- 
centric arcs 
and two 
radii 


(57) 


Hence the general problem of finding u and y has precisely the 
same statement in terms of 17 , as that given above, (22), (36), 
and ( 20 ), in terms of x, y, with this except!^, that we have not 
m==Jt(^*+i 7 *), but if /(^, rj) denote the functioh of 17 into 
which a?® 4 *^* transforms, 

u=^Tf(^f Tjj) for every point of the boundary. (56). 
The solution for the curvilineal rectangle 

^ = a ij = ^ 
f = 0 ri = 0 

is, on Fourier's plan, 

w=2sm-^(^ig a +.4ig a ) + 2sm-^(^ig /a +BiS P ) (68), 

where Ai^ A{ are to be determined by two equations, obtained 

thus: — Equate the coefficient of sin^ when 17=0 and when 

a 

^ 

17 =^ respectively to the coefficients of sin — 2 in the expansions 

a 

of/(^, 0 ) and /(^, /?) in series of the form 




Pisin— +Pgsin^^+Pasin?^+ etc. 

Ct Ct Otr 


(59) 


by Fourier's theorem, § 77. Similarly, Bi, B{, are determined 
from the expansions of/( 0 , 17 ) and /(a, ^), in series of the form 


^ . 7n7 , . $i7n7 , ^ , , 

sin -j^+ Qa sin + Qa sin + ®tc. 


(60). 


Of one extremely simple example, very interesting in theory 
and valuable for practical mechanics, we shall indicate the details. 

‘ ( 61 ). 


Let 


This clearly satisfies (47) ; and it gives, by (48), 

n=stan"^— 

X 

The solution may be expressed in a series of sines of multiples 
of [on the plan of (37)... (45)] by taking* 


(62). 


cosp 

which, with (54), gives 

d^v 

I 


(63), 


* It should be noticed that this solution fails for the case of ^=(2i-f 1)*^ • 


( 64 ), 
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and leaves, as boundary conditions in the solution for u, 

when ^=0, 

p = |Va«c««{ 1 — } when f=o, (65). 

2 I COS p 

and 17=0 when iy=0, and when ^ 

The last condition shows that the Bi and B( part of (58) is proper 
for expressing t7, and the first two determine Bi and B{ as usual. 
Or when it is best to have the result in series of sines of 

multiples of , we may take 


Example. 
Reotantfle 
bounded by 
two con- 
centric area 
and two 
radii. 


u=n>4-|Tffl«(i+ ^ -g) 

which, with (54), gives 

d^w d^w 

cte* dy^ 

and leaves, as boundary conditions in the solution for U7, 
ti7=: — 1 when i?=0, and when rjss/3^ 


( 66 ), 


(67), 


ti7=:^Ta»|c»s — 1 wnen i?=u, ana wnen rjss/Sy 1 

and 217=0 when ^=0, and when ^=a. ) 

The last shows that the Ai and Ai part of (58) is proper for w, 
and the two first determine Ai, Ai. 

708. St. Venant’s treatise abounds in beautiful and instruc- 
tive graphical illustrations of his results, from which we select 
the following : — 

(1.) Elliptic cylinder . — ^The plain and dotted curvilineal arcs 
are ‘‘contour lines” (cowpea tojpograpMques) of the section as 






\ \ \ \ \ 

Cbtibiii'e:;-':::- 

*. \ *>♦. 

*V *•••, 




Contour 
lines of nor- 
mal section 
of elliptic 
cylinder, as 
warped by 
torsion : 
equilateral 
hyperbolas. 


''V 

X 

•. \ ♦ • • 


I 

warped by torsion ; that is to say, lines in which it is cut by a 
series of parallel planes, each perpendicular to the axis, or 

2 M 



54:6 


ABSTKACT DYNAMICS. 


lines for which (§ 706) has different constant values. These 
lines are [§ 707 (28)] equilateral hyperbolas in this case. The 
arrows indicate the direction of rotation in the part of the 
prism above the plane of the diagram. 


Contour 
lines of nor- 
mal section 
of triangular 
prism, as 
warped by 
torsion. 



(2.) Equilateral triangular 
prism , — The contour lines 
are shown as in case (1.) ; 
the dotted curves being those 
where the warped section 
falls below the plane of the 
diagram, the direction of 
rotation of the part of the 
prism above the plane 
being indicated by the bent 
arrow. 


S.TenanCs (^0 diagram shows the series of lines represented by 
souaresfor with the indicated values for a. It is remarkable 

which tor- 
sion problem 
is solvable. 



that the values a= 0’5 and a = — J (V2 — 1) give similar but 
not equal curvilineal squares (hollow sides and acute angles), 
one of them tm‘ned through half a right angle relatively to the 
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other. Everything in the diagmin outside the larger of these 
squares is to be cut away as irrelevant to the physical problem ; 
tlie series of closed curves remaining exhibits figures of prisms, 
for any one of which the torsion problem is solved algebraically. 
These figures vary continuously from a circle, inwards to one of 
the acute-angled squares, and outwards to the other: each, 
except these extremes, being a continuous closed curve with no 
angles. The curves for a = 0*4 and a r=: — 0*2 approach re- 
markably near to the rectilineal squares, partially indicated in 
the diagram by dotted lines. 

(4.) This diagram shows the contour lines, in all respects as 
ill the cases (1.) and (2.), for the case of a prism having for 



section the figure indicated. The portions of curve outside 
the continuous closed curve are merely indications of mathe- 
matical extensions irrelevant to the physical problem. 


Contour 
lines for SI 
Veiiant’s 
“etoile A 
riuntre 
points aiTon 
dis.” 
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Contour 
Unes of nor- 
mal section 
of square 
prism, as 
warped by 
torsion. 


Elliptic, 
square, and 
flat rect- 
angular bars 
twisted. 


(5.) This shows, as in the other cases, the contour lines for 
the warped section of a square prism under torsion. 



(6.), (7.), (8.) These are shaded drawings, showing the ap- 
pearances presented by elliptic, square, and flat rectangular 



bars under exaggerated torsion, as may be realized with such 
a substance as India rubber. 
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709 . Inasmuch as the moment of inertia of a plane area about To«ion^ ^ 
an axis through its centre of inertia perpendicular to its plane is 
obviously equal to the sum of its moments of inertia roimd any of priucipai 
two axes through the same point, at right angles to one another ngiditiw 
in its plane, the fallacious extension of Coulomb's law, referred ing to false 
to in 8 703, would make the torsional rigidity of a bar of any (S 708 )of 

^ to J J Coulomb’s 

section equal to ~ (§ 694) multiplied into the sum of its 

dexural rigidities (see below, § 715) in any two planes at right 
angles to one another through its length. The true theory, 
as we have seen (§§ 705, 706), always gives a torsional rigidity 
less than tliis. How great the deficiency may be expected to 
be in cases in which the figure of the section presents project - 
ing angles, or considerable prominences (which may be imagined 
from the hydrokinetic analogy we have given in § 705), has 
been pointed out by M. de St. Venant, with the important 
practical application, that strengthening ribs, or projections 
(see, for instance, the fourth annexed diagram), such as are 
introduced in engineering to give stiffness to beams, have the 
reverse of a good effect when torsional rigidity or strength is an Ratios of 
object, although they are truly of great value in increasing the rigidities 
flexural rigidity, and giving strength to bear ordinary strains, SfsSud** 
which are always more or less flexural. With remarkable 
ingenuity and mathematical skill he has drawn beautiful illus- 
trations of this important practical principle from his algebraic 
and transcendental solutions [§ 707 (32), (34), (35), (45)]. Thus 


Rectilineal 

square. 



*94846. 

•88328. 


Square with curved 
comers and hollow 
sides ; being curve, 
rt = 0 *4, of §708 (8). 



•8186. 

• 8666 . 


( 8 ) 

Square with acute 
angles and hollow 
sides. 


(4) 

Star with four 
rounded points, 
bein^ a curve of 
the eighth degree 
[§ 707 (3.0)]. 


Equilateral 

triangle. 



•7783. -6374. -60000. 

•8276. -6746. -72662. 


for an equilateral triangle, and for the rectilineal and three 
curvilineal squares shown in the annexed diagram, he finds for 
the torsional rigidities the values stated. The number im- 
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RatioR of 
torsional 
rigidities 
to those of 
solid cir- 
calar rods 

(a) of same 
moment of 
inertia, 


(&) of same 
quantity of 
material. 

Places of 
greatest 
distortion 
in twisted 
prisms. 


mediately below the diagram indicates in each case the frac- 
tion which the true torsional rigidity is of the old fallacious 
estimate (§ 703) ; the latter being the product of the rigidity 
of the substance into the moment of inertia of the cross section 
round an axis perpendicular to its plane through its centre of 
inertia. The second number indicates in each case the fraction 
which the torsional rigidity is of that of a solid circular cylinder 
of the same sectional area. 

710 . M. de St. Venant also calls attention to a conclusion 
from his solutions which to many may be startling, that in his 
simpler cases the places of greatest distortion are those points 
of the boundary which are nearest to the axis of the twisted 
prism in each case, and the places of least distortion those 
farthest from it. Thus in the elliptic cylinder the substance is 
most strained at the ends of the smaller principal diameter, and 
least at the ends of the greater. In the equilateral triangular 
and square prisms there are longitudinal lines of maximum strain 
through the middles of the sides. In the oblong rectangular 


Solid of any 
shave having 
edges, or 
pyramidal 
or conical 
angles, 
under stress. 


Strain nt 
projecting 
angles, 
evanescent. 


At re-entrant 
angles in- 
finite. 


prism there are two lines of greater maximum strain through 
the middles of the broader pair of sides, and two lines of less 
maximum strain through the middles of the narrow sides. The 
strain is, as we may judge from (§ 705) the hydrokinetic analogy, 
excessively small, but not evanescent, in the projecting ribs of 
a prism of the figure shown in (4) § 709. It is quite evanes- 
cent infinitely near the angle, in the triangular and rectangular 
prisms, and in each other case as (3) of § 709, in which there 
is a finite angle, whether acute or obtuse, projecting outwards. 
This reminds us of a general remark we have to make, although 
consideration of space may oblige us to leave it without formal 
proof. A solid of any elastic substance, isotropic or aeolotropic, 
bounded by any surfaces presenting projecting edges or angles, 
or re-entrant angles or edges, however obtuse, cannot experience 
any finite stress or strain in the neighbourhood of a ^projecting 
angle (trihedral, polyhedral, or conical) ; in the neighbourhood 
of an edge, can only experience simple longitudinal stress 
parallel to the neighbouring part of the edge ; and generally 
experiences infinite stress and strain in the neighbourhood of 
a re-entrant edge or angle ; when influenced by any distribu- 
tion of force, exclusive of surface tractions infinitely near the 
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angles or edges in question. An important applica'tion of the 
last part of this statement is the pmctical rule, well known in 
mechanics, that every re-entering edge or angle ought to be 
rounded to prevent risk of rupture, in solid pieces designed to 
bear stress. An illustration of these principles is afforded by 
the concluding example of § 707 ; in which we have the com- 
plete mathematical solution of the torsion problem for prisms 
of fan- shaped sections, such as the annexed figures. In the 
cases corresponding to a = 0, we see, without working out the 

solution, that the distortion vanishes when r = 0, if B is 

rari ^ 

-^tt; becomes infinite when r = 0, if ^ is > tt; but is finite 
and determinate if /9 = tt. 


Liability to 
('racks pro- 
ceeding. from 
re-entrant 
angles, or 
any places 
of too sharp 
concave 
(*Mr\'ature. 


Oases of 
curvi lineal 
rectangles 
for which 
torsion pro- 
blem has 
been solved. 



The solution indicated above determining v to satisfy (64) 
and (65) of § 707, if we translate it into polar co-ordinates r, n, (tentrai angle 

' ' ’ ^ of sector (4), 

such that a?=rcosi 7 , and ^=rsini 7 , and if we put ~ = becomes central angle 

P of sector fO) ; 

merely this — Jf’’" "" 

v=^^Biri-+n{r -^-) sin ivrj * (69), allies 

where Bi, B{ are to be determined by the equations (65) of 
§ 707, with r=a and r=za' instead of ^=0 and ^=a, and a* 
instead of (a and a' denoting the radii of the concave and 
convex cylindrical surfaces respectively). When a=0, these give 
Bi =0; and therefore 

r=o~^’ 

according as v > 1, =1, or •< 1 ; whence also similar results for 

A) 

''rd7)r=o 


711 . To prove the law of flexure (§§ 591, 592), and to in- 
vestigate the flexural rigidity (§ 596) of a bar or wire of iso- 
tropic substance, we shall first conceive the bar to be bent iilto 

* Compare § 707 (23) (24) ; by which we see that this solution is merely the general 
expression in polar co-ordinates for series of spherical harmonics of as, y, with *— 0, 
of degree.^ t, 2t, 3t, etc., and -t, -2t, -3t, etc. These are complete harmonics*' 
when c is unity or any integer. 
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Problem of 
flexure. 


Forced con- 
dition of no 
distortion 
in normal 
sections. 


a cireular arc, and investigate the application of force necessary 
to do so, subject to the following conditions : — 

(1.) All lines of it parallel to its length become circular arcs 
in or parallel to the plane ZOX, with their centres in one line 
pei^endicular to this plane ; OZ and all parallel to it through 
OY being bent without change of length. 

(2.) All normal sections remain plane, and perpendicular to 
those longitudinal lines (so that their planes come to pass 
through that line of centres). 

(3.) No part of any normal section experiences deformation. 

A section 
of the beam be- 
ing chosen for 
plane of refer- 
ence, XOYy let 

■P> (». y. f) '>e 

any poin[t of 
the unbent, and 

y', 5') 

the same point 

ofthe bent, beam; 

each seen in pro- 

tZ jeotion, on the 

plane ZOX, in 

the diagram: and 

let p be the radius 

of the arc ON\ 

into which the line ON of the straight beam is bent. We have 

x’= x+(fi—x)(l—0OB—), y=y, 

P 

z = (p— -a?)sm — . 

P 

But, according to the fundamental limitation (§ 588), x is at 
most infinitely small in comparison with p : and through any 
length of the bar not exceeding its greatest transverse dimension, 

X t 

z is so also. Hence we neglect higher powers of ~ and — than 

r P 

the second in the preceding expressions; and putting x'^x=a, 
y'— yssjS, z'-^z=:y, we have 

a=J— , ^=0, y = -— (1.) 




STATICS. 


553 


These, substituted in § 693 (5) and § 697 (2), give 

i^==— (w— n)— , Q = — (m— n)~, jBs=s — (w+n)^ 

P P P 


^=0, r=0, ^7=0, 



Surface trac- 
tion, (P. C), 
re<|Qirea to 
/0\ prevent dla- 
\"/* tortion In 
normal sec- 
tion. 


r=o, z=o (3). 

p 

The interpretation of this result is interesting in itself, but, not 
requiring it for our present purpose, we leave it as an exercise 
to the student. 


712 . The problem of simple flexure supposes that no force 
is applied from without either as traction on the sides of the 
bar, or as force acting at a distance on its interior substance, 
but that, by opposing couples properly applied to its ends, it is 
kept in a circular form, with strain and stress uniform through- 
out its length. 

To the a, y of last section let corrections a'= y*), 

P'=iKxy^ y be added. This will give [by § 693 (5)] 
P'=zQ;^2mKx, iE'=2(m-n)A"a?, ^'=0, 2’'=0, ?7'=0, 

[and by § 698 (2)] X' = -2mKy r = 0, Z'=0, 
to be added to the P, Q,,,X, Yj Z» Hence if we take 


Correction 
to do away 
with lateral 
traction, and 
bodily force. 


A= 


m — n 
2mp 


the surface tractions on the sides of the bar and the bodily forces 
are reduced to nothing ; so that if now 


1 r . . w — w, . /> 1 wi— n 1 

— - — (a?*— y*)}, p= — s — y= — 

2p^ 2m ^ ^ ^ p 2m ^ ' p 

we have [§ 670 (6) and § 693 (6)] 


(1), Venant’a 


aolution of 
flexure pro- 
blem. 


m — n <r . m — n o* 1 

e=~z — X. 7 = 37 = — 37 , < 7 =— — 37 . 

2pm p ^ 2pm p ^ ^ p ^ 


( 2 ), 


M-, 


( 3 ). 


a=5=c=0 

and [§ 693 (5), § 694 (6)] 

^ ^ ^ (3w— ?i)n X 

PsrO, Q=0, . 

’ ' m p p 

jr=o, r=o, z=o 

To complete the fulfilment of the conditions, it is only necessary 
that the 'fraction across each normal section be reducible to* a 
couple. Hence JfRdxdy^O, 

or, by (3), ffxdxdy=iO\ 

that is to say. 
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Flexure of a 
bar. 


Line through 
oentres of 
inertia of 
normal 
sections 
remains 
unehanged 
in length. 


Flexure 
through 
Unite angle 
in one plane : 


must be in 
either of two 
j»rincipal 
planes, if 
produced 
simply by 
balancing 
couples on 
the two emls. 


Principal 
flexural 
rigidities 
and axes. 


713. In order that no force, but only a bending couple, 
may be transmitted along the rod, the centre of inertia of the 
normal section must be in OF, that line of it in which it is 
cut by the sm’face separating longitudinally stretched from 
longitudinally shortened parts of the substance. 

714. In our analytical expressions only an infinitely short 
part of the beam has been considered ; and it has not been 
necessary to inquire whether the axis of the couple called into 
play is or is not perpendicular to the plane of flexure. But 
when so great a length of the beam is concerned, that the 
change of direction (§ 5) from one end to the other is finite, 
the couples on the ends could not be directly opposed unless 
their axes were both perpendicular to the plane of flexure, in- 
asmuch as each axis is in the proper normal section of the 
rod. For finite flexure in a circular arc, without lateral con - 
straint, we must therefore have 

/jRydxdy=iO] whence, by Jfxydxdy^-O \ 
that is to say, the plane of flexure must be perpendicular to one 
of the two principal axes of inertia of the normal section in its 
own plane. This being the case, the moment of the whole 
couple acting across each normal section is equal to the pro- 
duct of the curvature, into Young's modulus, into the moment 
of inertia of the area of the normal section round its principal 
axis perpendicular to the plane of flexure. 

For we have [§ 712 (3)] 

M 

jyRxdxdy=^ f/x^dxdy (4). 

P 

715. Hence in a rod of isotropic substance the principal 
axes of flexure (§ 599) coincide with the principal axes of 
inertia of the area of the normal section ; and the correspond- 
ing flexural rigidities [§ 596] are the moments of inertia of 
this area round these axes multiplied by Young's modulus. 

716. The interpretation of the results [§ 712 (2), (3)] to 
which the analytical investigation has led us is simply that if 
we imagine the whole rod divided, parallel to its length, into 
infinitesimal filaments (prisms when the rod is atmight), each 
of these contracts or swells laterally with sensibly the same 
freedom as if it were separated from the rest of the substance, 
and becomes elongated or shortened in a straight line to the 



STATICS. 


555 


same extent as it is really elonjsjated or shortened in the circular Gi^ometriwi 
arc which it becomes iii the bent rod. The distortion of the cross tion of dta- 
section by which these changes of lateral dimensions are neces- n«nuni 
saiTly accompanied is illustrated in the annexed diagram, in 

16 ? 



wliich either the whole normal section of a rectangular beam, 
or a rectangular area in the normal section of a beam of any 
figure, is represented in its strained and unstrained figures, 
with the central point 0 common to the two. The flexure 
is in planes perpendicular to YOT, and concave upwards (or 
towards. X ) ; G the centre of curvature, being in the direc- 
tion indicated, but too far to be included in tlie diagram. 
The straight sides AC, BD, and all straight lines parallel 
to them, of the unstrained rectangular area become con- 
centric arcs of circles concave in the opposite direction, their 
centre of curvature, H, being for rods of gelatinous substance, 
or of glass or metal, from 2 to 4 times as far from 0 on one 
side as O is on the other.' Thus the originally plane sides 
AG, BD of a rectangular bar become anticlastic surfaces, of 

j in the two principal sections. A flat 


Anticlastir 
and conical 
cwrvaturea 
produced 
in the four 
sid^R of a 
rectangular 
priRin by 
flexure in ;i 
prin('ii>al 
plane. 


1 , — (T 


curvatures — and 

P P 

rectangular, or a square, rod of India rubber [for which a 
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Experi- 

mental 

illustration. 


Unealcu- 
lated efTects 
of ordinary 
bendings of 
a thin nat 
spring. 


Hence 
necessity^ 
for stricter 
limitation^ 

§ 628, of 
curvature 
than § 588 
when a thin 
ilat spring 
is bent in a 
plane per- 
pendicular to 
its breadth. 


Transition 
to flexure 
of a plate. 


amounts (§ 684) to very nearly and wliich is susceptible of 
very great amounts of strain without utter loss of correspond- 
ing elastic action], exhibits this phenomenon remarkably well. 

717. The conditional limitation (§ 588) of the curvature *to 
* being very small in comparison with that of a circle of radius 

equal to the greatest diameter of the normal section (not Ob- 
viously necessary, and indeed not generally known to be neces- 
sary, we believe, when the greatest diameter is perpendicular 
to the plane of curvature) now receives its full explanation. 
For unless the hreadthy AC, of the bar (or diameter perpen- 
dicular to the plane of flexure) be very small in comparison 
with the mean proportional between the radius, OH, and the 
thickness, AB, the distances from OF to the corners A\ C' 
would fall short of the half thickness, OE, and the dis- 
tances to B', P' would exceed it by differences comparable 
with its own amount. This would give rise to sensibly 
less and greater shortenings and stretchings in the filaments 
towards the corners than those expressed in our formulae 
[§ 712 (2)], and so vitiate the solution. Unhappily mathe- 
maticians have not hitherto succeeded in solving, possibly not 
even tried to solve, the beautiful problem thus presented by 
the flexure of a broad very thin band (such as a watch spring) 
into a circle of radius comparable with a third proportional to 
its thickness and its breadth. See § 657. 

718. But, provided the radius of curvature of the flexure is 
not only a large multiple of the greatest diameter, but also of 
a third proportional to the diameters in and perpendicular to 
the plane of flexure ; then however great may be the .ratio of 
the greatest diameter to the least, the preceding solution is 
applicable ; and it is remarkable that the necessary distortion 
of the normal section (illustrated in the diagram of § 716) does 
not sensibly impede the free lateral contractions and expan- 
sions in the filaments, even in the case of a broad thin lamina 
(whether of precisely rectangular section, or of unequal thick- 
nesses in different parts). 

719. Considering now a uniform thin broad lamina bent 
in the manner supposed in the preceding solution, we have 
precisely the case of a plate under the influence of a simple 
bending stress (§ 638). If the breadth be a, and the thickness 
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hy the moment of inertia of the cross section is and 

therefore the flexural rigidity is TtMah^, or if the breadth 
be unity. Hence a couple K (§ 637) would bend it to the curva- 
ture lengthwise (or across its length), and (§ 716) 

would produce the curvature aK-r-'^Ml? breadthwise (or 
across the breadth), but with concavity turned in the contrary 
direction. Precisely the same solution applies to the effect of 
a bending stress, consisting of balancing couples applied to 
the two edges, to bend it across the dimension which hitherto 
we have been calling its breadth. And by the principle of 
superposition we may simultaneously apply a pair of balancing 
couples to each pair of parallel sides of a rectangular plate, 
without altering by either balancing system the eftect of the 
other ; so that the whole effect will be the geometrical result- 
ant of the two effects calculated separately. Thus, a square 
j>late of thickness 5, and with each side of length unity, being 
given, let pairs of balancing couples K on one pair of opposite 
sides, and A on the other pair, be applied, each tending to pro- 
duce concavity in the same direction when positive. If tc and 
\ denote the whole curvatures produced in the planes of these 
couples, we shall have 

^ i(K-<rA) (1), 


Flexure of a 
plate : by a 
single bend* 
ing stress ; 


by simul- 
taneous 
bending 
stresses in 
two planes 
at right 
angles to one 
another. 


K = 




TjT 


and 




\Mb 


fA-crK) 


( 2 ). 




720 . To find what the couples must be to produce simply 
cylindrical curvature, /c, let \ = 0. We have 

A=<rK 

and (3). 

Or to produce spherical curvature, let 1 = X This gives 

TT \ 1 /J^\ 

Or lastly, to produce anticlastic curvature, equal in the two 
directions, let = — X Tliis gives 

Mb^ 


Stress in 
cylindrical 
curvature : 


in spherical 
curvature : 


in anti- 
clastic 
curvature. 


K — •— A — A*- K 

^^l + ar 


( 6 ). 


Hence, comparing with § 641 (10) and § 642 (16), we have, for 
A the cylindrical rigidity, and for and K the synclastic and 
anticlastic rigidities of a uniform plate of isotropic material. 
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Flexural 
rigidities 
of a plate : 
{A) cylindri- 
cal, (^) syn- 
clastic, (k) 
aiiticlastic. 








1 

— 


Mb^ 


1 — o-« ’ 

I... 1 


1 — O- 

or [§ 694 (6) and § 698 (5)] 

. ^nkh^ n(8w — , 

^ 2(3^ + 4 w) 6(m+w) ^ 


— IT 


^ nh^ 



The coefficient A which appears in the equation of equilibrium 
through a plate, urged by any forces [§ 644 (6) and §§ 649 .. . 652], 
and c, which appears in its boundary conditions, are [§ (16)] 

given ill temis of h and h thus simply : — • 

^=J(fe+fe), c=J(^-li) (7). 

Same result 721. It is interesting and instructive to investigate the 
clastic fiex-^ anticlfistic tlexure of a ];)late by viewing it as an extreme case 
arrived at‘ of torsion. Coiisidei’ first a flat bar of rectangular section 
transition unifoiinly twistcd by the proper application of tangential trac- 

f^roiTi ^ ^ x x x x c? 

torsion of tioiis [§ 706 (10)] 011 its ciids. Let now its breadth be com- 
prisin.*^ ‘ parable with its length ; equal, for instance, to its length. We 
thus have a square plate twisted by opposing couples applied 
in the planes of two opposite edges, and so distributed over 
these areas as to cause uniform action in all sections parallel 
to them when the other two edges are left quite free. If, lastly, 
we suppose the thickness, 5, infinitely small in comparison with 
the breadth, a, in (46) of § 707, we have 


N^\nrab^ ( 8 ). 

The twist t per unit of length gives ar in the length a, which 
[§ 640 (4)] is equivalent to an anticlastic curvature a (according 
to the notation of § 639) = t. And the balancing couple N 
applied in only one pair of opposite sides of the square is, as 
we see by § 656, equivalent to an anticlastic stress (according 
to the notation of § 637) 1T= fe. Hence, for the anti- 
clastic rigidity, according to § 642 (13), we have 


which agrees with the value (6) otherwise found in § 720, by 
the composition of flexures. 

It is most important to remark — (1.) That one-half of the part 
\nrah^ in the value of N given by the formula (46) of § 707, is 
derived from a and P as given by (8) of § 706, and the term — 
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of y by (45) ; — and (2.) That if we denote by y the transcen* Analysis 
dental series completing the expression (46) for y, it is the term 

section of 

nffx^d^dy of § 706 (17), that makes up the other half of the 

^ ^ prisii), 

part of N in questionj and that it docs so as follows, according 
to the process of integrating by parts, in which it is to be re- 
membered that to change the sign of either x or simply 
changes the sign of y': — 

C\a r\b rla r^a fx 

/ x^dydxz=z\ xGdxs=al Gdx—2 dx Gdx (10), 
dy Jo Jo Jo ^ ^ 

where 




G=zn 


, * iTX 


Thus in N we have a term 

« rOdx = nr«(|)^6’2--.-^ { 1 - ^ _ 

Jo ^ + £<«+')» 4-g-(»+»2i,- 

or, because [as we see, by integrating (40) with reference to ?/, 
and putting y==^d]f 

apGdx = },nTab'‘—nT(^yab‘^ - .« ( 12 ). 

Jo ^ (2*+l)‘[6(‘<+‘)7j+£-(»‘+i)2g] 

The transcendental series constituting the second term of this, 
together with 

9 


— dx( Gdx^nff y-^~dxdy 
J 0 J 0 dx 


makes up the transcendental series which appears in the expres' 
sion (46) for N, This, when a-r-5 is infinite, vanishes in com- 
parison with the first term of (46), as we have seen above 
§ 721 (8). But in exatftining, as now, the composition of the 
expression, it is to be remarked that, when «-t- 5 is infinite, y 
vanishes except for values of x differing infinitely little from 
and therefore we see at once that in this case, 

by which, in connexion with what precedes, we see that 

722. One half of the couple on each of the edges, by which 
these conditions are fulfilled, consists of two tangential tractions 
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distributed over areas of the edge infinitely near its ends acting 
tKf a*tong ^ towards opposite parts. The other 

consists of forces parallel to the length of the edges, uni- 
toreion. formly distributed through the length, and varying across it in 
simple proportion to distance, positive or negative, from its 
middle line. 


Unifonn 
disMbution 
of couple 
applied to 
its edges to 
render the 


723 . If now we remove the former half, and apply instead, 
over the edges {BB', AA') hitherto free, a uniform distribution 
of couple equal and similar to the latter half, and in the proper 

directions to keep up the 
same twist through the 
plate, we have the proper 
edge tractions to fulfil 
Poisson's three boundary 
conditions (§ 645) for the 



to say, we have such a 
distribution of tractions 


Algebraic 
solution 
expressing 
displace- 
ment, strain, 
and stress, 
through a 
plate bent 
to unifonn 
anticlastic 
curvature. 


on the four edges of a square plate as produces anticlastic 
stress (§ 638) uniform not only through all of the plate at 
distances from the edges great in comparison with the thick- 
ness, but throughout the plate up to the very edges. The state 
of strain and stress through the plate is represented by the 
following formulae [as we may gather from §§ 706 and 707 (8), 
(45), (9), (10), (17), and § 722, or, as we see directly, by the 
verification which the operations now indicated present] : — 

a=— P=zrxZj 

£=f=g=0, a=0, b=— 27y, c=0 

P=Q=:i^=0, S-0, T=-2nTy, U^O \ (13), 


where L and N denote the moments (with signs reckoned as 
in § 551) of the whole amounts of couple, applied to the two 
edges perpendicular to OX and OZ respectively, in the planes 
of these edges. 


By turning the axes OJT, OZ through 45^ in their own plane, 
we fall back on the formulad of flexure as in § 719, for the par- 
ticular case of equal flexures in the two opposite directions. 
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724, If, on the other hand, we superimpose on the state of Thin wet- 
strain investigated in § 721, another produced by applying on plate atib* 
the pair of edges which it leaves free, precisely the same Swlnigo- 
entire distribution of couple as that described in § 722, oTioi?! 
but in the direction opposite to the twist which the former 
gave to the plate (so that now it is not — L, but L that is 


equal to iV), we have the 
square plate precisely in 
the condition described in 
§ G47, except infinitely 
near its corners. To find 
the expressions for com- 
ponents of displacement, 
strain, and stress, in tliis 
case, we must add to the 



expressions for a, /9, y in (8) of § 706, and (45)^ of § 707, 
values obtained by changing the sign of each of tliese expres 
sions, and interchanging x for Zy and a for y. The consequent 
values of f, g, Uy tr> Qy ^y S, T, U, are of course obtained in 
the sanie way, but need not be written down, as they can be seen 
in a moment from a, /S, y. Lastly, the strain thus superimposed 
would, if existing alone, leave the edges parallel to x free from 
traction, just as the first supposed strain [§ 706 (8)] leaves the 
edges parallel to z free ; and thus, without fresh integration, 
we see that N has still the value (46), and is the result of 
the distribution of tractions described in § 722. The parts of 
the component displacements represented by products of co- 
ordinates disappear, and only transcendental series, as follows, 


remain : — 


/ X, Ji2i+l)rre (2i+iy>rZ . 

^ . (2i+l)»ra _ (2t4 -l>ira J 

^ ' €+ 2& 2& 


.(2i+l)iraJ {2i+iynx /n-iiV,,, 

(-ly € € cir. ^ 


tl— 1 2 


(2i+l)ira 

2b 


(14). 


• (2<+l)ira 

725. When a -T- 6 is infinite, 2 & becomes infinitely great, 

(2i+l)ir® m , t / t 

and g" 25”" infinitely small. If then we put — z = isr, and 
Ja — x^x'y the preceding expressions become 

2N 
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Thin rect- 
angular 
plate sub- 
jected to 
the edge- 
traction 
of § 647. 


( — 1)* _(2*±a«l„;„(28+l)5ry 

a = 6 sm— ^ 


for points not infinitely near the edge A'B'] 

( — 1)^ (2t+l>ra/ . [2i+\)Try 


y=+r(-)»6«2-^,e 


sin- 


ir 


for points not infinitely near the edge AA' ] 

a=0, 7 = 0 , for all points not infinitely near an edge ; 

and /3=0 throughout. 

Lastly, L = iV’= JwraS®, 

of each of which one-half is constituted by tractions uni- 
fonnly distributed along the corresponding edge, and pro- 
portional to distances from the middle line; and the 
other by tractions infinitely near the corners and perpen- 
dicular to the plate. 


(15). 


Transition to 726 . It is clear that if the corners were rounded off, or the 
oif coraera plate Were of any shape without corners, that is to say, with no 
edge-trac- ^ part of its edge where the radius of curvature is not very great 
tionof§ 647. comparison with the thickness, the effect of applying a dis- 
tribution of couple all round its edge in the manner defined in 
§ 647 would be expressed by either of these last formuhe for 
a and y. Thus the whole displacement of the substance will be 
parallel to the edge for all points infinitely near it ; will vanish 
for all other points of the plate ; and will be equal to the pro 
ceding expression (1 5) for y ocf denote simply distance from 
the nearest point of the edge of the plate, and y, as in all these 
formulte, distance from the middle surface. 

727 . We may conclude that if a uniform plate, bounded by 
an edge everywhere perpendicular to its sides, and of thickness 
a small fraction of the smallest radius of curvature of the edge 
at any point, be subjected to the action described in § 647, 
with the more particular condition that the distribution of tan- 
gential traction is [as asserted in § 634 (3.) for any nonnal 
section remote from the boundary of a bent plate] in simple 
proportion to distance, positive br negative, from the middle 
line of the edge; the interior strain and stress will be as 
specified by the following statement and formulae : — 

0 be any point in one corner of the edge : and let OX be 

shifted from t i ° 

middle jdaue perpeiidicular to the edge inwards, and OV perpendicular to the 

of (date. 
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plane of the plate. The displacement of any particle P, (Xy y), at 
any distance from 0 not 
a considerable multiple 
of the thickness, h, will 
be perpendicular to the ' 
plane YOX, and (de- b 
noted by y) will be 
given by the formula — 




O 


iNT 






TTX TTW 

ITCOS-^ 


4-i*- 

T -38 


3Tr.r ‘Sttw 1 
h COS + — €' 


ircos^^+cto.) (1(>) 


where fl denotes the amount of the couple per unit length of 
the edge, and n the rigidity (§ G80) of the substance. But the 
simplest and easiest way of arriving at this result is to solve 
directly by Fourier's analytical method the following problem, 
a case of one of the general problems of § G96 : — 

728 . A uniform plane plate of thickness extending to in- 
finity in all directions on one side of a straight edge (or plane 
perpendicular to its sides) being given, — 

It is required to find the displacement, strain, and stress, 
produced by tangential traction applied uniformly along the 
edge, according to a given arbitrary function [^(y)] of position 
on its breadth. 


Taking co-ordinates as in § 727 , we have to solve equations 
(2) of § 697 , with A=0, F=0, Z= 0 j for all points of space for 
which X is positive, and ^ between 0 and 5 , subject to the boundary 
conditions, 


See § 661, or 
662 (1) ; also 
693 (5), and 
670 (6). 


^=0, i?=0, aS=0, 2’=0, U—Oy when y—0 or h : 
P=0, ^=0, /?~0, S—Oy U=Q ’y T=<f>{y)y when a;=0 : 
and a=0, /3=0, 7=0, when 35=00. 



z. 


From these, inasmuch as a, fB, 7 must each be independent of 
we find 


(a) 

(J) 

(c) 

and (cl) 


- ^- 7 - = 0, throughout the solid ; 

cioc ay ^ 

7=0 when x=<x > ; 



=0 when ^=0 or b ; 
=</>(y) when a?=0 ; 


\ 


(18); 


/ 


Displace- 
incut of 
suKstaneo 
produced 
by e<iKe- 
tractiou 
of §617. 


CiiHO of 8 647 
indcpcml 
ently in- 
vestigated. 
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Case of § 647 
independ- 
ently in- 
vestigated. 


Rapid de- 
crease of 
disturbance 
from edge 
inwards. 


and all the equations, both thorough and superficial, involving 
a and P are satisfied by a=0, ^=0, and therefore (App. C) 
require a=0, /3=0, The Fourier solution, of course, is first 
seen, because of (a), (5), and (c), to be of the fqrm 

y = '2Ai€- T cos^- ( 1^) > 

and, because of (d)^ the coefficients At are to bo found so as to 

( 20 ). 


make 


.y2:*.4ico8?J^=<Ky) 


They are therefore [as we sec by taking in § 77, (13) and (14), 
such that (f) (i?— = and putting p=25] as follows 

( 21 ). 


If (for the particular case in question) we take 


f2,2 


we find ^ 21 = 0 , and.42i+i = 6_(_)8 


( 22 ), 

(23), 


nh^ir' (2t + l)* 

and so arrive at the result (16). 

729 . It is remarkable how very rapidly the whole disturb- 
ance represented by this result diminishes inwards from the 
edge where the disturbing traction is applied (compare § 586) : 
also how very much more rapidly the second term diminishes 
than the first ; and so on. 

Thus as € = 2-71828, €1^ = 4-801, c*-®®® = 10, c»r = 23*141j 
€*"■ = 635*5, we have 


nh^ w 




2-303^ 

07= 5, 

IT ^ 


cos 

^18 
jy 

y=:6^(— )»(- 


^iry 


iry Yftry 

1 fi 2 cos-^ cos 

for 7 ( 9 . 71 ft ~ ^39*71 ft3 


biry 


3?2-718=* ' 5?2-718® 


etc.) 


2.. /COS-6 


cos 


37ry 


COS 


hvy 


+ 


nlTTr’ M-801 3?4-801» ' 6?4*801® 


=6i?(l).(— i-- 

10 i 


vy 

COS-r 


COS 


3iry 


COS 




07=5, 


r=25, 


3?10^ 

iry 3irv 

Q 2 yOOS^ cos-r^ 

y=6-(-)«f * 


O 5# yxjyjsi 
= 6^(- »( 


2 

nh'^ir 


23-14 

try 
COS- 


+ 


+ 


5 ? 10 « 

hiry 

COS-T^ 


3823.143 5823.145 


COS 


3iry 


COS 


biry 


•f 


— etc.) 
—etc.) 
—etc.) 
— etc.) 


536-5 3?535*5® 5?535*6® 

which proves most strikingly the concluding statement of § 647 
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730 . We regret that limits of space compel \is to leave Problem* to 
iminvestigated the torsion-flexure rigidities of a prism and the ^ 
flexural rigidities of a plate of eolotropic substance : and to 
still confine ourselves to isotropic substance when, in conclu- 
sion, we proceed to find the complete integrals of the equation 
[§ 697 (2)] of internal equilibrium for an infinite solid under 
the influence of any given forces, and the harmonic solutions 
suitable for problems regarding spheres and spherical shells, 
and solid and hollow circular cylinders (§ 738) under plane 
strain. The problem to be solved for the infinite solid is this : 

Let, in (6) of ^ 698, X, Y, Z he any arbitrary functions what- 
ever of (x, y, z), either discontinuous and vanishing in all points General 
outside some finite closed surface, or continuous and vanishing at of b^«uito 
all infinitely distant points with sufficient convcrgency to make * 

RD converge to 0 as D increases to oo, if R he the resultant of 
X, Y, Z for any point at distance D from origin. It is required 
to find a, 7 satisfying those equations [(6) of ^ 698], subject 
to the condition of each vanishing for infinitely distant points 
(that is, for infinite values of x, y, or z). 


d d 

(a) Taking — of the first of these equations, -r- of the second, solved for 

dx dy isotropic 

^ substance. 

and — of the third, and adding, we have 
dz 


(,„+n)V«a+f =0 (1). 

(h) This shows that if we imagine a mass distributed through 
space, with density p given by 


= I ,dX dY dZ. 
^ ATr(m’\rny dx dy dz' 
3 must be equal to its potential at (a?, y, z'), 
V be this potential we have 

V® F+47rp=0. 


( 2 ), 

For [§ 491 (c)] if 


Subtracting this from (1) divided by (m+w), we have 

V®(8-F)=0 (3), 

for all values of {x, y, <?). Now the convcrgency of XD^ YD^ 
ZD to zero when D is infinite, clearly makes F=0 for all 
infinitely distant points. Hence if S be any closed surface round 
the origin of co-ordinates, everywhere infinitely distant from 
it, the function (3— F) is zero for all points of it, and satisfies 
(3) for all points within it. Hence [App. A. (e)] w.e must have 
8= F. In other words, the fact that (1) holds for all points of 
space gives determinately 
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General 
eqtiations 
for infinite 
isotropic 
solid inte- 
grated. 


Force 
applied 
uniformly 
to spherical 
portion of 
infinite 
liomogene- 
ons solid. 


8 = 


4Tr(7n+w) 


^00 J'oo j«> 




( 4 ), 


“ /)’+(*— ■2')^ 

where JT', F", Z' denote the values of Xj Y, Z for any point 

(a^') y'> «')• 

(c) Modifying by integration by parts, and attending to the 
prescribed condition of convergences, according to which, 

X’dy'dz' 


when X 
we have 


'= a: 




=0 (5), 


r r ( 6 ), 

which for most purposes is more convenient than (4). 

(dy On precisely the same plan as (6) we now integrate each 
of the three equations ( 6 ) of § 698 separately for a, /?, y re- 
spectively, and find 

a=su+Uf j3=v+Vy (7) 

where w, v, Wy Uy F, TF denote the potentials at (a?, 3 /, z) of dis*‘ 
tributions of matter through all space of densities respectively 

^ Z , 

4:7rn dx ’ dy ^ dz ^ ^ ’ 47rn ’ 

in other words, such functions that 

V’*w+~^= 0 , etc., and V*£/’+“= 0 , etc. ( 8 ), 

Tl OsOC Tl 

each through all space. Thus if 8 ", JY", F", Z" denote the values 
of 8 , Xy Yy Z for a point (a?", y'y -s"), we find, for a, 

(m^+X")dx"dy"dz" 


a=— r r r ^ 

Airnj — ooj — 00 J —CO r/^j — x"] 


i{x—x"y+(y—fy+{z—zyf ^ 

if in this we substitute for 8 " its value by ( 6 ) we have a expressed 
by the sum of a sextuple integral and a triple integral, the latter 
being the U of (7); and similarly for j3 and y. These expres- 
sions may, however, be greatly simplified, since we shall see 
presently that each of the sextuple integrals may be reduced to 
a triple integral. 

(e) As a particular case, let JY, F, Z be each constant through- 
out a spherical space having its centre at the origin and radius 
a, and zero everywhere else. This by ( 6 ) will make —8 the 
sum of the products of JY, F, Z respectively into the correspond- 
ing component attractions of a uniform distribution of matter 


of density 


47r(m+w) 


through this space. Hence [§ 491 (ft)] 
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points outside the spherical space, 

and 5==^^— Yy’\-Zz) for points within the spherical space. 
Now we may divide u of (8) into two parts, u' and depend* 
ing on the values of — within and without the spherical space 

U%AJ 

respectively ; so that we have, 

I 

forrea, > a constant, 

’ 3M(m*4-n) 

for r 
for r 

for r 


Dilatation 
pi'oUuceU 
by it. 

( 10 ). 


Invoatiga- 
tlon of dis- 
l>lncciiieiit. 


a, 

a, 

a, 

a. 


^ ^ 3M(m-4-n) ’ 

0 ; 

VV'=0, 


( 11 ); 


V^w'=0; 


V 2 rr 7)1 C?5 l»* 'L * 

= , which IS a 

n ax 


( 12 ). 


solid spherical harmonic of degree — 3, because 8 is 
given by the first of equations (10). 

The solution of (11), being simply the potential duo to a uniform 

1 7??Jf 

sphere of density , , is of course 

^ 47r3w(m+n) 

^ X — r^) for r c a, 

18n{m + ny ^ 


u = 


— 7nX ^ 

u =:^-7 — ^ ^ — for r 


a. 


9w(r7i4“w) ^ 

Again, if in (12) of App. B. we put wi = 2, n = — 3, and 

F _3 = 4— > we have 
ax 


„„d8 dS 

V (^ -^)==-^—^orr 


dx 


a 


(14), 


d8 . 


since, for r > a. — is a spherical harmonic of order —3. Ajid 

dx 

7"®^ is [App. B. (13)] a solid harmonic of degree 2 : hence if 
[-^] denote, for any point within the spherical space, the same 

\XX 


d8 


algebraic expression as by (10) for the external space, 

dx 

Ctt"] ^ function whigh, for all the interior spaRi, satisfies 


a^^dx 


dS 


the equation V*w=0, and is equal to for points infinitely 

OLX 

r® d8 

near the surface, outside and inside respectively. Hence — [-y- ] 

0f (XX 
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Force 
applied 
unifonnly 
to spherical 
portion of . 
fnllnite 
homogene- 
ous solid. 


for interior space, and for exterior space, constitute the 

dx 

.1 

potential of a distribution of matter of density — . outside 

the spherical space and zero within, and, so far as yet tested, 
any layer of matter whatever distributed over the separating 
spherical surface. To find the surface density of this layer we 
first, for an exterior point infinitely near the surface, take 

which we may denote by — 

' dx ^dy dz’^ dx 

and, for an interior point infinitely near the surface, 

... — [ri2] . 


d . d . d^ rdh 




Then,'’Temembering that is the^same as , 

doc QfZ dir 

according to the notation of App. A. (a) ; we find [by App. B. (5)] 

and[iZ] = -2^[^]. 

Therefore, as for external space is independent of r, and 
as r differs infinitely little from a for each of the two points, 




a 


% 

® dx 


But {i?} and [i2j being the radial components of the force at 
points infinitely near one another outside and inside, correspond- 
ing to the supposed distribution of potential, it follows from § 478 
that to produce this distribution there must be a layer of matter 
on the separating surface, having 

for surface density. But, inasmuch as {i?} — [i?] is a surface 
harmonic of the second order, the potential due to that surface 
distribution alone is [§ 636 (4)] 

[i?]) — through the inner space, 

Of 

and through the outer space ; 

or, according to the value found above for 
3 dh 

through the inner space. 


and 


5a» 

6 dx 


through the outer space. 
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>Kono 
0U8 solid. 


Subtracting now this distribution of potential from the whole dis- 
tribution formerly supposed, we find uniformly 

o * to spherical 

for the inner space, and (r*— for the outer, 

oa» ^ ^ ^ fax * homoKono- 

as the distribution of potential due simply to an external dis- 

1 dS 

tribution of matter, of density — . 6r“-T- > with no surface layer. 

ax 

Hence, and by (14), we see that the solution of (12) is 


u 




and 




(16). 


And [(8) showing that U is the potential of a distribution of 
matter of density equal to ^ constant tfirough the 

spherical space and zero everywhere outside it, we have 


^7=5^ (3a*— r*) for r^za^ 

Tj ^ 

for r> a. 

Sn r 

This, with (13), (15), and (10), gives by (7) 
for r 


(16). 


1 


a 


_ , _{(2m+3n)Jr(3a‘-r’‘)-fmr'A££±jSdl^} 


and for r r> a. 




a= 


1 

{2(2>n+3«)|-m(r»-^a»)A Xx^'Yy^Zz ^ j 


Displace- 
ment pro- 
duced by it. 


( 17 ), 


18n(w+n)'^ ' ' r ' ° ' dx 

with symmetrical expressions for /? and y. 


731 . A detailed examination of this result, with graphic 
illustrations of the displacements, strains, and stresses con- 
cerned, is of extreme interest in the theory of the transmission 
of force through solids; but we reluctantly confine ourselves 
to the solution of the general problem of § 730. 


To deduce which, we have now only to remark that if a become Dispiace- 
infinitely small, JT, F, Z remaining finite, the expressions for dSi^y a 
a, 13, y become infinitely small, even within the space of applica- S^^an 
tion of the force, and at distances outside it great in comparison pSJtl)? 
with a, they become 


a= 


247ru(7W+n) 


{2(2m+3n)|-mr«A 


^finite 
elastic solid. 


r dx 
/8 = etc., 7 = etc. 


( 18 ), 



670 


ABSTRACT DYNAMICS. 


Displace- 
ment pro- 
duced by 
any distribu- 
tion of force 
through an 
infinite 
elastic solid. 


where V denotes the volume of the sphere. As these depend 
simply on the whole amount of the force (its components being 
JCV, FVf ZV)j and when it is given are independent of the 
radius of the sphere, the same formulae express the effect of the 
same whole amount of force distributed through an infinitely 
small space of any form not extending in any direction to more 
than an infinitely small distance from the origin of co-ordinates. 
Hence, recurring to the notation of § 730 (^), we have for the 
required general solution 




where jD=^{(x—x'y + (y—y'y+{z—z'y}, 

fff denotes integration through all space, and X\ Y\ Z' three 
arbitrary functions of x\ y', z restricted only by the convergcncy 
condition of § 730. 

This solution was first given, though in a somewhat different 
form, in the Cambridge and Dublin Mathematical Journal^ 1848, 
On the Equations of Equilibrium of an Elastic Solid. 

Comparing it with (9), we now see the promised reduction of the 
sextuple integral involved in that expression to a triple integral. 

The process (e) by which it is effected consists virtually of 
the evaluation of a certain triple integral by the proper solution of 
the partial differential equation F+47rp=0 [like that formerly 
worked out (§ 649) for the much simpler case of p merely a 
function of r]. Proof of the result by direct integration is a 
good exercise in the integral calculus. 


Application 782 . In §§ 730, 731 the imagined subject has been a homo- 
of§696. geneous elastic solid filling all space, and experiencing the 
effect of a given distribution of force acting bodily on its 
substance. The solution, besides the interesting application 
indicated in § 731, is useful for simplifying the practical pro- 
blem of § 696, by reducing it immediately to the case in which 
no force acts on the interior substance of the body, thus : — 


The equations to be satisfied being (6) of § 698, throughout 
the portion of space occupied by the body, and certain equations 
for all points of its boundary expressing that the surface displace- 
ments or tractions fulfil the prescribed conditions ; let 'a, '^8, 'y 
be functions of (a?, y, z)^ which satisfy the equations 
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«V»'/3+m^+ r=0, „v»'y+,«^+2=0. I 


where, for brevity, 'S=_-{ 


c?'a 




cfoj ' dy 

through the space occupied by the body. Then, if we put 

^='/J+A, r='y+y/> (2), 

we see that to complete the solution we have only to find a^, 

7 /, as determined by the equations 


( 1 ). 

Gonernl 
problem of 
I (iJHJ roduewl 
to case of no 
bodil)' force. 


nV=a,+m^=0, nv'*/3,+»»^=0, nV’y, 4-)»!^=0, ) 

■ s 


da, dp, dy 


S. 


(3) 


dx dy dz 

to be fulfilled throughout the space occupied by the body, and 
certain equations for all points of its boundary, found by sub- 
tracting from the prescribed values of the surface displacement 
or traction, as the case may be, components of displacement or 
traction calculated from 'a,'/?, ' 7 . 

Values for 'a , '^,'7 may always bo found according to §§ 730, 

731, by supposing equations (1) § 732 to hold through all space, 
and V, F, Z to be discontiifuous functions, having the given 
values for all points of the body, and being each zero for all 
points of space not belonging to it. But all that is necessary is 
that ( 1 ) be satisfied through the space actually occupied by the 
body; and in some of the most important practical cases this 
condition may be more easily fulfilled otherwise than by deter- 
mining 'a, '/I , '7 in that way with its superadded condition for the 
rest of space. 

733. Thus, for Q;camx:)le, let us suppose the forces to be important 
such that Xdx-\‘Ydy-\-Zdz^ is the differential of a function, IF, cmlV^ 


^ Let 7)1 be the mass of any small part of the body, x, y, z its co-ordinates at any 
time, and P7)ij Qin^ Rdi the components of the force acting on it. If the system bo 
conservative, Pdx + Qdy-\-R(lz must be the differential of a function of x, y, z. Let, 
for instance, the forces on all parts of the body be due to attractions or repulsions 
from fixed matter ; and let the particle considered be the matter of the body within 
an infinitely small volume tx8y5z. Then we have Pm—Xhx:^yhZf etc. ; and therefore, 
if p be the density of the matter of so that ^xJ^yhz—mt we have, in the notation 
of the text, Pp=X, Qp — Y, Rp^Z \ and therefore Xdx + Ydy-^Zdz is or is not a 
complete differential according as p is or is not a function of the potential ; that is 
to say, according as the density of«the body is or is not uniform over the equi- 
potential surfaces for the distribution of force to which {P, Q, R) belongs. Thus 
the condition of the text, if the system of force is conservative, is satisfied when the 
body is homogeneous. But it is. satisfied whether the system be conservative or not 
if the density is so distributed, that, were the body to lose its rigidity, and become 
an incompressible liquid held in a closed rigid vessel, it would (§ 7^) be in equi- 
librium. 
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Impor^t of X, y, z considered as independent variables. This assump- 
cases, tion includes some of the most important and interesting 
practical applications, among which are — 

(1.) A homogeneous isotropic body acted on by gravitation 
sensibly uniform and in parallel lines, as in the case of a body 
of moderate dimensions under the influence of terrestrial gravity. 

(2.) A homogeneous isotropic body acted on by any distribu- 
tion of gravitating matter, and either equilibrated at rest by 
the aid of surface-tractions if the attracting forces do not of 
themselves balance on it ; or fulfilling the conditions of in- 
ternal equilibrium by the balancing, according to D’Alembert's 
principle (§ 264) of the reactions against acceleration of all 
parts of its mass and the forces of attraction to which it is 
subjeciod, when the circumstances are such that no accele- 
ration of rotation has to be taken into account. To this case 
belongs the problem, solved below, of finding the tidal deforma- 
tion of the solid Earth, supposed of uniform specific gravity and 
rigidity throughout, produced by the tide -generating influence 
of the Moon and Sun. 


(3.) A uniform body strained by centrifugal force due to 
uniform rotation round a fixed axis. 


reduced to 
case of no 
bodily force. 


But it does not include a solid witli any arbitrary non- 
uniform distribution of specific gravity subjected to any of 
those influences; nor generally a piece of magnetized steel 
subjected to magnetic attraction ; nor even a uniform body 
fulfilling the conditions of internal e(][uilibrium under the in- 
fluence of reactions against acceleration round a fixed axis 
produced by forces applied to its surface. 

We have, according to the present assumption, 


dW 


— ir 


aw 


dx 
dX 


dy 

dY , dZ 

•t 


dz 

=V*TF. 


which give ^,ay'dz 

Hence, for '5 as in § 730 (a) for 8,. 

(m+n)V*'8+V*W=0, 
which is satisfied by the assumption 



' 8 = 


W 


fa-\~n 


( 6 ). 


Next, introducing these assumptions in (1) of § 732, we see that 



STATICS. 


573 


these equations are finally satisfied by values for'a,')3,'y, assumed 
as follows : — 


a= 








y=: 



( 6 ). 


m+n dx ' m-f-w d^ ' w- 
where ^ is any function satisfying 
Further, we may remark that if IF be a spherical harmonic 
[App. B. (a)], a supposition including, as wo shall see later, 
the most important applications to natural problems, we have at 
once, from App. B. (12), an integral of the equation for as 


follows 




Wi 


2(22-4-3) 

where the suffix is applied to W to denote that its degree is i. 


( 7 ); 


734 . The general problem of § 696 being now reduced to 
the case in which no force acts on the interior substance, it 
becomes this, in mathematical language : — To find a, jS, y, three 
functions of (x, y, z) which satisfy the equations 


n{ 


d^a . d^a 


dx^ 




dy^ 

d^/3 


d^a . , d 

)+m 


fe"* dy 


d^y 


dx^ dy- 


dz‘^ 

dz 
d^y 


dx ' dx dy ' 


0 

0 


d f do. dp 


dy^dx 


dy 

dp 


dz 

dz 


(1) 


d .do. 

dz^' ^ dz^dx dy 


^$)=' 


for all points of space occupied by the body, and the proper 
equations for all points of the boundary to express one or other 
or any sufficient combination of the two surface conditiems 
indicated in § 696. When these conditions arc that the 
surface displacements are given, the equations expressing them 
are of course merely the assignment of arbitrary values to 
a, P, y for every point of the bounding surface. On the other 
hand, when force is arbitrarily apjilied in a fully specified 
manner over the whole surface, subject only to the conditions 
of equilibrium of forces on the body supposed rigid (§ 564), in 
its actual strained state, and the problem is to find how the 
body yields both at its surface and through its interior, the 
conditions are as follows Let dfl denote an infinitesimal 
element of the surface; and F, G, H functions of position on 
the surface, expressing the components of the applied traction. 
These functions are quite arbitrary, subject only to the follow- 
ing conditions, being the equations [§ 551 (a), (5)] of equili- 
brium of a rigid bodv : — 

O -V ^ 


Important 
class of 
on sea re* 
tlueed to 
ease of no 
bi»dily force. 


ProMoin of 
§ <5lHJ with 
no force 
excei>t over 
Huvfatrc : 
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equations of 
equilibrium 
to which the 
surface-trac- 
tions are 
subject. 

Equations 
of surface- 
condition, 
when trac- 
tions are 
given. 


Problem of 
§ 006 solved 
for spherical 
shell. 


Dilatation 
]»roved ex- 
pressible in 
convergent 
series of 
spheri(tal 
harmonics. 


ffFdSi=o, //Odn=o, ) 

ff{Ht/-Gz)da=0, ff{Fz-Hx)<m=0, ff{Gx-Fy)dQ.=0 / 

and the strain experienced by the body must be such as to 
satisfy for every point of the surface the following equations : — 

((.+„)|+(.-»)(g+£)},+n(|+|)A+»,|V|)/=(7 \ (3); 

which we find by (1) of § 662, with (6) of § 670, with (5) of § 693, 
and (5) of § 698 ; /, h being now taken to denote the direc- 
tion-cosines of the normal to the boixnding surface at (x, ?/, z). 

735 . The solution of this problem for the spherical shell 
(§ 690), found by aid of Laplace's spherical harmonic analysis, 
was first given by Lam4 in a paper published in Lionville's 
Journal for 1854. It becojnes much simplified^ by the plan 
we follow of adhering to algebraic notation and symmetrical 
formuhe [App. B. (l)-(24)], until convenient practical expan- 
sions of the harmonic functions, whether in algebraic or trigono- 
metrical forms, are sought [App. B. (25)-(41), (56)-(66)]. 


{a) Using for brevity the same notation 8 and V® as hitherto 
[§ 698 (8) (9)], we find, from (1) of § 734, by the process (a) of 
§ 730, V^S=0. 

(5) Now let the actual values of 8 over any two concentric 
spherical surfaces of radii a and a' be expanded, by (52) of 
App. B., in series of surface harmonics. So, Si, etc., and 
^'o, etc. ; so that when 

r^ciy -|-/S^2 “h • • “I" • • • 

Then, throughout the intermediate space, we must have 

For (1.) this series converges for all values of r intermediate 
between a and a\ as we see by supposing a' to be the less of the 
two, and writing it thus : — 

8=.hi+h.i^, (6) 

0 0 

‘ Dynamical Problems regarding Elastic Spheroidal Shells, and Spheroids of 
Incompressible Liquid.” W. Thomson. Phil. Trans., 1862. 
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where 5i, are solid harmonics of degrees i and — e— 1 given 
by the following : — 


a 


, and = 


a 


i-e) 


«'*<+» a 


i-^r ' 


a ^ 'a 

For very great values of i these become sensibly 

and 

cl i 

and therefore, as each of the series (4) is necessarily convergent, 
the two series into which in (G) the expansion (5) is divided, 
ultimately converge more rapidly than the “geometrical" series 


% fy% i+l 

<«>• <a> ' 


t-f-2 ^ i+1 i+2 

{-) and(-) ,•(-) , 


(7) . 


• ) 


respectively. 

Again (2.) the expression (5) agrees with (4) at the boundary 
of the space referred to (the two concentric spherical surfaces). 

And (3.) it satisfies V^5==0 throughout the space. 

Hence (4.) no function dificring in value from that given by 
(5), for any point of the space between the spherical surfaces, can 
[App. A. (c)] sati.sfy the conditions (3) and (4) to which 5 is 
subject. 

In words, this conclusion is that 
736 . Any function, S, of x, ?/, z, which satisfies the ec^nation General 


= 0 for every point of the space between two concentric garli!i)« e!x- 
s^jlierical surfaces, may be expanded into the sum of two series }n 
of complete spherical harmonics [App. B. (c)] of positive and 
of negative degrees respectively, which converge for all points 
of that space. 

(c) We may now write (G), for brevity, thus — 


GO 


8 = 2 & 


— 00 


( 7 ). 


where ^i, a complete harmonic of any positive or negative degree, 

2 , is to be determined ultimately to fulfil the actual conditions of 
the problem. But first supposing it known, we find a, y as in 
§ 730 (d), except that rfow we take advantage of the formulae 
appropriate for spherical harmonics instead of proceeding by iMspiacc- 
triple integration. Thus, by (1) and (7), we have Sed^on 

temporary 
supposition 
that dilata* 
tion is 
known. 


n dx 
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Displace- 
ment deter- 
mined on 
temporary 
supposition 
that dilata- 
tion is 
kno¥m. 


Complete 
harmonic 
solution of 
equations 
of interior 
equilibrium. 


and therefore, as ^ is a harmonic of degree e — 1, by taking, in 

ax 

App. B. (12), n = 2 — 1 and m = 2, we see that the complete 
solution of this equation, regarded as an equation for a, is 


a=w< 


mr* 


Mi 


2n 2t-tl dx 

where u denotes any solution whatever for the equation V®w=0. 
Similarly, if v and w denote any functions such that and 

V*w?=0, we have 


/?=v- 


?nr* 1 dSi , 1 dSi 

y=“’--2» 221-+1 IF • 

(d) Now, in order that (1) may be satisfied. Si must be so 
related to m, i?, it^^hat 

dx dy dz 

Hence, by differentiating the expressions just found for a, y, 
and attending to the formula 

= ( 8 ), 

<f>i being any homogeneous function of degree /, we find 


du , dv , dw w? 
+^+— —— 2, 


dx dy dz n 22-f-l 


Su 


This dvc3 i I 

ihis gives 


(9). 


If, therefore, 2wi, '^wi be the harmonic expansions (§ 736) 
of w, p, W7, we must have 


« (22+l)n .dui^^ dvi^ri , dwi^^. 

I vX-- 1 "T ) 


( 10 ). 


(22 + l)n+/m' dx dy dz 

Using this, with i changed into 1, in the preceding expressions 
for a, )8, y, we have finally, as the spherical harmonic solution of 
(1), § 734, 


t=r 00 


a=_ 2 


mr® d ,dui , dvi , dwi^y 


1= — CO 

i=co 


“T" 1 , i ZiZ ) ^ 


/?• V f 1 


(22— l)n+(/ — l)w dx^dx dy dz 

d Aui dt'i 


(22 — 1)72 (i — l)?w dy ^dx*dy dz 


( 11 ), 


d fdui , dvi , dwi^^ 


r 1 rnr* 

^ i=— 00 ^ ^ (22* — 1)/2 + (2 — l)w2 dz^dx^ dy ' 

where Wi, Vi, denote any spherical harmonics of degree i. 
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Sor the analytical investigations that follow, it is convenient Compieto 

harmonlo 


to introduce the following abbreviations 

and 

so that (11) becomes 


. dui , dvi . dwi 


dx 


i-sr-OO 


a= S {ui — MiV 


dy ' dz 
d't'i-x 


solution of 
equa^ona 
/10^ of interior 
\^^)> equilibrium. 


(13), 


izzz 00 


1=00 


dx 


) ' 


2 


oo 

t=co 


y= 2 (wi — Mi 


dy 
^dipi^x 


(14). 


) 


t= — oo 


dz / 

(e) It is important to remark that the addition to w, v, re- 
spectively of terms (<fi being any function satisfy- 

(XOC CLZ 

ing V®<^=0), does not alter the equation (10). This allows us at 
once to write down as follows the solution of the problem for the 
solid sphere with surface displacement given. 

Let a be the radius of the sphere, and let the arbitrarily given 
values of the three components of displacement for every point 
of the surface be expressed [App. B. (52)] by series of surface 
harmonics, 2.4^, 2(7,*, respectively. The solution is 

d(^i^x . V 
I ^ 0^/1 


1=00 y. i m(a^~H) 


^ i=o ^ ”^ 2 a*[( 22 — l)n+(f — l)w] dx 


1=00 


m(a® — r*) 




V * 

^ ^ ^2a\(2t — l)w+(e — 1)^] dy 


1=00 


tn(a^ — r®) 




where 


f % 

iJo — l)n+(i — i)»«] dz 

^ _d(Air*) , d(B{r*) , d{Cir^ 
®*"*~ <fe rfy dz 


} 


} 


Solid sphere 
with surface 
displace* 
meats given. 


) (15). 


, t?i= etc. etc.. 


For this is what (11) becomes if we take 

,, — A - 

’^a'' '^2a*X(2* + 3> + (z+l)m] dx 

and it makes 

a=:2At-, y=2(7*', when r=sa (16)» 

This result might have been obtained, of course, by a purely 
analytical process ; and we shall fall on it again as a particular 
case of the following : — 

. 2 O 
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Shell with 
given dis> 
placements 
of its outer 
and inner 
Bnrfaces. 


(/) The problem for a shell with displacements given ajrbitrarily 
for all points of each of its concentric spherical bounding sur- 
faces is much more complicated, and we shall^ find a purely 
analytical process the most convenient for getting to its solution. 
Let a and a be the radii of the outer and inner spherical surfaces, 
and let 2^^, etc., 2^;, etc., be the series of surface harmonics 
expressing [App. B. (62)] the arbitrarily given components of 
displacement over them ; so that our surface conditions are 

a=2A»- 'I a=2i4- 'I 'j 

>whenr=a; and jS=2^^ > when r=a' > (17). 

7=2(7, j 7=2^; j j 

Using the abbreviated notation (12) and (13), selecting from (14) 
all terms of a which become surface harmonics of order i for a 
constant value of r, and equating to the proper harmonic terms 
of (17), we have 




dj'i+i 

dx 



=Ai when r=a 
=A; „ r=a' 



Kemarking that , and r*+'~^are 

dx dx 

each of them independent of r, we have immediately from (18) 
the following two equations towards determining these four 
functions : — 


dx dx 


and 


dX dX 


(1 


These, and the symmetrical equations relative to y and suffic^ 
with (13), for the determination of v,, v;, for every valile, 
positive and negative, of /. The most convenient order of pro- 
cedure is first to find equations for the determination of the tj/ 
functions by the elimination of the w, v, thus : — From (19) 
we have 


(<j 24 + 8 — fl' 2 <+ 3 ) -f- (a*+i J r< 

Wi=: 

and symmetrical equations for v and w. Or if, for brevity, we 
put 
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CM ^ , _ {aay+^{a*A'i-^a'*Ai ) 


and 


a 


ii]+z a^a*+3 


ri/.% 


« _(aa')»+'(«‘-«'‘),, 

aw+« — ai<+r“‘^i+i' ■■ ■”<+« 




SheUwitti 

(21) , given dU- 

' piftoements 
of its outer 
and inner 
8Urf)BlC«l. 

( 22 ) , 


dx 


ii 




(23). 


2 ^i=etc,, v_t_i = cto., «’i=etc., ti?_i_i=ctc. 

r 

Performing the proper differentiations and summations to elimi- 
nate the w, Vy Wj functions between these (23) and (13), and 
taking advantage of the properties of the \p functions, that 

AV.+,=0, AV_,=0, 


X 


d\p. 


dx 


i I I — i • / 


we find 


= (2/+ 1) e +^) 

and 

(2/+ 1) (e+ ^ ^ 

Changing ? into t+1 in the first of these, and into i— 1 in the 
second, we have two equations for the two unknown quantities 
xfi and ; which give 


_ 0»+(2/+8)(/+l)|[..c©'_^ir*^'+i 
V »— 1 _ (2/+ 3){2e-~ 1) (t + miMi. 


I 


(2/+3)(2e-l)(e+l)e|Ufi+. 

>/, . _ (2*— l)*|(<+i ©.•>•■**"* + { 

• - 1 _ (2« H-3)(2;- !)(*+ 1 )Vi J 

where, for brevity 

* dx dy dz 


(25), 


and 


<te / dy + dz 


(26). 


The functions \pi and for every value of i being thus given, 
(23) and (14) complete the solution of the problem. 

(g) The composition of this solution ought to be carefully 
studied. Thus separating for simplicity the part due to the 
terms At^ etc., A'i, etc., of the single order e, in the surface data, 


(24). 
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Surface- trac- 
tions given. 


Component- 
tractions on 
any spherical 
surface con- 
centric with 
origin. 


we see that were there no such terms of other orders, all the ^ 
functions would vanish except These 

would give Wi_a, «»•, w_i+i, and w_i_ 3 ; with symmetri- 

cal expressions for the v and w functions ; of which the composi- 
tion will be best studied by first writing them out in full, explicitly 
in terms of ff,-, and the derived solid har- 

monics ©i_i and ©li_ 2 . 

737. When, instead of surface displacements, the force 
applied over the surface is given, the problem whether for the 
solid sphere or the shell, is longer because of the preliminary 
process {Ji), required to express the components of traction on 
any spherical surface concentric with the given sphere or shell, 
in proper harmonic forms ; and its solution is more complicated, 
because of the new solid harmonic function [(32) below] 
which, besides the function employed above, we are 
obliged to introduce in this preliminary process. 


(A) Taking F, G, H to denote the components of the traction on 

the spherical surface of any radius r, having its centre at the 

origin of co-ordinates, instead of merely for the boundary of the 

body as supposed formerly in § 734 (3), we have still the same 

• oc z/ z 

formulse : but in them we have now to put /= — , , hz=—. 

V T T 

By grouping their terms conveniently, we may, with the notation 
(28), put them into the following abbreviated forms : — 

n)8.ii?+w{(r4 1 ) a -4- 

ar' dx/ 

Gr={m-n)B.y->rn{ (r^ _ i)^ + 0} 

J3r=(m— »)8.«+n{(r4- — l^v 4- 

dr ' * dz* 



where 

and 




i=^ax+Py+yz 
, ^ — d d 
dr ^ dx ^ dy 


A 

dz 


} 


(28), 


SO that A is the radial component of the displacement at any 
r ^ 


point, and prefixed to any function of a?, y, z denotes the 

rate of its variation per unit of length in the radial direction. 

(A;) To reduce these expressions to surface harmonics, let us 
consider homogeneous terms of degree i of the complete solution 
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(14), which we shall denote* by a^, y,-, and let (;•+, Component- 

treodon 


denote the corresponding terms of the other functions. Thus 


we have 


Ff^=z 2{ (m — n(/ — l)a<+ » 


1 -k 

dx 


surfiioe eon- 
centric with 
origin, 


(^r = 2 { (m — n)8^,y + n(i — 1 )^< + n ‘ , 

7/r= 2 ( (m — 2 +n(/— l)y,.+ n^^L±? I 

dz 


(29). 


(1) The second of the three terms of order i in these equations, 
when the general solution of § 13 is used, become at the boundary 
each explicitly the sum of two surface harmonics of orders i and 
2—2 respectively. To bring the other parts of the expressions 
to similar forms, it is convenient that we should first express 
in terms of the general solution (12) of § 13, by selecting the 
terms of algebraic degree 2 . Thus we have 

mr® d\pi_i 




2[(22 — l)n + (*~l)w2] dx 
and symmetrical expressions for ft and y»-, from which we find 

0,3? + 1 = UiX + 


(30), 


2[(28-1)»+(i— l)w] 
Hence, by the proper formulaa [see (36) below] for reduction to 
harmonics, 

> 1 , (2z-1)[(8-l)m-2wl , , . . 

y+>- 2;4 .i4[(2!-1)«+(»-1>»1 + 

where 

i ^ ^ + 

and (as before assumed in § 12) 


dz 


} (32), 


, dui dvi , dwi 


(33). 


(34). 


dx'dy' dz 

Also, by (10) of § 736, or directly from (30) by differentiation, wo 
have _ 72(2 i— 1) , 

^*--*-(2e-l)n+(2-l)m‘^^’ 

Substituting these expressions for 5^.,, a,-, and in (29), we 
find 

/• • w( 22— 1)[(2*4-2)2?7— (22*— l)wl , 

i?V_ 2 ^w(i-l)«,+ 1 )„ + ( 2 ^)^] 

n[2^•(^^-l)w-(2^•^l)n] n d4>k+n /oex 

(22 + 1) [(22* — l)w+(2' — 1)^-^] dx 22*+ 1 dx ^ ^ * pressei 

1 The suffixes now introduced have reference solely to the algebraic degree, positive 
or negative, of the functions, whether harmonic or not, of the symbols to which 
they are applied. 
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This is reduced to the required harmonic form by the obviously 
proper formula 




Thus, and dealing similarly with the expressions for Gr and Hr^ 
we have, finally. 


1)m.- — 2(8— — ,L ^.t* 

ax dx 2t+i dx 

Gr=nmi-l)vi -y- }/ ( 37 ), 


dy 


lIr=n2[(i—l)wi—2(i—2)Mir'^— — £’,r”+* 


dx 22+1 d^ 


dz 


dx 


2/+! dz 


} 


where [as above (12)], 


, and now, further, 


TVT — 1 

* ^(2i— l)n+( 2 — l)? 2 t 


! 

p_ 0+2)m— (28— 1)» / 

^ (2i+ 1)[(28 — l)«+(e — l)m]/ 


(38). 


Prescribed 
surface con- 
ditions put 
into har- 
monics. 


{m) To express the surface conditions by harmonic equations 
for the shell bounded by the concentric spherical surfaces, 
r=a, r=:a\ let us suppose the superficial values of Gj H to 
be given as follows : — 


and 


F^2Ai \ 

G=^Bi Vwhen r=a 

H=Wi j 

F=:2A\ ) 

(t= I when r = a' 

//=2a; j 



where Ai, Bi, A'i, i?^, CJ denote surface harmonics of order i. 

To apply to this harmonic development the conditions § 734 
(2) to which the surface traction is subject, let a^dzs and a'^dis be 
elements of the outer and inner spherical surfaces subtending at 
the centre (§ 468) a common infinitesimal solid angle dzs : and 
let JJdzs denote integration over the whole spherical surface of 
unit radius. Equations (2) become 


Equattons^of f/d^2{(^At-a'^Ai)=0, etc.; etc. (40). 

surffi^rac- App. B. (16) shows that, of the first three of these, all terms 

stt^edT except the first (those in which 2=0) vanishes ; and that of the 

second three all the terms except the second (those for which 
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8=1) vanish because or, y^z arc harmonics of order 1. Thus Limitations 
the first three become * 

etc. ; 

which, ar.^do, A'o, etc., are constants, require simply that 

aU,=a^A'o, a*C,=d’C; ' ( 41 ). SiX 

The second three are equivalent to libriuS'**' 

( 42 ), 

where is a homogeneous function of a?, z of the second 
degree. For [App. B. (a)] rAj, rAi^ etc., are linear functions of 
a?, y^ z. If therefore (A, a?), (A, y) . . . (B, x) ... denote nine con- 
stants, we have 

}'{a‘At — d'A[) ={A,x)x+{A,y)y+{A,z)z 
r{a^Bi—d‘If,)={B, x'!x+{B,y)i/+{B, z)z 
r{a'Ci—dWi)={C, x)^+(C,y)t/+{C, z)z. 

Using these in the second three of (40) of which, as remarked 
above, all terms except those for which e=l disappear, and re- 
marking that yz^ zxy xy arc harmonics, and therefore (App. 

B. (16)] ffyzd^^O^/fzxdvi^O^f/xydvi^Oi 

we have (C, y) z) ffz^dzs^O : etc. 

From these, because Sfx'^dzs^Jfy^d7s=Jfz'^d-ay 
it follows that 

{C,y)=(B,z), (A,z)={C,x), (B, x)=^{A,y), 
which prove (42), 

(w) The terms of algebraic degree exhibited in the preceding 
expressions (37) for Fr, Or^ Hr, become, at either of the con- 
centric spherical surfaces, sums of surface harmonics of orders i 
and /— 2, when i is positive, and of orders — /—I and —2—3 
when i is negative. Hence, selecting all the terms which lead to surface 
surface harmonics of order t, and equating to the proper terms of expressed in 
the data (39), we have 

-l)Ui- (e+ 2)u_^. - + 2(i+ 


dx 


\ 


x7/v, 0.*_L 1 V jlnn ) 


dx 


dx 


dx 


\A'i 




22 -f-l' dx 

when r=a 
when r: 

and symmetrical equations relative to y and z, 

(p) These equations are to be treated precisely on the same plan 
as formerly were (18). Thus after finding % and ; we 
perform on Ui, Vi, Wi the operations of (33), and on 


(43), 
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n 

r 


w^i_x those of ^2), and so arrive at two equations which involving 
of unknown quantities only and and taking the cor- 
responding expressions for and applying (32) to 

and (33) to v-i+i, w;-*+i we simil^irly obtain two 

equations between and Thus we have in all four 

simple algebraic equations between by which 

we find these four unknown functions : and the Vj w functions 
having been already explicitly expressed in terms of them, we 
thus have, in terms of the data of the problem, every unknown 
function that appears in (14) its solution. 

(p) The case of the solid sphere is of course fallen on from 
the more general problem of the shell, by putting a'=0. But 
if we begin with only contemplating it, we need not introduce 
any solid harmonics of negative degree (since every harmonic of 
negative degree becomes infinite at the centre, and therefore is 
inadmissible in the expression of effects produced throughout a 
^solid sphere by action at its surface) ; and (43), and all the for- 
mulae described as deducible from it, become much shortened when 
we thus confine ourselves to this case. Thus, instead of (43), we 
now have simply 

I (e— 

dX 


dx 


L. ]=A ) 

22+1 dx > M44). 

when r=a ) 


Hence, attending [as formerly in (/)] to the property of a homo- 
geneous function HJ, of any order y, that r~^Hj is independent of 

r, and depends only on the ratios — , ^ ; we have for all 

V IT V 

values of a?, y, Zy 

From this and- the symmetrical equations for v and Wj we have 
by (33), 


l_ ( djAjr*) , d((7<r*) 


dy 


and by (32) 

+ 2i(,-+ 1)(2;+ 

Tid ^ c dx 


dz 


j (46); 


-»-*) . rf(air-<->) 


+ 


dy ' dz 

Eliminating, by this, <(> 4^1 from (46), and introducing the abbre- 
viated notation, [(60) below], we find 


} (47)' 




d^i 


♦-H 


2f(22+l) dx 


](48 
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and (43) gives 




1 — 


_ [(»-l)m+(2«-l)w]y 




[(2— i)+{2i+l)iE^na^~^ [(22* + 1) m — (22— l)n]na*“^ 

where '• 


Surfa<!«*tnic> 
tiona given : 
general aolu- 
(4y), Won ; for 
solid sphere. 




djAjr^) . diBi,-*) . (/(C.r<) 


dx 


+ 


dy 


dz 


and 


d{Air^') , , d{Oir~*-') 


(50). 


4 


i- 


} 


dse ' ' dz 

With these expressions for and Wj*, (14) is the complete solu- 
tion of the problem. 

(q) The composition and character of this solution is made 
manifest by writing out in full the terms in it which depend on 
harmonics of a single order, 2 , in the surface data. Thus if 
the components of the surface traction are simply Bi^ C7,-, all 
the functions except a^id all the ^ functions except 

vanish. Hence (48) shows that all the u functions except 
iii-a, and Ui vanish : and for these it gives 

Mi-i 




dx 


d<^i 


»+i 


]} 


(51). 


dx ^ ^ 22 ( 22 + 1 ) dx 

Using this in (14) and for Ei and Mi substituting their values by 
(38), we have, explicitly expressed in terms of the data, and the 
solid harmonics ^t+i, derived from the data according to 
the formulae (50), the final solution of the problem as follows : — 

w(a2— r2) d*i-\ 1 r (i+2)m— , j ) /en^ 

(2i2+l)m-(2i— l)u dx 1 ••(2i3+l)m— (2i— 1)» (2i+i>/x ■*’22(22+1) 

with symmetrical expressions for P and y. 

W The case of 2 = 1 is interesting, inasmuch as it seems at of 

, homogeue- 

first sight to make the second part of t* -3 expression (52) for a ous strain, 
infinite because of the divisor e — 1. But the terms within the 
brackets [ ] vanish for e’ = 1, owing to the relations (42) proved 
above, which, for the solid sphere, become 


’ Indeter- 
minate rota- 

Hi denoting any homogeneous function of a?, y, z of the second oS^stSta 

degree. The verification of this presents no diflficulty, and we 

leave it as an exercise to the student. The true interpretation gene^ wiu- 

i.1 •/» ofi i tlonfordis- 

of the % appeanng thus in the expressions for a, y is plearly placement, 
that they are indeterminate : and that they ought to be so, we see data are 
byremarking that an infinitesimal rotation round any diameter 
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without strain may be superimposed on any solution without 
violating the conditions of the problem; in other words (§§ 89, 
95), 0)2^:— Wjjy, (*> 30 ?— (Oiy— Wga? 

may be added to the expressions for a, y in any solution, and 
the result will still be a solution. 

But though a, y are indeterminate, (50) gives and </>2 
determinately. The student will find it a good and simple 
exercise to verify that the determination of and <f>^ determines 
the state of strain [homogeneous (§ 155) of course in this case] 
actually produced by the given surface traction. 


Plane strain 
defined. 


738 . A solid is said (§ 730) to experience a plane strain, 
or to be strained in two dimensions, when it is strained in any 


manner subject to the condition that the displacements are all 
in a set of parallel planes, and are equal and parallel for all 
points in any line perpendicular to these planes : and any one 
of these planes may be called the plane of the strain. Thus, 
in plane strain, all cylindrical surfaces perpendicular to the 
plane of the strain remain cylindrical surfaces perpendicular 
to the same plane, and nowhere experience stretching along the 
generating lines. 

The condition of plane strain expressed analytically, if we take 
XOY for the plane, is that y must vanish, and that a and jS must 
be functions of x and y, without z. Thus we see that 


Only two independent variables enter into the analytical ex- 
pression of plane strain ; and thus this case presents a class of 
problems of peculiar simplicity. For instance, if an infinitely 
long solid or hollow circular cylinder is the given solid ” of 
Problem for § 696, and if the bodily force (if any) and the surface action 
wderpiano consist of forccs and tractions everywhere perpendicular to its 
strain, axis, and equal and parallel at all points of any line parallel 
to its axis, we have, whether surface displacement or surface 
traction be given, problems precisely analogous to those of 
§§ 735, 736, but much simpler, and obviously of very great 
practical importance in the engineering of long straight tubes 
under strain. 

739 . It is interesting to remark, that in these cylindrical 
problems, instead of surface harmonics of successive orders 
joivedin 1, 2, *3, etc., Tyhich are [App. B. (5)] functions of spherical 

hmonics.” CO- Ordinates (as, for instance; latitude and longitude on 

a globe), we have simple harmonic functions (§§ 54, 75) of the 
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same degrees, of the aiigli^ between two planes through the 
axis, and of its successive multiples : and instead of solid 

1 •/> • r A i doflnod. 

harmonic functions [App. 15. (a) and (6)J, we have what we 
may call p^ane harmonic functions^ being the algebraic functions 
of two variables (a?, y), which we find by expanding cos iQ and 
sin id in powers of sines or cosines of 0, taking 

y 


COS0= 


X 


and sind= 


and multiplying the result by 

A plane harmonic function is of course the particular case of a 
solid harmonic [App. B. {a) and (6)] in whi<^ z docs not appear ; 
that is to say, it is any homogeneous function, F, of x and y, 
which satisfies the equation 
d^V d^V 

write it for brevity, V*F=0. 

And, as we have seen [§ 707 (23)], the most general expression 
for a plane harmonic of degree i (positive or negative, integral 
or fractional) is 

jiA { (.r+.v\/~T)‘+(a7— y>/~r)‘}— 1)‘} ) 

or in polar co-ordinates, A cost^-f-/^ sint^ / ' 

equations of internal equilibrium [§ 698 (6)] with no bodily force 

(that is, A’=0 and F=0) become, for the case of plane strain, 

d^a d^a d da d/3 

— • — =-)=0 

HOC 




dy 

d^p. 


dx dx 


. , d .da 


dy 

ff)-0 


( 2 ). 


^dx^ dy’^^ ‘ '"'dy^dx ' dy 
The plane harmonic solution of these, found by precisely the Problem for 
same process as § 735 (a)...(e), but for only two variables Smiorifiine 
instead of three, is 

a=2{«i ”* 


P='2{vi 


2(* — l)(2n4-»j) 
m 


where 


dx 

d^i-\ 

2{i — l)(2n+m)^ dy 
, dui . dvi 


} 


strain solved 
In terras of 
plane har- 
monics. 


( 3 ), 


dx ' dy 

and Wi, denote any two plane harmonics of degree t, so that 
is a plane harmonic of degree t— 1. Of course i may be 
positive or negative, integral or fractional. 

This solution may be reduced to polar co-ordinates with advan- 
tage for many applications, by putting 
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a;=rcos0, yg=r sin^, 'j 

and taking «i=r^(i4iCOS2^+ilisin8^) > (4); 

Vi^r\Bi cos i6'\- sint^) j 

whicli give 

\f'i-i=2V^“"*{(i4i+^,)cos(t--l)^+(i4i--5i)sin(2— 1)^} (5), 

and 


a=Xr*{^AiQoai6~{-AiBimd — 2 (2w^m) — 2)^ — (A/ — Bi) 8in(i — 2)^] } 

« 

i8=2r‘{B(COBitf+5/»jnie— 2-T2^^[-(.l(+5<)sin(i-2)tf+(4i'-£,)coB(i— 2)9]} 

The student will find it a good exercise to work out in full, to 
explicit expressions for the displacement of any point of the solid, 
in the cylindrical problems corresponding to the spherical pro- 
blems of § 736 (/), and of § 736 (^)...(r). The process (1) of 
the latter may be worked through in the symmetrical algebraic 
form, as an illustration of the plan we have followed in dealing 
with spherical harmonics; but the result corresponding to (37) 
of § 737 may be obtained more readily, and in a simpler form, 
by immediately putting (29) of § 737 into polar co-ordinates, as 
(4), (5), (6) of § 739. We intend to use, and to illustrate, these 
solutions under Properties of Matter. 


740 . In our sections on hydrostatics, the problem of finding 
the deformation produced in a spheroid of incompressible liquid 
by a given disturbing forpe will be solved ; and then we shall 
consider the application of the preceding result [§ 736 (51)] 
for an elastic solid sphere to the theory of the tides and the 
rigidity of the earth. This proposed application, however, 
reminds us of a general remark of great practical importance, 
with which we shall leave elastic solids for the present. 
Considering different elastic solids of similar substance and 
Small bodies similar shapes, we see that if by forces applied to them in any 
thwTf^e way they are similarly strained, the surface tractions in or 
pr^ortion across similarly situated elements of surface, whether of their 
weights, boundaries or of surfaces imagined as cutting through their 
substances, must be equal, reckoned as usual per unit of area. 
Hence ; the force across, or in, any suoh surface, being resolved 
into components parallel to any directions ; the whole amounts 
of each such component for similar surfaces of the different 
bodies are in proportion to the squares of their lineal dimen- 
sions. Hence, if equilibrated similarly under the action of 
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gravity, or of their kineti# reactions (§ 264) against equal smaii bodte# 
accelerations (§ 28), the greater body would be more strained thSTfaie 
than the less ; as the amounts of gravity or of kinetic reaction ^ro^ortion 
of similar 'portions of them are as the cubes of their linear weighS. 
dimensions. Definitively, the strains at similarly situated 
points of the bodies will be in simple proportion to their linear 
dimensions, and the displacements will be as the squares of 
these lines, provided that there is no strain in any part of any 
of them too great to allow the principle of superposition to hold 
with sufficient exactness, and that no part is turned thi'ough 
more than a very small angle relatively to any other part. 


To illustrate by a single example, let us consider a uniform 
long, thin, round rod held horizontally by its middle. Let its „ 

substance be homogeneous, of density p, and Young s modulus, 

M ; and let its length, I, be p times its diameter. Then (as 


the moment of inertia of a circular area of radius r round a 


diameter is ^Trr^) the flexural rigidity of the rod will (§ 715) 

be — 7 ^(^)^ which is equal to ~ in the notation of § 610, 

as B is there reckoned in kinetic or absolute measure (§ 223) 
instead of the gravitation measure in which we now, according 


to engineers’ usage (§ 220) reckon M, 
therefore, for § 617, 

gw ^ 



This, used in § 617 (10), gives us; for the curvature at the 
middle of the rod ; the elongation and contraction where 
greatest, that is, at the highest and lowest points of the normal 
section through the middle point ; and the droop of the ends ; 
the following expressions 


2£V. P^. 
M ' 



Thus, for a rod whose length is 200 times its diameter, if its 
substance be iron or steel, Tor which 7*75, and Jlf = 194 X 10^ 

grammes per square centimetre, the maximum elongation and 
contraction (being at the top and bottom of the middle section 
where it is held), are each equal to -SX 10*“®XZ, and the droop 
of its ends 2 X 10““®X/^. Thus a steel or iron wire, ten centi- 
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metres long, and half a millimetre in diameter, held hori- 
zontally by its middle, would experience only *000008 of 
maximum elongation and contraction, and only *002 of a 
centimetre of droop in its ends : a round steel rod, of half a 
centimetre diameter, and one metre long, would experience 
*00008 of maximum elongation and contraction, and *2 of a 
centimetre of droop : a round steel rod, of ten centimetres 
diameter, and twenty metres long, must be of remarkable 
temper (see Vol. II., Properties of Matter) to bear being held by 
the middle without taking a very sensible permanent set : and 
it is probable that no temper of steel is high enough in a round 
shaft forty metres long, if only two decimetres in diameter, to 
allow it to be held by its middle without either bending it to 
some great angle, and beyond all appearance of elasticity, or 
breaking it. 

741 . In passing from the dynamics of perfectly elastic solids 
to abstract hydrodynamics, or the dynamics of perfect fluids, 
it is convenient and instructive to anticipate slightly some of 
the views as to intermediate properties observed in real solids 
and fluids, which, according to the general plan proposed 
(§ 449) for our work, will be examined with more detail under 
Properties of Matter, 

By induction from a great variety of observed phenomena, 
we are compelled to conclude that no change of volume or of 
shape can be produced in any kind of matter without dis- 
sipation of energy (§ 275) ; so that if in any case there is a 
return to the primitive configuration, some amount (however 
small) of work is always required to compensate the energy 
dissipated away, and restore the body to the same physical 
and the same palpably kinetic condition as that in which it 
was given. We have seen (§ 672), by anticipating something 
of thefmodynamic principles, how such dissipation is inevitable, 
even in dealing with the absolutely perfect elasticity of volume 
presented by every fluid, and possibly by some solids, as, for 
instance, homogeneous crystals. But*m metals, glass, porcelain, 
natural stones, wood. India-rubber, homogeneous jelly, silk 
fibre, ivory^ etc., a distinct frictional resistance^ against every 

' See Proceedings of the Royal Society, May 1865, ** On the Viscosity and £las- 
, ticity of Metals ” (W. Thomson). 
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change of shape, is, as we shall see in Vol. ir., under Pro- viscosity «f 
perties of Matter, demonstrated by many experiments, and is 
found to /lepend on the speed with which the change of 
shape is made. A veiy remarkable and obvious proof of 
frictional resistance to change of shape in ordinary solids, 
is afforded by the gradual, more or less rapid, subsidence of 
vibrations of elastic solids ; marvellously rapid in India-nibber, 
and even in homogeneous jelly ; less rapid in glass and metal 
springs, but still demonstrably, much more rapid than can be 
accounted for by the resistance of the air. This molecular 
friction in elastic solids may be properly oalled viscosity of 
solids, because, as being an internal resistance to change of 
shape depending on the rapidity of the change, it must be 
classed with fluid molecular friction, which by general con- 
sent is called viscosity of fluids. But, at the same time, we viHcosity of 
feel bound to remark that the word viscosity, as used hitherto 
by the best writers, when solids or heterogeneous semisolid- 
semifluid masses are referred to, has not been distinctly applied 
to molecular friction, especially not to the molecular friction of 
a highly elastic solid within its limits of high elasticity, but 
has rather been employed to designate a property of slow, con- 
tinual yielding through very great, or altogether unlimited, 
extent of change of shape, under the action of continued stress. 

It is in this sense that Forbes, for instance, has used the word Porbes’ 
in stating that ''Viscous Tlieoiy of Glacial Motion” which he xheo^J^of 
demonstrated by his grand observations on glaciers. As, how- Motion.** 
ever, he, and many other writers after him, have used the words 
plasticity and plastic, both with reference to homogeneous 
solids (such as wax or pitch, even though also brittle; soft 
metals ; etc.), and to heterogeneous semisolid-semifluid masses 
(as mud, moist earth, mortar, glacial ice, etc.), to designate the 
property,^ common to aU those cases, of experiencing, under 
continued stress either quite continued and unlimited change 

1 Some confusion of ideas migl^ have been avoided on the part of writers who 
have professedly objected to Forbes’ theory while really objecting only (and we 
believe groundlessly) to his usage of the word viscosity, if they had paused to con- 
sider that no one physical exi3lanation can hold for those several cases ; and that 
Forbes’ theory is merely the proof by observation that glaciers have the property 
that mud (heterogeneous), mortar (heterogeneous), pitch (homogeneous), water 
(homogeneous), all have of changing shape indefinitely and continuously under 
the action of continued stress. 
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of shape, or gradually very great change at a diminishing 
(asymptotic) rate through infinite time ; and as the use of the 
term 'plasticity implies no more than does viscosity, apy physical 
theory or explanation of the property, the word viscosity is 
without inconvenience left available for the definition we have 
given of it above. 

742. A perfect fluid, or (as we shall call it) a fluid,- is an 
unrealizable conception, like a rigid, or a smooth, body ; it is 
defined as a body incapable of resisting a change of shape : and 
therefore incapable of experiencing distortiiig or tangential 
stress (§ 669). -Hence its pressure on any surface, whether 
of a solid or of a contiguous portion of the fluid, is at every 
point perpendicular to the surface. In equilibrium, all common 
liquids and gaseous fluids fulfil the definition. But there is 
finite resistance, of the nature of friction, opposing change of 
shape at a finite rate ; and, therefore, while a fluid is changing 
shape, it exe'rts tangential force on every surface other than 
normal planes of the stress (§ 664) required to keep this change 
of shape going on. Hence ; although the hydrostatical results, 
to which we immediately proceed, are verified in practice ; in 
treating of hydrokinetics, in' a subsequent chapter, we shall be 
obliged to introduce the consideration of fluid friction, except 
in cases where the circumstances are such as to render its 
effects insensible. 

743. With reference to a fluid the presmre at a'ny point in 
any direction is an expression used to denote the average pres- 
sure per unit of area on a plane surface imagined as containing 
the point, and perpendicular to the direction in question, when 
the area of that surface is indefinitely diminished. 

744. At any point in a fluid at rest the pressure is the 
same in all directions : and, if no external forces act, the 
pressure is the same at every point. For the proof of these 
and most of the following propositions, we imagine, according 
to § 664, a definite portion of the fluid to become solid, without 
changing its mass, form, or dimensions. 

Suppose the fluid to be contained in a closed vessel, the 
pressure within depending on the pressure exerted on it by the 
vessel, and not on any external force such as gravity. 

745. The resultant of the fluid pressures on the elements 
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of any portion of a spherical surface must, like each of its com- 
pohents, pass through the centre of the sphere. Hence, if we equifiniai 
suppose (§ 564) a portion of the fluid in the form of a piano- ^ ^ 
convex lens^to be solidified, the resultant pressure on the plane 
side must pass through the centre of the sphere ; and, therefore, 
being perpendicular to the plane, must pass through the centre 
of the circular area. Prom this it is obvious that the pressure 
is the same at all points of any plane in the fluid. Hence, 
by § 561, the resultant pressure on any plane surface passes 
through its centre of inertia. 

Next, imagine a triangular prism of the fluid, with ends 
perpendicular to its faces, to be solidified. The resultant 
pressures on its ends act in the line joining the centres of 
inertia of their areas, and are equal (§ 551) since the resultant 
pressures on the sides are in directions perpendicular to this 
line. Hence the pressure is the same in all parallel planes. 

But the centres of inertia of the three faces, and tile resultant 


pressures applied there, lie in a triangular section parallel to 
the ends. The pressures act at the middle points of the sides 
of this triangle, and perpendicularly to them, so that their 
directions meet in a point. And, as they are in equilibrium, 
they must be, by § 557, proportional to the respective sides of 
the triangle ; that is, to the breadths, or areas, of the faces of 
the prism. Thus the resultant pressures on the {p.ces must be 
proportional to the areas of the faces, and therefore the pressure 
is equal in any two planes which meet. 

Collecting our results, we see that the pressure is the same 
at all points, and in all directions, throughout the fluid mass. 

746. One immediate application of this result gives us a Application 
simple though indirect proof of the second theorem in § 557, soiicu. 
for we have only to suppose the polyhedron to be a solidified 
portion of a mass of fluid in equilibrium under pressures only. 

The resultant pressure on each side will then be proportional 
to its area, and, by § 561, will act at its centre of inertia ; which, 
in this case, is the Centre of^Presmre. 

747. Another proof of the equality of pressure throughout Application 
a mass of fluid, uninfluenced by*other external force than the ci^e®o?'^“‘ 
pressure of the containing vessel, is easily furnished by the*“®**'^ 
energy oriterion of equilibrium, § 289 ; but, to avoid complica- 


2 p 
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e^yotthe coDsider the fluid to be incompressible. Suppose 

a number of pistons fitted into cylinders inserted in the sides 

diwcuons closed vessel containing the fluid. Then, if A be the 

area of one of these pistons,, p the average pressure on it, x the 
distance through which it is pressed, in or out; the energy 
criterion is that no work shall be done on the whole, ie., that 


A iPiXi+AiPiXt 4 “ • • • = 2 ( 4 ^ 0 ?) = 0 , 
as much work being restored by the pistons which are forced 
out, as is done by those forced in. Also, since the fluid is in- 
compressible, it must have gained as much space by forcing 
out some of the pistons as it lost by the intrusion of the others. 
This gives 

,4 4* AaO?* 4- • • * = = 0. 


The last is the only condition to which Xi, ojg, etc., in the first 
equation, are subject; and therefore the first can only be 
satisfied if ^ 

that is, if the pressure be the same on each piston. Upon this 
property depends the action of Brahmah’s Hydrostatic Press, 


If the fluid be compressible, the work expended in compressing 
it from volume V to F— SF, at mean pressure jp, \^pBV, 

K in this case we assume the pressure to be the same through- 
out, we o]j|^in a result consistent with the energy criterion. 

The work done on the fluid is 2 (.dpa?), that is, in consequence 
of the assumption, p2i^Ax), 

But this is equal to ph F, 
for, evidently, 2(i4a7)=:6F. 

Fluid pres> 748 . When forces, such as gravity, act from external matter 
iugott^S^^ upon the substance of the fluid, either in proportion to the 
era rces. substance in its different parts, or in pro- 

portion to the density of electricity, or of magnetic polarity, or 
of any other conceivable accidental property of it, the pressure 
will still be the same in all directions at any one point, but 
will now vary continuously from jloint to point. For the pre- 
ceding demonstration (§ 745) may still be applied by simply 
taking thq dimensions of the 4 >rism small enough ; since the 
pressures are as the squares of its linear dimensions, and the 
effects of the applied forces such as gravity, as the cubes. 
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749. When forces act on the whole fluid, surfaces of equal sutfeowof 
pressure, if they exist, must be at every poipt perpendicular 
to the direction of the resultant force. For, any prism of the 
fluid so situated that the whole pressures on its ends are equal 
must (§ 551) experience from the applied forces no component 
in the direction of its length ; and, therefore, if the prism be so 
small that from point to point of it the direction of the re- 
sultant of the applied forces does not vary sensibly, this di\’ec- 
tion must be perpendicular to the length of the prism. From 
this it follows that whatever be the physical origin, and the 
law, of the system of forces acting on the fluid, and whether it 
be conservative or non -conservative, the fluid cannot be in 


equilibrium unless the lines* of force possess the geometrical 
property of being at right angles to a series of surfaces. 

750. Again, considering two surfaces of equal pressure in- 
finitely near one another, let the fluid between them be divided 
into columns of equal transverse section, and having their 
lengths perpendicular to the surfaces. The difference of pres- 
sures on the two ends being the same for each column, the 
resultant applied forces on the fluid masses composing them 
niust be equal. Comparing this with § 488, we see that if the 
applied forces constitute a conservative system, the density of 
matter, or electricity, or whatever property of the substance 
they depend on, must be equal throughout the: layer under 
consideration. This is the celebrated hydrostatic proposition 
that in a fluid at resty surfaces of equal -^essure are also surfaces 
of equal density and of equal potential, 

751. Hence when gravity is -the only external force con- 
sidered, surfaces of equal pressure and equal density are (when 
of moderate extent) horizontal planes. On this depends the 
action of levels, syphons, barometers, etc. ; also the separation 
of liquids of different densities (which do not mix or combine 
chemically) into horizontal strata, etc. etc. The free surface of 
a liquid is exposed to the pressure of the atmosphere simply ; 
and therefore, when in equiEbrium, must be a surface of equal 
pressure, and consequently level In extensive sheets of water, 
such as the American lakes, differences of atmospheric pressure, 
even in moderately calm weather, often produce considerable 
deviations from a truly level surface. 


And are sur- 
faces of equal 
density and 
of equal 
potential 
when the 
system of 
force is con- 
servative. 


Gravity the 
only external 
force. 
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752 . The rate of increase of pressure per unit of length in 
the direction of .the resultant force, is equal to the intensity of 
the force reckoned per unit of volume of the fluid. Let F be 
the resultant force per unit of volume in one of thb columns of 
§ 750; p andy the pressures at the ends of the column, I its 
length, S its section. " We have, for the equilibrium of the 
column, {p'^p)8—SlF. 

Hence the rate of increase of pressure per unit of length is F, 

If the applied forces belong to a conservative system, for 
which F and F^ are the values of the potential at the ends of 
the column, we have (§ 486) 

F'- F=: -ZFp, 

where^p is the density of the fluid. This gives 

y-^=-p(F~F) 
or dp^ ^pdV, 

Hence in the case of gravity as the only impressed force 
the rate of increase of pressure per unit of depth in the fluid 
is p, in gravitation measure (usually employed in hydrostatics). 
In kinetic or absolute measure (§ 224) it is pp. 

If the fluid be a gas, such as air, and be kept at a constant 
temperature, we have p = where c denotes a constant, the 
reciprocal of H, the “ height of the homogeneous atmosphere,” 
defined (§ 758) below. Hence, in a calm atmosphere of uniform 
temperature we have 

^=-cdVi 

P 

and from this, by integration, 

where p© is the pressure at any particulai^ level (the sea-level, for 
instance) where we choose to reckon the potential as zero. 

When the differences of level considered are infinitely small in 
comparison with the earth’s radius, as w'e.may practically regard 
them, in measuring the heights of mounlains, or of a balloon, by 
the barometer, the force of gravity is constant, and therefore 
differences of potential (force being reckoned in units of weight) 
are simply equal to differences of level. Hence if x denote 
height of the level of pressure p above that of p^ we have, in the 
.preceding fonnulae, Fssa?, and therefore 

psspf^^'^* that is. 
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753 . If the air be at a constwt temperature, the pressure 
diminishes in geometrical progression as the height increases 
in arithmetical progression. This theorem is due to Halley, tempwatuw. 
Without forinal mathematics we see the truth of it by remark- 
ing that differences of pressui*e are (§ 752) equal to differences 
of level multiplied by the density of the fluid, or by the proper 
mean density when the density differs sensibly between the two 
stations. But the density, when the temperature is constant, 
varies in simple proportion to the pressure, according to Boyle’s 
and Mariotte’s law. Hence differences of pressure between pairs 
of stations differing equally in level are proportional to the proper 
mean values of the whole pressure, which is the well-known 
compound interest law. The rate of diminution of pressure 
per unit of length upwards in proportion to the whole pressure 
at any point, is of course equal to the reciprocal of the height 
above that point that the atmosphere must have, if of constant 
density, to give that pressure by its weight. The height thus 
defined is commonly called the height of the homogeneous 
atmosphere,” a very convenient conventional expression. It geneoua at- 

^ mosphere. 

is equal to the product of the volume occupied by the unit 
mass of the gas at any pressure into the value of that pressure 
reckoned per unit of area, in terms of the weight of the unit of 
mass. If we denote it by H, the exponential expression of the 


is 

ir , 

which agrees with the final formula of § 752. 

The value of H for dry atmospheric air, at the freezing 
temperature, according to Eegnault, is, in the latitude of Paris, 
799,020 centimetres, or 2 6,2 1 5 feet. Being inversely as the force 
of gravity in different latitudes (§ 222), it is 798,533 centimetres, 
or 26,199 feet, in the latitude of Edinburgh and Glasgow. 


Let JT, F, Z be the components, parallel to three rectangular 
axes, of the force acting on the fluid at (xy y, z)j reckoned per tionofthe 
unit of its mass. Then, inasmuch as the difference of pressures 
on the two faces of a rectangular parallelepiped of the fluid 

is SyBz^Bxj the equilibrium of this portion of the fluid, regarded 
for a moment (§ 564) as rigid, requires that 

ByBz^^Bx^XpBxByBz^O. ' 
dx 



598 


ABSTRACT DYNAMICS. 


Analytiiial 
invesftiga* 
tl6n of the 
preceding 
theorems. 


From this and the symmetrical equations relative to y and z we 
have 

f-* , ('). 

which are the conditions necessary and sufficient for the equi- 
librium of any fluid mass. 

From these we have 


dp=^dx-{-^dy+^dz=p{Xdx-\- Ydy+Zdz) (2). 

This shows that the expression 

Xdx-JfYdy^Zdz 

must be the complete differential of a function of three independ- 
ent variables, or capable of being made so by a factor ; that is to 
say, that a series of surfaces exists which cuts the lines of force 
right angles ; a conclusion also proved above (§ 749). 

YVlien the forces belong to a conservative system no factor is 
required to make the complete differential ; and we have 

Xdx-\-‘ Ydy-\-Zdz=t — dV 

if V denote (§ 485) their potential at (a?, y, z) : so that (2) be- 
comes dp=i — pdV (3). 

This shows that p is constant over equipotential surfaces (or is a 
function of F) ’; and it gives 


P= 


dp 

dV 



showing that p also is a function of V ; conclusions of which we 
have had a more elementary proof in § 762. As (4) is an 
analytical expression equivalent to the three equations (1), for 
the case of a conservative system of forces, we conclude that 


Conditions 764 . It is both necessary and sufficient for the equilibrium 
of an incompressible fluid completely filling a rigid closed 
vessel, and influenced only by a conservative system of forces, 
vessel that its density be uniform over every equipotential surface, 
that is to say, every surface cutting the lines of force at right 
angles. If, however, the boundary, or any part of the boun- 
dary, of the fluid mass considered, be not rigid ; whether it be 
of flexible solid matter (as a meihbrane, or a thin sheet of 
elastic solid), or whether it be a mere geometrical boundary, on 
the other side of which there is another fluid, or notkmg [a 
case which, without believing in vacuum as a reality, we may 
admit in abstract dynamics (§ 438)], a farther condition is 
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necessary to secure that the pressure from without shall fulfil coaditton* 
(4) at every point of the boundaiy. In the case- of ^ bounding Sbriup of 
membrane, this condition must be fulfilled either through Pio4^Si- 
pressure artificially applied from without, or through the in- vlSaou**^ 
terior elastic forces of the matter of the membrana In the 


case of another fluid of different density touching it on the 
other side of the boundary, all round or over some part of it, 
with no separating membrane, the condition of equilibrium of 
a heterogeneous fluid is to be fulfilled relatively to the whole 
fluid mass made up of the two ; which shows that at thei boun- 
dary the pressure must be constant and equal to that of the 
fluid on the other side. Thus water, oil, mercury, or any other Free eurftwe 
liquid, in an open vessel, with its free surface exposed to the vessel is 
air, requires for equilibrium simply that this surface b^hlevel. 

755. Eecurring to the consideration of a finite mass of fluid rjuia.in 

^ • CloflOUVeS86l» 

completely filling a rigid closed vessel, we see, from what pre- under a non- 

C30TlS6rVfll 

cedes, that, if homogeneous and incompressible, it cannot be system of 
disturbed from equilibrium by any conservative system of 
forces ; but we do not require the analytical investigation to 
prove this, as we should have ‘Hhe perpetual motion” if it were 
denied, which would violate the hypothesis. that the system of 
forces is conservative. On the other hand, a non-conservative 


system of forces cannot, under any circumstances, equilibrate 
a fluid which is either uniform in density throughout, or of 
homogeneous substance, rendered heterogeneous in density 
only through difference of pressure. But if the forces, though 
not conservative, be such that through every point of the 
space occupied by the fluid a surface may be drawn which 
shall cut at right angles all the lines of force it meets, a hetero- 
geneous fluid will rest in equilibrium under their influence, 
provided (§ 750) its density, from point to point of every one of 
these orthogonal surfaces, varies inversely as the product of the 
resultant force into the thickness of the infinitely thin layer of 
space between that surface and another of the orthogonal sur- 
faces infinitely near it on •either side. (Compare § 488.) 


4- 

The same conclusion proved as a matter of course from (1)^ 
since that equation is merely the analytical expression that the 
force at every point (x, y, z) is along the normal to ihat surface 
of the series given by different values of O in pss O, which 
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passes through {x^ z ) ; and that the magnitude of the resultant 
force is 


8C 

of which the numerator is equal to — , if r be the thickness at 

T 

(x, y, z) of the shell of space between two surfaces ^ 

p=iC Q,ndp=:C+ 80 f 

infinitely near one another on two side’s of (ar, y, z)» 

The analytical expression of the condition which X, Z must 
fulfil in order that (1) may be possible is found thus; first, by 


we have 


d dp ^ d dp . 


|.0.x)=^r) 


( 5 ). 


Performing the differentiations, and multiplying the first of the 
resulting equations by the second by P, and the third by Z, 
we have 


^(¥-¥)+.^(?-¥)+^(4?-?)=o 


(C); 


dy dz' ^ dz dx ^dx dy 
which is merely the well-known condition that the expression 

XdX’\‘Ydy'\“Zdz 

may be capable of being rendered by a factor the complete dif- 
ferential of a function of three independent variables.' 

Or if we multiply the first of (6) by ^ , the second by 


dp 


dp 


, , and the third by X , and add, we have 
uy dz 

dp ,dZ dY. dp .dX dZ. dp ,dY dX. 
dx^dy dz’ ’dy^dz dx’"' dz^dx dy'^ 


( 7 ). 


dz’ '’dy^dz dx’ dz^dx 
This shows that the line whose ^direction-cosines are propor- 
tional to 

dy dz ^ dz dx * dx dy 

is perpehdicular to the surface of equal density through (a?, y, z ) ; 
and (6) shows that the same line is perpendicular to the resultant 
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force. It is therefore tangential to both the surface of equal Fluid imder 
density and io that of equal pressure, and therefore to their 
curve of intersection. The differential equations of this curve 
are therefore* 

dx __ dy ^ dz 
dy .dz dz dx dx dy 


756 . If W6 imagine all the fluid to become rigid except an Equilibrium 
infinitely thin closed tubular portion lying in a surface of equal ^ 
density, and if the fluid in this tubular circuit be moved any 
length along the tube and left at rest, it will remain in equi- 
librium in the new position, all positions of it in the tube 
being indifferent because of its homogeneousness. Hence the 
work (positive or negative) done by the force (X, F, Z) on any 
portion of the fluid in any displacement along the tube is 
balanced by the work (negative or positive) done on the re- 
mainder of the fluid in the tube. Hence a single particle, 
acted on only by X, F, Z, while moving round the circuit, that 
is moving along any closed curve on a surface of equal density, 
has, at the end of one complete circuit, done just as much work 
againstiithe force in some parts of its course, as the forces have 
done on it in the remainder of the circuit. 


An interesting application of (y) § 190 may be made to prove 
,this result analytically. Thus, if we take for a, /?, y our present 
force components X, F, Z\ and for the surface there referred 
to, a surface of equal density in our heterogeneous fluids the 
expression 





dz dx 


)+»{ 


dx dy*^ 


vanishes because of (7), and we conclude that 

/(Xefe?+ rdry+-Z^)=0, 

for any closed circuit on a surface of equal density. 


757 . The following imaginary example, and its realization 
in a subsequent section (§ 769), show a curiously interesting 
practical application of the theory of fluid equilibrium under conservativa 
extraordinary circumstances, * generally regarded as a merely 
abstract analytical theory, practically useless and quite un- 
natural, " because forces in nature follow the conservative law.” 
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758 . Let the lines of »force be circles, with their centres all 
in one line, and their planes perpendicular to it. They are cut 
at right angles by planes through this axis ; ^and therefore a 
fluid may be in equilibrium under such a systeih of forces. 
The system will not be conservative if the intensity of the 
force be according to any other law than inverse proportionality 
to distance from this axial line ; and the fluid, to be in equili- 
brium, must be heterogeneous, and be so distributed as to vary 
in density from point to point of every plane through the axis, 
inversely as the product of the force into the distance from the 
axis. But • from pne such plane to another it may be either 
uniform in density, or may vary arbitrarily. To particularize 
farther, we may suppose the force to be in direct simple pro- 
portion to the distance from the axis. Then the fluid will be 
in equilibrium if its density varies from point to point of every 
plane through the axis, inversely as the square of that distance. 
If we still farther particularize by making the force uniform 
all round each circular line of force, the distribution of force 
becomes precisely that of the .kinetic reactions of the parts of a 
rigid body against accelerated rotation. The fluid pressure will 
(§ 749) be equal over each plane through the axis. ^And in 
one such plane, which we may imagine carried round the axis 
in the direction of the force, the fluid pressure will increase in 
simple proportion to the angle at a rate per unit angle (§41) 
equal to the product of the density at unit distance into the 
force at unit distance. Hence it must be remarked, that if any 
closed line (or circuit) can be drawn round the axis, without 
leaving the fluid, there cannot be equilibrium without a firm 
partition cutting every such circuit, and maintaining the differ- 
ence of pressures on the two sides of 
it, corresponding to the angle 27 r. 
Thus, if the axis pass through the 
fluid in any part, there must be a 
partition extending from this part of 
the axis continuously to the outer 
bounding surface of the fluid. Or 
if the bounding surface of the whole 
fluid be arihular (like a hollow anchor-ring, or of any irregular 
shape), in other words, if the fluid fills a tubular circuit ; and 



STATICS. 


603 


tlie axis (A) pass through the aperture of the ring (without inwgimny 

passing into the fluid) ; there must be a firm partition (CD) equuHfirtum 

extending somewhere continuously across the channel, or con«orv«uvo 

passage, or* tube, to stop the circulation of the fluid round it ; 

otherwise there could not be equilibrium with the supposed 

forces in action. If we further suppose the density of the fluid 

to be uniform round each of the circular lines of force in the 

* 

system we have so far considered (so that tlie density shall be 
equal over every circular cylinder having the line of their 
centres for its axis, and shall vary from one such cylindrical 
surface to another, inversely as the squares ^f their radii), we - 
may, without disturbing the equilibrium, impose any conserva- 
tive system of force in lines perpendicular to the axis ; that is 
(§ 488), any system of force in this direction, with intensity 
varying as some function of the distance. If this function be 
the simple distance, the superimposed system of force agrees 
precisely with the ^reactions against curvature, that is to say, 
the centrifugal forces, of the parts of a rotating rigid body. 

759 . Thus we arrive at the remarkable conclusion, that if Actual case, 
a rigid closed box be completely filled with incompressible 
heterogeneous fluid, of density varying inversely as the square 
of the distance from a certain line, and if the box be moveable 
round this line as a fixed axis, and be urged in any way by 
forces applied to its outside, the fluid will remain in equilibrium 
relatively to the box ; that is to say, will move round with the 
box as if the whole were one rigid body, and will come to rest 
with the box if the box be brought again to rest : provided 
always the preceding condition as to partitions be fulfilled if 
the axis pass through the fluid, or be surrounded by continuous 
lines of fluid. For, in starting from rest, if the fluid moves 
like a rigid solid, we have reactions against acceleration, tan- 
gential to the circles of motion, and equal in amount to iafr 
per unit of mass of the fluid at distance r from the axis, co 
being the rate of acceleration (§ 42) of the angular velocity ; 
and (see Vol. ii.) we have/ in the direction perpendicular to the 
axis outwards, reaction against curvature of path, that is to 
say, centrifugal force,” equal to ©V per unit of mass of the 
fluid. Hence the equilibrium which we have demonstrated 
in the preceding section, for the fluid supposed at rest, end 
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arbitrarily influenced by two systems of force (the circular 
non-conservative and the radial conservative system) agreeing 
in law with these forces of kinetic reaction, proves for us now 
the D’Alembert (§ 264) equilibrium condition for the motion 
of the whole fluid as of a rigid body experiencing accelerated 
rotation ; that is to say, shows that this kind of motion fulfils 
for the actual circumstances the laws of motion, and, therefore, 
that it is the motion actually taken by the fluid. 

760 . If the fluid is of homogeneous substance and uniform 
temperature throughout, but compressible, as all real fluids are, 
it can be heterogeneous in density, only because of difference 
of pressure in different parts; the surfaces of equal density 
must be also surfaces of equal pressure ; and, as we have seen 
above (§ 753), there can be no equilibrium unless the system 
of forces be conservative. The function which the density is 
of the pressure must be supposed known (§ 4,48), as it depends 
on physical properties of the fluid. Compare 8 752. 

Let p^fip) (9). 

We have, by § 763 (3), integrated, 


( 10 ). 

or, if F denote such a function that 

p=.F(C-V), 

and, by (9), P=AHC-V)} (12). 

Kcultant 761 . In § 746 we considered the resultant pressure on a 

pressure on * 

a plane area, plane surface, when the pressure is uniform. We may now 
consider (briefly) the resultant pressure en a plane area when 
the pressure varies from point to point, confining our attention 
to a case of great importance ; — ^that in which gravity is the 
only applied force, and the fluid is a nearly incompressible 
liquid such as water. In this case the determination of the 
position of the Centre of Pressure is very simple ; and the 
whole pressure is the same as if the plane area were turned 
about its centre of inertia into a horizontal position. 


Kinetic 

measure 


*The pressure at any point at a depth z in the liquid may be 
expressed by p=^pz+po 

where p is the (constant) density of tfie liquid, andjE?o the (almo- 
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spheric) pressure at the free surface, reckoned in units of weight R^uitont 
per unit of area.* plane aiea. 

. Let the axis of x be taken as the intersection of the plane 
of the immersed plate with the free surface of the liquid, and 
that of y perpendicular to it and in the plane of the plate. Let 
a be the inclination of the plate to the vertical. Let also A be 
the area of the portion of the plate considered, and Scj y, the co- 
ordinates of its centre of inertia. 

Then the whole pressure is 

Xfpdxdy^J/{pQ+pyQOS a)dxdy 
= 4po + Apy cos a. 

The moment of the pressure about the axis of x is 
ffpydxdy = Ap^y + Ak^p cos a, 

k being the radius of gyration of the plane area about the axis 
of a?. 

For the moment about y we have 

ffpxdxdy^ Ap^x-^- pQO^affxydxdy . 

The first terms of these three expressions merely give us again 
the results of § 746 ; we may therefore omit them. This will bo 
equivalent to introducing a stratum of additional liquid above the 
free surface such as to produce an equivalent to the atmospheric 
pressure. If the origin be now shifted to the upper surface of 
this stratum we have 

Pressure =^Apy cos a, 

Moment about Ox^ Ak^paosa^ 

• Jc^ 

Distance of centre of pressure from axis of a? s= — 

y 

But if ki be the radius of gyration of the plane area about a 
horizontal axis in its plane, and passing through its centre of 
inertia, we have, by § 283, 

k^^k,*+y\ 

Hence the distance, measured parallel to the axis of y, of the 
centre of pressure from the centre of inertia is 



and, as we might expect, diminishes as the plane area is more 
and more submerged. *If the plane area be turned about the line 
through its centre of inertia parallel to the axis of a;, this distance 
varies as the cosine of its inclination to the vertical ; supposing, 
of course, that by the rotation neither more nor less of the plane 
area is submerged. 
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762 . A body, wholly or partially immersed in any fluid 
influenced by gravity, loses, through fluid pressure, in apparent 
weight an amount equal to the weight of the fluid displaced. 
For if the body were removed, and its place filled with fluid 
homogeneous with the surrounding fluid, there would be equi- 
librium, even if this fluid be supposed to become rigid. And 
the resultant of the fluid pressure upon it is therefore a single 
force equal to its weight, and in the vertical line through its 
centre of gravity. But the fluid pressure on the originally im- 
mersed body was the same all over as on the solidified portion 
of fluid by which for a moment we have imagined it replaced, 
and therefore must have the same resultant. This proposition 
is of great use in Hydrometry, the determination of specific 
gravity, etc. etc. 

Analytically, the following demonstration is of interest, 
especially in its analogies to some preceding theorems, and 
others which occur in electricity and magnetism. 

dV 

If V be the potential of the impressed forces, — ~ is the 

dx 

force parallel to the axis of x on unit of matter at xyz^ and 
pdxdydz is the mass of an element of the fluid, and therefore the 
whole force parallel to the axis of a? on a mass of fluid substituted 
for the immersed body, is represented by the triple integral 

-’///p^dxdydz 

taken through the whole space enclosed by the surface. But, 
by § 752, 

dp dV 
dx ^dx 

Hence the triple integral becomes 

fff^dxdydz^ffpdydz 

extended over the whole surface. 

Let dB be an element of any surface at a?, y, z\ A,, /a, v the 
direction-cosines of the normal to thh element ; p the pressure in 
the fluid in contact with it. The whole resolved pressure parallel 
to the axis of x is P»^J/^pdS 

^ffpdydz^ 

the same expression as above. 
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The couple about the axis of r, due to the applied forces on Lwwof 
any fluid mass, is (§ 559) 

^dm(Xy^Tx), 

dm representing the mass of an element of .fluid. 

This may be written in the form 

-///pdxdydz{y^-!^), 

the integral being taken throughout the mass. 

This is evidently equal to 

dp. 




'X-~)dxdydz 


—fSpydy^^ Sfpxdzdx 
=ffp(?^y—i^)ds, 

which is the couple due to surface-pressure alone. 

763 . The following lemma, while in itself interesting, is of Lemnin. 
great use in enabling us to simplify the succeeding investiga- 
tions regarding the stability of equilibrium of floating bodies : — 

Let a homogeneous solid, the weight of unit* of volume of 
which we suppose to be unity, be cut by a horizontal plane 
in XYX'T, Let 0 be the 
centre of inertia, and let XX\ 

FF' be the principal axes, of 
this area. 

Let there be a second plane 
section of the solid, through 
FF', inclined to the first at 
an infinitely small angle, 6. 

Then (1.) the volumes of the 

two wedges cut from the solid by these sections are equal ; (2.) 
their centres of inertia lie in one plane perpendicular to FF' ; 
and (3.) the moihent of the weight of each of these, round FF', 
is equal to the moment of inertia about it of the correspond- 
ing portion of the area, multiplied by ft 

Take OJT, OT as axes, and let $ be the angle of the wedge : 
the thickness of the wed^e at any point P(a;, y) is 6x^ and the 
volume of a right prismatic portion whose base is the elementary 
area dxdy at P is . Oxdxdy. 

Now let [] and ( ) be employed to distinguish integrations ex- 
tended over the portions of area to the right and left of the axis 
of y respectively, while integrals over the whole area have no 




608 


ABSTRACT DYNAMICS. 


Lemma. 


Stability of 
equilibrium 
of a floating 
body. 


Vertioal dis> 
placements. 


suoli distinguishing mark. Let a and a' be these areas, v and v' 
the volumes of the wedges ; (5, y)^ (35', y') the co-ordinates of 
their centres of inertia. Then 

0\^//xdxdy"\=i(ix 
— t?' = Bi^ffxdxdy) = a'5', 

whence v — v' ^6J/xdxdy ^(^ since 0 is the centre of inertia. 
Hence v=t;', which is (1.) 

Again, taking moments about XX\ 

vy^Ol/fxydxdy'], 
and ’-^v'y' =6 (^J/xydxdy'), 

Hence ' = B/fxydxdy. 

But for a principal axis (§ 281) '2iXydm. vanishes. Hence 
vy-^v'y' ^0^ whence, since we have 

which proves (2.) 

And (3.) is merely a statement in words of the obvious equation 

[//x.x0dxdy^ = B \ffx^ dxd '^ . 

764. If a positive amount of work is required to produce 
any possible infinitely small displacement of a body from a 
position of equilibrium, the equilibrium in this position is 
stable (§ 291). To apply this test to the case of a floating 
body, we may remark, first, that any possible^ infinitely small 
displacement may (§§ 26, 95) be conveniently regarded as com- 
pounded of two horizontal displacements in lines at right angles 
to one another, one vertical displacement, and three rotations 
round rectangular axes through any chosen point. If one of 
these axes be vertical, then three of the component displace- 
ments, viz., the two horizontal displacements and the rotation 
about the vertical axis, require no work (positive or negative), 
and therefore, so far as they are concerned, the equilibrium is 
essentially neutral But so far as the other three modes of 
displacement are concerned, the equilibrium may be positively 
stable, or may be unstable, or may be neutral, according to the 
fulfilment of conditions which we now proceed to investigate. 

765. If, first, a simple vertical displacement, downwards 
let us suppose, be made, the work is done against an increas- 
ing resultant of upward fluid pressure, and is of course equal 
to the mean increase of this force multiplied by the whole 
space. . If this space be denoted by «, the area of the plane of 
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flotation by A, and the weight of unit bulk of the liquid by w, work done 
the increased bulk of immei’sion is clearly Az, and therefore the uispilco-*^ 
increase of the resultant of fluid pressure is tiAz, and is in a line ” 
vertically upward through the centre of gravity of A, Tlie 
mean force against which the work is done is therefore ^wAz, 
as this is a case in which work is done against a force increas- 
ing from zeVo in simple proportion to the space. Hence the 
work done is ^wAz^ We see, therefore, that so far as vertical 
displacements alone are concerned, the equiKbrium is neces- 
sarily stable, unless the body is wholly immersed, when the 
area of the plane of flotation vanishes, and the equilibrium is 
neutral. 

766 . The lemma of § 763 suggests that we should take, as Displace- 
the two horizontal axes of rotation, the principal axes of the rotation 
plane of flotation. Considering then rotation through an in- axis in tin: 
finitely small angle 0 round one of these, let G and ^ be the iiotation. 



displaced centres of gravity of the solid, and of the portion 
of its volume which was immersed when it was floating in 


2 Q 
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ment by 
rotation 
about an 
axis in the 
plane of 
flotation. 


Work done 
in this dis- 
placement. 


Oeneral dis- 
placement. 


equilibrium, and O', E' the positions which they then had; 
all projected on the plane of the diagram which we suppose to 
be through I the centre of inertia of the plane of fio^tion; 
The resultant action of gravity on the displaced body is W, its 
weight, acting downwards through 0) and that of the fluid 
pressure on it is W upwards through E corrected by the amount 
(upwards) due to the additional immersion of the wedge A I A', 
and the amount (downwards) due to the extruded wedge EIB. 
Hence the whole action of gravity and fluid pressure on the 
displaced body is the couple of forces up and down in verticals 
through 0 and E, and the correction due to the wedges. This 
correction consists of a force vertically upwards through the 
centre of gravity of A' I A, and downwards through that of BIE, 
These forces are equal [§ 763 (1)], and therefore constitute a 
couple which [§ 763 (2)] has the axis of the displacement for 
its axis, and which [§ 763 (3)] has its moment equal to Qwl^A 
if A be the area of the plane of flotation, and k its radius of 
gyration (§ 281) round the principal axis in question. But 
since OE, which was vertical {O'E') in the position of equili- 
brium, is inclined at the infinitely small angle 0 to the vertical 
in the displaced body, the couple of forces W in the verticals 
through G and E has for moment Whd, if h denote OE ; and 
is in a plane perpendicular to the axis, and in the direction 
tending to increase the displacement, when 0 is above E, 
Hence the resultant action of gravity and fluid pressure on the 
displaced body is a couple whose moment is 

(wAk^-- Wh)e, or Vh)e, 

if V be the volume immersed. It follows that when Ak^:=^Vh 
the equilibrium is stable, so far as this displacement alone is 
concerned. 

Also, since the couple worked against in producing the dis- 
placement increases from zero in simple proportion to the 
angle of displacement, its mean value is half the above ; and 
therefore the whole amount of work done is equal to 

lw(Ak^--Vh)e\ 

767 . If now we consider a displacement compounded of a 
vertical (downwards) displacement z, and rotations through 
infinitely small angles 0, ff round the two horizontal principal 



STATICS. 


Cll 


Placement 
Work re- 
quired. 


•axes of the plane, of flotation, we see (§§ 765, 766) that the General die 
work required to produce it is equal to 

iwlAz^+(Ak^^ Vh)e^+(Ak'^-- F/e)^'*], 
and we conclude that, for complete stability with reference to conditions 
all possible displacements of this kind, it is necessary and 


sufficient that 


h 


AV 


) and 


Ak 


.'2 


y y 

768. When the displacement is about any axis through the The meta- 
centre of inertia of the plane of flotation, the resultant of fluid condition of 
pressures is equal to tlie weight of the body ; but it is only 

when the axis is a principal axis of the plane of flotation that 
this resultant is in the plane of displacement. In sucli a case 
the point of intersection of the resultant with the line originally 
vertical, and through the centre of gravity of the body, is called 
the Metacentre, And it is ob'vtous, from the above investiga- 
tion, that for either of these planes of displacement the con- 
dition of stable equilibrium is that the metacentre shall be 
.above the centre of gravity. 

769. The spheroidal analysis with whicli we propose to 
conclude this volume is proper, or practically successful, for 
hydrodynamic problems only when the deviations from spheri- 
cal symmetry are infinitely small ; or, practically, small enough 
to allow us to neglect the squares of ellipticities (§ 801) ; or, 
which is the same thing, to admit thoroughly the principle of 
the superposition of disturbing forces, and the deviations pro- 
duced by them. But we shall first consider a case which 
admits of very simple synthetical solution, without any re- 
striction to approximate sphericity ; and for which the follow- 
ing remarkable theorem was discovered by Newton and 
Maclaurin : — 

770. An oblate ellipsoid of revolution, of any given eccen- a homo- 
tricity, is a figure of equilibrium of a mass of homogeneous 
incompressible fluid, rotating about an axis with determinate 
angular velocity, and subject to no forces but those of gravita- nquid maw. 
tion among its parts. 

The angular velocity for a given eccentricity is independent 
of the bulk of the fluid, and proportional to the square root of 
its density. 

771. The proof of this proposition is easily obtained from 
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A homo- the results already deduced with respect to the attraction of air 
a ^^^^psoid aud the properties of the free surface of a fluid, 

equilibrium “We know, 8 522, that if APB be a meridian section of a 
liquid mass, homogcncous oblatc spheroid, AG the polar axis,'GB an equa- 
torial radius, and P any point on the surface, the attraction 
of the spheroid may be resolved into two parts ; one, Pjpy 
^ perpendicular to the 

polar axis, and vary- 
ing as the ordinate 
PM ; the other, PSy 
parallel to the polar 
axis, and varying as 
PN. These compo- 
nents are not equal 
when MP and PN are 
equal, else the result- 
ant attraction at all 
points in the surface 



would pass through G ; whereas we know that it is in some 
such direction as Pfy cutting the radius BG between B and (7, 
but at a point nearer to G than n the foot of the normal at P. 
Let then Pp = a.PM, 

and Ps^pPNy 

where a and are known constants, depending merely on the 
density, (p), and eccentricity, (e), of the spheroid. 

Also, \^e know by geometry that Nn = (1 — GN, 

Hence ; to find the magnitude of a force Pq perpendicular 
to the axis of the spheroid, which, when compounded with the 
attraction, will bring the resultant force into the normal Pn : 
make pt^z=:Pq, and we must have 


P^ (\ ^ JB.P p 


Ps PN 


Hence 




Pr=(l-e®)-^Pi> 




or 


Pp ^Pq = ( 1 — e^)~Pp, 
= (a-{l-e')/3)PM. 
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Now if the spheroid were to rotate with angular velocity a> 
about ACy the centrifugal force, §§ 32, 35a, 259, would be in 
the direction Pqy and would amount to 

Hence, if we make 

(I— e®)/?, 

the whole force on P, that is, the resultant of the attraction 
and centrifugal force, will be in the direction of the normal to 
the surface, which is the condition for the free surface of a mass 
of fluid in equilibrium. 


Now, § 622, 


o /a/ I — . , 1 — 

a=27rp( V . . ■ -sin-»e 

W ij 

^=4irp(l- Vlizlsin-'e). 


Hence 


“ =2rr/){^ sin ie_3 -— }. 



This detennines the angular velocity, and proves it to be pro- 
portional to Vp- 

772 . If, after Laplace, we introduce instead of e a quantity 
£ defined by the equation 

1 — 6® = 


the expression (1) for is much simplified, and 


1 




1+e 

tan(sin“*e), 


! 


( 2 ), 



e* 


tan“'£ 




When Cy and therefore also £, is small, this formula is most 
easily calculated from 

(4)> 

of which the first term is sufficient when we deal with spheroids 
so little oblate as the earth. 

The following table has been calculated by means of these 
simplified formulse. The last figure in each of the four last 


A homo* 
geneons 
ellipsoid is 
a flt^ire of 
eqtiilibrinm 
of a rotating 
liquid mass. 


The square 
of the reuui- 
sito angular 
velooity is as 
the density 
of the liquid. 
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Table of cor- 
responding 
values of 
ellipticities 
and an^lar 
velocities. 


columns is given to the nearest unit. The two last columns 

will be explained a few sections later : — 

• •• ••• • 

1. 11. 111. IV. V. 


e. 

1 

6 

<0* 

2irp 

— when p = 3-68 X 10“’. 

CM 

— 

/I _L 2\^ ^ 

01 

9-950 

0-0027 

79,966 

0-0027 

•2 

4-899 

•0107 

39,397 

•0110 

•3 

3-180 

•0243 

26,495 

•0258 

•4 

2-291 

•0436 

19,780 

•0490 

‘6 

1-732 

•0690 

15,730 

•0836 

•6 

1-333 

•1007 

13,022 

•1356 

•7 

1-020 

•1387 

11,096 

•2172 

•8 

0-760 

•1816 

9,697 

•3588 

•9 

-4843 

•2203 

8,804 

•6666 

•91 

-4556 

•2225 

8,759 

•7198 

•92 

-4260 

•2241 

8,729 

•7813 

•93 

-3952 

•2247 

8,718 

•8533 

•94 

-3629 

•2239 

8,732 

•9393 

•95 

•3287 

•2213 

8,783 

1045 

•96 

•2917 

•2160 

8,891 

1179 

•97 

•2506 

•2063 

9,098 

1-359 

•98 

•2030 

•1890 

9,504 

1-627 

•99 

•1425 

•1551 

10,490 

2113 

100 

0-0000 

0-0000 

00 

OO 


From this we see that the value of — increases gradually 

from zero to a maximum as the eccentricity e rises from zero to 
about 0*93, and then (more quickly) falls to zero as the eccen- 
tricity rises from 0*93 to unity. The values of the other quan- 
tities corresponding to this maximum’ are given in the table. 

773 . If the angular velocity exceed the value calculated from 

^= 02247 , ( 5 ) 

when for p is substituted the density of the liquid, equilibrium 
is impossible in the form of an ellipsoid of revolution. If the 
angular velocity fall short of this limit there are always two 
ellipsoids of revolution which satisfy the conditions of equi- 
librium. In one of these the eccentricity is greater than 0*93, 
in the other less. 

774 . It may be useful, for special applications, to indicate 
briefly how p is measured in these formulae. In the definitions 
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of §§ 459, 460, on which the attraction formulfe are based, Mean den- 
unit mass is defined as exerting unit force on unit mass at 
unit distance ; and unit volume-density is that of a body which attS^on 
has unit mAss in unit volume. Hence, with the foot as our 
linear unit, we have for the earth's attraction on a particle of 
unit mass at its surface 

where R is the radius of the earth (supposed spherical) in feet ; 
and <T its mean density, expressed in terms of the unit just 
defined. 

Taking 20,900,000 feet as the value of JS, we have 

<r = 0*000000368 = 3*68 x 10“’- (6). 

As the mean density of the earth is somewhere about 5*5 

times that of water, § 479, the density of water in terms of our 

present unit is 3-68 

^10‘’=6-7xl0~®. 

775. The fourth column of the table above gives tlie time of Time of 
rotation in seconds, corresponding to each value of tlie eccen- Tplfemid o? 
tricity, p being assumed equal to the mean density of the 

earth. For a mass of water these numbers must be multiplied 
by V 5*5, as the time of rotation to give the same figure is in- 
versely as the square root of the density. 

For a homogeneous liquid mass, of the earth's mean density, 
rotating in 23^‘ 56“ 4®, we find e = 0*093, which corresponds to 
an ellipticity of about 

776. An interesting form of this problem, also discussed by Mass and 
Laplace, is that in which the moment of liiomentum and the momentum 
mass of the fluid are given, not the angular velocity ; and it is 
required to find what is the eccentricity of the corresponding 
ellipsoid of revolution, the result proving that there can be 

but one. 

It is evident that a mass of any ordinary liquid (not a 
perfect fluid, § 742), if left to itself in any state of motion, 
must preserve unchanged its moment of momentum, § 235. 

But the viscosity, or internal friction, § 742, will, if the mass 
remain continuous, ultimately destroy all relative motion 
among its parts; so that it will ultimately rotate as a rigid 
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momentum 
of fluid 
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solid. If the final form be an ellipsoid of revolution, we can 
easily show that there is a single definite value of its eccen- 
tricity. But, as it has not yet been discovered whether there 
is any other form consistent with stMe equilibrium^ we do not 
know that the mass will necessarily assume the form of this 
particular ellipsoid. Nor in fact do we know whether even 
the ellipsoid of rotation may not become an unstable form if 
the moment of momentum exceed some limit depending on the 
mass of the fluid. We shall return to this subject in Vol. ii., 
as it affords an excellent example of that difficult and delicate 
question Kinetic Stability, § 346. 

If we call a the equatorial semi -axis of the ellipsoid, e its 
eccentricity, and ay its angular velocity of rotation, the given 
quantities are the mass 

Af = ^'n‘pa^ l — c®, 
and the moment of momentum 


= -j^TrpcDa® yy/ 1 — e* . 

These equations, along with (2), determine the three quantities 
a, e, and co. 

Eliminating a between the two just written, and expressing 
e as before in terms of g, we have 




A/3 


{7rp)t 


k 


Thisgives^ 2,rp=(l+6»)r 

where Z; is a given multiple of pi Substituting in 772 (2) we 


Now the last column of the table in § 772 shows that the value 
of this function of e (which vanishes with e) continually in- 
creases with e, and becomes infinite when e is infinite. Hence 
there is always one, and one only, value of e, and therefore of 
e, which satisfies the conditions of the problem. 

777 . All the above results might without much difficulty 
have been obtained analytically, by the discussion of the equa- 
tions ; but we have preferred, for once, to show by an actual 
case that numerical calculation may sometimes be of very 
great use. 
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778. No on© S66111S yot to htclV© ^ttcmptod. to solvo tho Ekmiltbrlum 
general problem of finding all the forms of equilibrium which a tuwe un-®^ 
mass of homogeneous incompressible fluid rotating with uniform 
angular velocity may assume. Unless the velocity be so small 
that the figure differs but little from a sphere (a case which 
will be carefully treated later), the problem presents difficulties 
of an exceedingly formidable nature. It is therefore of some 
importance to show by a synthetical process that another form, 
besides that of the ellipsoid of revolution, may be compatible 
with equilibrium ; viz., an ellipsoid with three unequal axes, of 
which the least is the axis of rotation. This curious theorem 
was discovered by Jacobi in 1834, and seems, simple as it is, 
to have been enunciated by him as a challenge to the French 
mathematicians.^ The proof which follows is virtually the 
same as that given by Archibald Smith.^ 

By § 522, the components of the attraction of a homogeneous 
ellipsoid, whose semi-axes are a, 5, c, on a point f at its 

surface are 




00 


d\p 


etc., 


y 0 (a* + V (c® + 

which, for the present, we may call Brj, Cf. 

If the ellipsoid revolve, with angular velocity w, about the axis 
of the components of the centrifugal force are 

0)^^, a)*7y, 0. 

Hence the components of the whole resultant of gravity and 
centrifugal force on the particle at rj, f are 

But the direction- cosines of the normal to the surface ^ the 
ellipsoid at rj, are proportional to 

$ V C . 


a* 5* c* ’ 


and, for equilibrium, the resultant force must be perpendicular 
to the free surface. Hence 

a«(A-(o’‘)=i*(Z?-a)*)=c"(7 (1). 

These equations give 

^ a^A — c*(7 b*B — 


0 )* = 


a* 




We must show,^r 5 ^, that for any given values of a and b a value 

1 See a Paper by Liouville, Joui'nal de VEcole PolyUchnique, cahier XXIII., foot- 
note to p. 290. 

® Camhridge Math. Journal, Feb. 1838. 
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of c can be assigned which will make these values of (o^ equal. 
Then we must show that the value of w* thus found is poitive, 
giving a real value of <i>. If we put^ as in § 522, 

we have 






0 


(3), 


, B=-^M 




C= 






( 4 ). 


Substituting these values in (2), we have 

d# d# ,,1 l,d$ 

or 


0 


=(a*-b^)j 


00 


d{a^) d{b^) 
d\p 


'a‘ 


b^'d{c^) 




+ 


0 V(«'‘+f)(6’+f)(c''+f) («’+f)(**+f) a‘b*c>+\f> 

gives the ellipsoid of revolution already treated. But the 
equation may be satisfied without assuming a® =5*, since the 
factor in brackets, in the integral, may be written in the form 

of which* the numerator alone can change sign. Now if c be 
greater than the greatest of a and 5, the integral is positive ; if 
c be very small, it is evidently negative. Hence for any finite 
values of a and b whatever the integral may be made to vanish 
by properly assigning c. With this value of c the integral con- 
tains an equal amount of positive and negative elements. But 
it can have no negative elements unless c®a® -f is 

negative, e.e., unless c is less than the least of a and b. 

Lastly, by (2) and (4) 


} (5). 


0 )' 


Mr , d^ 


d^ 


Q 'I 


a 


d(c>) 


_3^r 


oc 


d(a^) 

# 


(a*— 


which is positive, as we have shown that c is less than a ; and gives 
the required angular velocity when c has been found from (6). 


Digression 779 . A few words of explanation, and some graphic illustra- 
bannoniJr^ tions, of the character of spherical surface harmonics may pro- 
mote the clear understanding not only of the potential and 
hydrostatic applications of Laplace’s analysis, which will occupy 
us presently, but of much more important applications to be 
made in Vol. ii., when waves and vibrations in spherical fluid 
or elastic solid masses will be treated. To avoid circumlo- 
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cutions, we shall designate by the term haTtnonic sphevoid, or Digression 
spherical harmonic undulation, a surface whose radius to any hwSol^ 
point differs from that of a sphere by an infinitely small length 
varying a^ the value of a surface harmonic function of the 
position of this point on the spherical surface. The definitions 
of spherical Solid and Surface Harmonics [App. B. {a), (6), (c)] 
show that the harmonic spheroid of the second order is a surface 
of the second degree subject oiily to the condition of being 
approximately spherical : that is to say, it may be any elliptic 
spheroid (or ellipsoid with approximately equal axes). Gene- 
rally a harmonic spheroid of any order i exceeding 2 is a 
surface of algebraic degree i more restricted than merely to 
being approximately spherical. 


Let Si be a surface harmonic of order i with coefficient of 
leading term so chosen as to make the greatest maximum value 
of the function unity. Then if a be the radius of the mean 
sphere, and c the greatest deviation from it, the polar equation 
of a harmonic spheroid of order i will be 

r=a-|-c^i (1) 

if Si is regarded as a function of polar angular co-ordinates, 0, 


Considering that — is infinitely small, we may reduce this to an 


a 


equation in rectangular co-ordinates of degree /, thus : — Squaring 


each member of (1) ; and putting -j- for — , from which it 


a 


t+i 


a 


differs by an infinitely small quantity of the second order, we 
have - n . 2c 


— ^•r^Si 


( 2 ). 


a - 

This, reduced to rectangular co-ordinates, is of algebraic degree i. 


780 . The line of no deviation from the mean spherical Harmonic 

^ , nodal cone 

surface is called the nodal line, oiWiQ nodes of the harmonic and iino. 
spheroid. It is the line in which the spherical surface is cut 
by the harmonic nodal cone ; a certain cone with vertex at the 
centre of the sphere, and of algebraic degree equal to the order 
of the harmonic. An important property of the harmonic nodal 
line, indicated by an interesting hydrodynamic theorem due to 
Eankine,^ is that when self-cutting at any point or points, the 
different branches make equal angles with one another round 
each point of section. 

1 “ Summary of the Properties of certain Stream-Lines.” PhU. Mag,, Oct. 1864. 
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Gases of 
solid har* 
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into factors. 

Polar har- 
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Denoting r*Si of § 779 by Fi, we have 

Ff = 0 ^ (3) 

for the equation of the harmonic nodal cone. As Vi is [App. 
B. (a)] a homogeneous function of degree e, we may write 

Vi=HoZ^ + + H,z^-^ + etc. (4 ), 

where Ho is a constant, and Hi, H^, H^, etc., denote integral 
homogeneous functions of x, y of degrees 1, 2, 3, etc. ; and then 
the condition V^Fi=0 [App. B. (a)] gives 

V^H,+t{i--l)Ho^O, V*iya+(e~l)(*-2)i/'i=0, \ ... 

V^Hs+(i--s+2)(z^s+l)Hi,s+,=:0 ) ^ 

which express all the conditions binding on Ho, Hi, H^, etc. 

Now suppose the nodal cone to be autotomic, and, for brevity 
and simplicity, take OZ along a line of intersection. Then z^a 
makes (3) the equation in x, y, of a curve lying in the tangent 
plane to the spherical surface at a double or multiple point of the 
nodal line, and touching both or all its branches in this point. 
The condition that the curve in the tangent plane may have a 
double or multiple point at the origin of its co-ordinates is, when 
(4) is put for Vi, 

jyo=0; and, for all values oi x,y, jy^i = 0. 

Hence (5) gives V®^ 2 = 0 , 

so that, if H^^Ax^-\-By^'\‘2Qxy, 

we have This shows that tho two branches cut one 

another at right angles. 

If the origin be a triple, or n-multiple point, we must have 

Ho'=‘^i iri = 0...I/n~i=0, 
and (5) gives V*iy,i=0. 

Hence [§ 707 (23)] 

IIn=^A{ (aj+yV— I)**— (a;— i/n/— 1)”}, 

or, if x=pco8<l>, y=psui(l), 

Hn = 2p’»(A cos n<i>+B sin n<^) 

which shows that the n branches cut one another at equal angles 
round the origin. 

781 . The harmonic nodal cone may, in a great variety of 
cases [Yi resolvable into factors], be composed of others of lower 
degrees. Thus (the only class of cases yet worked out) each of 
the 2i‘ 4- 1 elementary polar harmonics [as we may conveniently 
call those expressed by (36) or (37) of App. B., with any one 
alone of the 2^-f 1 coefheients A,, B,] has for its nodes circles 
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of the spherical surface. These circles, for each such harmonic uigreasion 
element, are either (1.) all in parallel planes (as circles of lati- harrooniw! 
tude on a globe), and cut the spherical surface into zones, in 
which case* the harmonic is called zonal ; or (2.) they are all in 
planes through one diameter (as meridians on a globe), and cut 
the surface into equal sectors, iii which case the harmonic is 
called sectorial; or (3.) some of them are in parallel planes, 
and the others in planes through the diameter perpendicular to 
those planes, so that they divide the surface into rectangular 
quadrilaterals, and (next the poles) triangular segments, as 
areas on a globe bounded by parallels of latitude, and meridians 
at equal successive differences of longitude. 

With a given diameter as axis of symmetry there are, for 
complete harmonics [App. B. (c), (cZ)], just one zonal harmonic of 
each order and two sectorial. The zonal harmonic is a function 

of latitude alone (— -- 0, according to the notation of App. B.) ; 

being the 0^^^ given by putting 5 = 0 in App. B. (38). Tlie 

sectorial harmonics of order i, being given by the same with 
s = i, are sin*’^cos/<^, and sin^^sin (1). 

Tlie general polar harmonic element of order ^, being the 
0^^^cos5^ and 0^^^sin5^ of B. (38), with any value of s from 

0 to ii has for its nodes ^ — s circles in parallel planes, and s 
great circles intersecting one another at equal angles round 
their poles; and the variation from maximum to minimum 
along the equator, or any parallel circle, is according to the 
simple harmonic law. It is easily proved (as the mathematical 
student may find for himself) that the law of variation is 
approximately simple harmonic along lengths of each meridian 
cutting but a small, number of the nodal circles of latitude, and 
not too near either pole, for any polar harmonic element of high 
order having a large number of such nodes (that is, any one Teascrai 
for which i — s is a large number). The law of variation along 8urface\y^ 
a meridian in the neighbourhood of either pole, for polar har- pofa?h/r? 
monic elements of high orders, will be carefully examined and 
illustrated in Vol. II., when we shall be occupied with vibra- 
tions and waves of water in^'a circular vessel, and of a circular 
stretched membrane. 
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Digression 782. The following simple and beautiful investigation of 
hAimontes.*^ the zonal harmonic due to Murphy^ may be acceptable to the 
analytical student ; but (§ 453) we give it as leading to a use- 
ful formula, with expansions deduced from it, differing from 
any of those investigated above in App. B. : — 

Prop. I. 

Many's « To find a rational and entire function of given dimensions 

analytical ^ 

ofttle zonal respoct to any variable, such that when multiplied by 

hannonics. « any rational and entire function of lower dimensions, the 
integral of the product taken between the limits 0 and 1 
shall always vanish. 

“ Let f(t) be the required function of n dimensions with respect 
“ to the variable t ; then the proposed condition will evidently re- 
‘‘ quire the following equations to be separately true ; namely, 

“ (a) /f(t)dt:=0, /f{t).tdt=zO,/f{t).t^dt=^Oy /f{t)d^-^dt=0 

“ each integral being taken between the given limits. 

Let the indefinite in^lgral of f(t)j commencing when ^=0, be 
‘‘ represented by/i(^) ; the indefinite integral of commencing 
“also when ^ = 0, by and so on, until we arrive at the 

“ function which is evidently of 2n dimensions. Then the 

“ method of integrating by parts will give, generally, 

“ ff{t)d^dt= + x.{x — — etc. 

“Let us now put <=1, and substitute for x the values 1, 2, 3, 

“ (e— 1) successively; then in virtue of the equations (a), 

“ we get, 



“ Hence, the function fi(t) and its («— 1) successive differential 
“ coefficients vanish, both when < = 0, and when ^ = 1 ; therefore 
“ and (1 — ty are each factors of fi(f ) ; and since this function is 
“ of 2i dimensions, it admits of no other factor but a constant c. 

“ Putting we thus obtain 

“ jftid therefore f(t ) = . 

dt* 

“ Corollary, — If we suppose the first term of f(ty when arranged 
“ according to the powers of to bo unity, we evidently have 

c=: ;;*on this supposition we shall denote the above 

1*2. 3. .....t 

“ quantity by Qi, 

' Treatise on Eleciridiy, Cambridge, 1838. 



STATICS. 


623 


Murphy’ti 

analysis. 


** Prop. II. 

The function which has been investigated in the pre- Digression 
ceding proposition, is the same as the coefficient of e* in the hSrmonics!^ 
expansion of the quantity 

Let w be a quantity which satisfies the equation 
(c) u=l + e.u(l — u ) ; 

^ {l-2e.(l— 2<)+e*}*; 


“ that is, 


“ therefore 


M= h ^ 

26 ^26 


du 

Tt 


= {1 — 26(1 — 20 + e *]~*. 


“But if, as before, we write t' for 1— wo have, by Lagrange’s 
“ theorem, applied to the equation (c) 

6« 




ditt'Y , 6^ dKitt'Y , , 
1.2’ dt “^1.2.3 dl^ +c c. 


“ If wo differentiate, and put for value 1.2.3... eft given 

“ by the former proposition, we get 

du 


dt 


— 1 + Qa®* + 

du 


“ Comparing this with the above value of — the proposition is 
“ manifest. ^ 

Prop. V. 

“ To develop the function 

“ First Expansion * — By Prop, i., we have 

1 d^,(tt'Y 


Expansions 
of zonal 
Imrmonic. 


Gi= 


1.2.3...e dd' 


“ Second Expansion . — ^Jf u and v are functions of any variable t, 
“ then the theorem, of Leibnitz gives the identity 

dHuv) d^u . .dv d^-^u . eX*-l) dH d^-^v , 

-y +“o— 

“ Put and v=t'»’, and dividing by 1.2.3...*, we have 
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Digression 
on spherical 
harmonics. 


Formulas 
for zonal, 


and tesseral 
harmonics. 


“ (/) Qi=t'*-(±) t'i-H 

1.2 ^ ‘ 1.2.3 

“ Third Expansion . — Put 1 — 2t=p, and therefore «'= ^ , 

2 


“hence Qi=— :• 


1 

2* 1.2.3.../ d/A* 


d^ 




/.(/ — 1 ) 


1.2 


2.4.6... 2/ d[A^ 

. 1.3.5.. .(2/-1) , . /(/-I) 

1.2.3...e 2(2/— 1) ^ 


.^2i'~4 — etc.} 


( 2 ^- 1 ) 

2.4.(28— l)(2f— 3) ^ 

The t, t' and fi of Murphy^s notation are related to the 6 we 
have used, thus : — 

t=(2sin^^)®, <' = (2cos^^) 

^=cos^ 

Also it is convenient to recall from App. B. (v'), (38), (40), and 
(42), that the value of Qi [or of App. B. (61)], when 0=0 is 
unity, and that it is related to the of our notation for polar 
harmonic elements, thus : — 


} 


( 2 ). 


JO) ^ 1.3. 5... (2/ 0^(0) 


i.2.^..f (3), 

as is proved also by comparing (^) with App. B. (38). We add 
the following formula, manifest from (38), which shows a deriva- 
tion of of from valuable if only as proving that the / — s 
roots of 0j'^=O are all real and unequal, inasmuch as App. B. 
(j?) proves that the / roots of 0j''^=O are all real and unequal : — 

Of 1 d.eV' 


sin 6 i — 5+1 
From this and (3) we find 


^ w — 1 ^« 3 ...(/— 5 ) . d^Qi 
“ “l.3.6...(2/-l)®^’^^ dix^ 


( 4 ). 


(5). 


And lastly, referring to App. B, (w ) ; let 

Q'i and Qf[cos^cos^'+sin^cin^cos(<^— c^')] 
denote respectively what Ck becomes when, cos^ is replaced by 
cos^, and again by cos^cos0'+sin^sin^'cos(<^— ^') : and let /a 
denote cos0 ; and /a', cos0'. By what precedes, we may put ( 6 I)* 

* See Errata. 
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of App. B. into the following much more convenient form, agree- Biaxni 
ing with that given by Murphy {Electricity^ p. 24) : — Jjpandit 

^•[cos^cos^'+sin^sin ^'cos(</)— <^')] 

^ Hi+1) dff. dfi. ' (t— l)i(t+l)(t+2) J/i* rf/4« ' ^ ^ 

783 . Elementary polar harmonics become, in an extreme 
case of spherical harmonic analysis, the proper harmonics for 
the treatment, by either polar or rectilineal rectangular co- 
ordinates, of problems in which we have a plane, or two 
parallel planes, instead of a spherical surface, or two concen- ri»ysioai 

. 1-1 /» 1 probloiiia 

trie splierical surfaces, thus : — reintiv«^ to 

^ piano root- 

First, let be any surface harmonic of order and Vi and 
F_i_i the solid harmonics [App. B. (Z>)] equal to it on the 
spherical surface of radius a ; so that 

Vi={~)Si, and V-t-, = 

'a r 


-iiog 


Now [compare § 655] 

(-)=^ 

and, therefore, if a be infinite, and r— or a finite quantity denoted 
by Xj which makes 

, r X 
o 


a 


a 


and if i be infinite, and ~ =:^, we have 


i 

-X 


a 


*+1 


i II 


X 

€ p 


= and similarly (— ) ** = 

the solid harmonics then become 

X X 

^F/Siand Si. 

Supposing now Si to be a polar harmonic clement, and consider- 
ing, as Green did in his celebrated Essay on Electricity, an area 
sensibly plane round either pole, or considering any sensibly plane 
portion far remoyed from each pole, it is interesting and instruc- 
tive to examine how the formulae [App. B. (36)... (40), (61), (65) ; 
and § 782, (c), (/), (^)] wear down to the proper plane polar 
or rectangular formulae. • This we may safely leave to the ana- 
lytical student. In Vol. ii. the plane polar solution will be fully 
examined. At present we merely remark that, in rectangular 
surface co-ordinates (y, x) in the spherical surface become plane, 
Si may be any function whatever fulfilling the equation 

2 R 
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Physical 
problems 
relative to 
plane rect- 
angular and 
circular 
plates. 


Examples 
of polar 
harmonics. 


Sixth order : 
Zonal, 


Tesseral, 


Sectorial. 

Seventh 
order : 

Zonal, 

Tesseral, 


Sectorial. 


d^Si d^Si Si 

dy^ dz^ ' 

and that the rectangular solution into which the elementary polar 
spherical harmonic wears down, for sensibly plane portions of the 
spherical surface far removed from the poles, is 

y z 
>Si=COS~COS— 

S' 9 . 

where q and q' are two constants such that 

784 . The following tables and graphic representations of 
all the polar harmonic elements of the 6th and 7th orders may 
be useful in promoting an intelligent comprehension of the 
subject. 


= Jg(231/i« — 315/4^ + 105/** — 6) 


16 


1260* 

1 d^Qa _ 1/11 3 IX 
4725* d^l*‘ 

1 d^Qa 

i63‘95* dfi^ 

1 d^Q^ 

10395* dn? ““ 


.. 2 \ i 

8 

33 
16 

” ©f (1 -m’)"*- 




— 1 


8 


— 2 


= ©r(i-M^) 

= (1 — not shown. 


Q, = i(42V- 693 m‘+ SIS/."- 35)/t = ^©f • ‘ 

1 d Qj ___ 1 
^ * dfi ^ 

1 d^Q 


= ^(429/<.*-496/t‘+135/i»-6) = ’t©7’(1 -m") ^ 


16 
429 

64 *"7 


378' 

dfi^ 48 ' 

1 

1 

3150’ 

dfjfi 80 

1 

d*Q7 

17325 ■ 

dfJL* 10 

1 

d^Qj 1 

62370* 

12 

1 

^Qr 

135135 ’ 

dfifi ^ 

1 

<4 O c* 4 r» /r * 

d'Q, _ , 


=^©r(i -/*’)■* • 

=^©f(i-M’‘r’. 

=i|-©r(i 


= @7^(1 — A^*) * not shown. 


-5 
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fA. 

Qt' 

•0 

? — -3125 

•01 

— -3118 

•05 

— *2961 

•08 

~ *2738 

•10 

— *2488 

•13 

— -2072 

•15 

— *1746 

•17 

— *1390 

•2 

— -0806 

*24 

+ *0029 

•25 

+ *0243 

•2506 

• • • • • • 

•3 

4- 1293 

•34 

+ *2053 

•35 

+ -2225 

•36 

+ *2388 

*4 

+ -2926 

•43 

+ *3191 

•45 


*46 

+ -3314 

•4688 

• • • • • • 

•469 

+ *3321 

•5 

+ *3233 

•54 

+ *2844 

•55 

1 1 1 * • • 

•56 

+ -2546 

•6 

+ -1721 

•63 

+ *0935 

•65 

• ••••• • 

•66 

+ *0038 

•7 

— -1253 - 

•74 

— *2517 

•75 

— *2808 

*76 

— *3087 

•8 

— *3918 

•82 

— -4119 

•8302 

— -4147 

•84 

— *4119 

*85 

- *4030 H 

•87 

— *3638 

•90 

— -2412 H 

•92 

— -1084 H 

•93 

4 

•9325 

•0000 

•94 

+ -0751 4 

•95 

• eeese •+ 

•96 

+ -3150 

•97 

• ••••• 

•98 

4- *6203 4 

•99 

4- *8003 4 

1-00 

4-1*0000 4 


-JL 

21 dfjL 


33 

8 


•0000 
+ *0308 
+ -0588 
+ 0814 
-f *0963 
+ *1017 
+ *0966 
+ -0796 
H* *0522 
+ •0157 
•0000 


•1655 

•1344 


•0000 


•0000 


•1142 ~ 


+ *0944 
+ -0984 
+ -0921 

+ *07*45 

• • • • • • 

+ *0479 

+ * 01*40 
•0000 

— -’o^W 

-*•* 0*606 
• • • • 
0914 

— •’li*02 

— * 11*10 

— -OBSO 

— ** 0*410 
• 0 * 0*00 

+ -0308 


+ -1153 
+ -1464 
+ *1597 


+ -1706 
+ ’1778 


+ -1761 
+ -1615 
+ *1274 
•0000 


;| 1 

210 dit? ■ 

|Q(S) 

16 • 

+ •0625 

+ "0625 

4- *0597 

+ -0595 

• • • « • • 

+ -0515 

4- *0510 

4- -0382 

4- *0373 

• • • 

4- *0208 

4- *0200 

4- *0002 
•0000 
~ *0221 

4- *0002 
•0000 
— -0201 

— *0441 

— -0387 

— •0647 

• • • • • 1 

— -0544 

1 — *0807 


— •0644 

— -0898 

— -0674 

— '0891 j 

— *0622 

• • • • • 

— -0752 

— ’0481 

! — -0446 

— *0258 

4- *0064 

4- -0033 

4- *0823 

4- *0360 

! 4- *1873 

4- *0674 

1 

1 4- *3263 

+ *0905 

j 

+ *5044 

4- -0958 

• • • • • • 

• • • • • • 

4- *7271 

4- *0709 

• • • • • * 

•8844 
+ -9411 
+ 10000 

+ *0350 

4- *0187 

4- -0000 


Polar har> 
monies of 
sixth order. 
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Polar har- 
monics of 
sixth order. 


fl. 

1 

1260 dfjL» * 

g . 

1 d*Qe 
•4725 dfjL* * 

10 « • 

©r ■ 

•0 

'0000 

•0000 

— -1000 

— -1000 

f -0000 

•05 

— -0186 

— -0185 

— -0975 

— -0970 

+ -0497 

•1 

— *0361 

— 0356 

— *0890 

— -0886 

+ -0975 

• -15 

— -0516 

— -0499 

— -0753 

— -0720 

+ -1417 

•2 

— -0640 

— -0602 

— -0560 

— -0516 

+ •1806 

•25 

— -0723 

— -0656 

— -0313 

— -0275 

H- -2127 

•3 

— 0754 

— -0655 

i 

• 

o 

o 

o 

— 0008 

+ *2370 

•35 

— -0767 

— -0630 

+ *0348 

+ -0268 

I 

+ -2524 

•4 

— -0620 

— -0477 

+ -0760 

+ -0536 

-{■ -2586 

•45 

— -0435 

— -0310 

+ -1227 

+ *0773 

+ -2555 

•5 

— -0156 

— -0101 

+ -1750 

+ -0984 

+ -2436 

•55 

+ -0225 

+ -0131 

+ *2327 

-f- -1132 1 

+ *2234 

•6 

+ ^0720 

+ -0369 

+ -2960 

+ -1211 j 

+ -1966 

•63 



+ *3366 

+ -1224 j 


•65 

+ -1338 

+ *0587 

+ -3647 

+ -1204 I 

+ -1647 

•7 

+ -2091 

+ -0750 

+ -4390 

+ -1139 

+ -1300 

•75 

+ *2988 

+ -0865 

+ -5188 

+ *0991 

+ -0949 

•8 

+ -4040 

+ -0873 

+ *6040 

+ -0783 

■f *0622 

•83 



+ -6578 

+ *0637 


•85 

-f -5257 

+ ‘0768 

+ *6947 

+ *0535 

+ -0344 

•87 



+ -7326 

+ -0433 


•89 



+ -7713 

+ -0333 


•9 

+ •6649 

+ *0551 

+ -7910 

+ -0285 

+ -0150 

•92 





+ *0085 

•93 

+ -7572 

+ -0376 

+ -8514 

+ -0155 


•95 

+ -8226 

+ -0249 

+ -8928 

+ -0084 

-f -0028 

•96 

+ *8565 


+ -9138 



•97 

+ *8911 

+ *0128 

+ *9350 

+ -0032 


•98 

+ -9216 

+ *0073 

+ *9564 

+ -0015 


•99 

+ *9629 


+ -9781 

+ -0004 


1-00 

+ 1-0000 

•0000 

+ 1-0000 

•0000 

•0000 
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Graphic 
representa- 
tion of polnr 
hannonics 
sixth order. 



Graphic 
representa- 
tion of ^olar 
harmonics 
of seventh 
order. 



has maximnm = 1. 
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fX. 

Or- 

• 

.1 dQr 

28 dfjL 

429 ^(1) 
64 ^7 • 

1 cPQr 
278 dfx^ * 

48 ^7 • 

•0 

-0000 

— -0781 

— *0781 

•0000 

•0000 

•05 

— -1069 

— -0720 

— *0719 

+ -0153 

+ -0153 

•1 

— -1995 

— -0578 

~ -0522 

+ -0290 

+ 0287 

•15 

— -2649 

~ -0345 

— *0341 

+ 0394 

+ *0385 

•18 

— -2873 





•2 

— *2935 

— *0057 

— *0056 

+ -0451 

+ -0433 

•2093 


•0000 

•0000 



•22(51 

• • • • • • 



+ 0459 


•23 

— *2905 





•24 


+ *0190 




•25 

— -2799 

+ •0‘251 

+ -0243 

+ -0452 

+ -0424 

•3 

— -2240 

+ *0540 

+ 0515 

+ -0391 

+ -0356 

•35 

— -1318 

+ *0765 

+ -0717 

+ -0268 

+ -0235 

•38 

— -0635 


• ••••• 


• • • • • « 

•4 

— 0365 

+ -0888 

+ -0814 

+ -0684 

+ -0074 

•42 

+ 0356 




• • t •• m 

•4209 


+ -’0901 


•0000 

•0000 

•45 

+ -1106 

+ -0875 

+ -0782 

— *0132 

— 0105 

•5 

+ -2231 

+ *0706 

+ *0611 

— -0371 

— *0278 

•53 


- - • • • 

• • • • • • 



~ -OSliO 

•55 

+ -3007 

+ *0378 

+ -0315 


— -0415 

•57 

+ -3207 





•58 




1 • * • * * 

— -0415 

•5917 

4- *3230 

•0000 

•0000 



•6 

+ -3226 

— 0115 I 

— -0092 

— -0758 

— *0485 

•62 

+ *3121 




• • • • • • 

•0406 

1 



— •ftyoo 


•65 

+ -2737 

— -0619 

— *0471 

— -OSOO 

— -0465 

•7 

+ -1502 

— -1129 

— -0806 


— -0340 

•7415 

•0000 





•75 

— *0342 

— -1458 

— -0964 

— -0254 

— -0111 

•7694 


— *1490 




•7695 




•0000 

•0000 

•8 

— .-2397 

— -1390 

— -0834 

+ -0529 

+ -0190 

•82 

— -3134 




. • • •• • 

•85 

— -3913 

— -0634 

— -0334 

+ -1801 

+ -0500 

•86 

— -4054 





•8717 

— -4117 

•0000 

•0000 



•88 

— -4082 





•9 

— *3678 

+ -1183 

+ 0515 

+ *3698 

+ 0723 

•92 

— *2713 





•93 




+ -5276 

+ 0712 

•9491 

•0000 





•95 

+ -0112 

+ -4533 

+ -1413 

+ -6373 

+ '-0621 

•97 

+ -3165 

+ *6421 

+ -1563 

+ -7699 

+ 0455 

•98 

+ *5115 

+ *7517 

+ -1458 



•99 

-f- -7384 

-f- *8706 

+ -1230 

+ -9190 

+ -0184 

1-00 

+ 1^0000 

+ 1 0000 

• 

•0000 

+ 1-0000 

*0000 


Polwr har- 
monics of 
seventh 
onier. 




Polar har- 
monics of 
seventh 
order. 
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fl . 

1 (Z»07 

3150 dijfi ' 
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785. A short digression here on the tlieory of the potential, 
and particularly on equipoteiitial surfaces differing little from potential 
concentric spheres, will simplify the hydrostatic examples which 
follow. First we shall take a few cases of purely synthetical 
investigation, in which, distributions of matter being given’, 
resulting forces and level surfaces (§ 487) are found; and then 
certain problems of Greeffs and Gauss’s analysis, in which, from 
data regarding amounts of force or values of potential over 
individual surfaces, or shapes of individual level surfaces, the 
distribution of force through continuous void space is to be 
determined. As it is chielly for their application to physical sea level, 
geography that we admit these questions at present, we shall 
occasionally avoid circumlocutions by referring at once to the 
Earth, when any attracting mass with external equipoteiitial 
surfaces approximately spherical woidd answer as well. We 
shall also sometimes speak of ''the sea IcveV (§§ 750, 754) 
merely as a 'Gevel surface,” or '' surface of equilibrium” (§ 487) 
just enclosing the solid, or enclosing it with the exception of 
comparatively small projections, as our dry land. Such a sur- 
face will of course be an equipoteiitial surface for mere gravita- 
tion, when there is neither rotation nor disturbance due to 
attractions of other bodies, as the- moon or sun, and change 
of motion ” produced by these forces on the Earth ; but it may Level sur. 
be always called an equipoteiitial surface, as we shall see (§ 793) tiveiy to 
that both centrifugal force and the other disturbances referred centriiuga? 
to may be represented by potentials. 

766. To estimate how the sea level is influenced, and how Disturbance 

of flea level 

much the force of gravity in the neighbourhood is increased or ]>y ^ienser 

^ ^ . . than aver- 

diminished by the existence within a limited volume under- age matter 
ground of rocks of density greater or less than average, let us ground. 

imagine a mass equal to a very small fraction, ~ , of the earth’s 


whole mass to be concentrated in a point somewhere at a depth 
below the sea level which we shall presently sui}pose to be 
small in comparison with the radius, but great in comparison 

1 * 

with of the radius. Immediately over the centre of dis- 
V n 

turbance, the sea level will be raised in virtue of the distui’bing 
attraction, by a height equal to the same fraction of the radius 
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that the distance of the disturbing point from the chief centre 
is of n times its depth below the sea level as thus disturbed. 
The augmentation of gravity at this point of the sea level 
will be the same fraction of the whole force of grajvity that n 
times the square of the depth of the attracting point is of the 
square of the radius. This fraction, as we desire to limit our- 
selves to natural circumstances, we must suppose to be very 
small. The disturbance of direction of gravity will, for the 
sea level, be a maximum at points of a circle described from 


A 


as centre, with 


D 


as radius ; Z) being the depth of the 


centre of disturbance. The amount of this maximum deflec- 


a 


tion wiU be ^3 
denoting the earth’s radius. 


of the unit angle of 57°296 (§ 41), a 


Let G be the centre of the chief attracting mass (1 ), and 

Th 



B that of the disturbing mass the two 

n 

parts being supposed to act as if collected 
at these points. Let P be any point on the 
equipotential surface for which the potential 
is the same as what it would be over a 
spherical surface of radius a, and centre O if 
the whole were collected in (7. Then (§ 491) 



1,1 1 _ 1 
CP'^ n ' BP~ a ’ 


which is the equation of the equipotential surface in question. 
It gives 


CP--a^ 




This expresses rigorously the positive or negative elevation of 
the disturbed equipotential at any point above the undisturbed 
surface of the same potential. For the point over the centre 
of disturbance, it gives 

CA-a=-^,-CB, 

n.BA 

which agrees exactly with the preceding statement : and it proves 
the approximate truth of that statement as applied to the sea 
level when we consider that when i?P is many times BA, CP— a 
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is many times smaller than its value at -4. We leave the proof 
of the remainiil^ statements of this and the following sections 
(§§ 787. ..792) as an exercise for the student. 

787. If be the general density of the upper crust, and <r of 
the earth’s mean density, and if the disturbance of § 786 be 
due to there being matter of a different density, p, throughout onsm”ev«i, 
a spherical portion of radius h, witli its centre at a depth D tuiZdlS^' 

j tensity of 

below the sea level, the value of 7^ will be /- “v, ; and the ‘ 

(p — 

elevation of the sea level, and the proportionate augmentation 
of gravity at the point right over it, will be respectively 




and 


(p’-p )b* 

craD^ 


The actual value of o* is about double that of p. And let ■Qg example, 
suppose, for example, that i> = & = 1000 feet, or oi the 

earth^s radius, and p' to be either equal to 2p or to zero. The 
previous results become 


db ^ zb of gravity, 

wliich are therefore the elevation or depression of sea level, and 
the augmentation or diminution of gravity, due to there being 
matter of double or zero density through a spherical space 2000 
feet in diameter, with its centre 1000 feet below the surface. 
The greatest deviation of the plummet is at points of the circle 
of 707 feet radius round the point; and it amounts to TTruVinr 
of the unit angle, or nearly 2". 

788. It is worthy of remark that, to set off against the in- 
crease ill the amount of gravity due to the attraction of the 
disturbing mass, which we have calculated for points of the sea 
level in its neighbourhood, there is but an insensible deduc- 
tion on account of the diminution of the attraction of the chief 
mass, owing to increase of the distance of the sea level from its 
centre, produced by the disturbing influence. The same remark 
obviously holds for disturbances in gravity due to isolated 
mountains, or islands of small dimensions, and it will be proved 
(§ 794) to hold also for deviations of figure represented by 
harmonics of high orders. But we shall see (§ 789) that it is 
otherwise with harmonic deviations of low orders, and conse- 
quently with wide-spread disturbances, such as are produced 
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by great tracts of elevated land or of deep sea. We intend to 
return to the subject in Vol. ii., under Properties of Matter, 
when we shall have occasion to examine the phenomenal and 
experimental foundations of our knowledge of gra^uty ; and we 
shall then apply §§ 477 (b) (c) (d), 478, 479, and solutions of 
other allied problems, to investigate the effects on magnitude 
and direction of gravity, and on the level surfaces, produced by 
isolated hills, mountain-chains, large table lands, and by cor- 
responding depressions, as lakes or circumscribed deep places 
in the sea, great valleys or clefts, large tracts of deep ocean. 

789 . All the level surfaces relative to a harmonic spheroid 
(§ 779) of homogeneous matter are harmonic spheroids of the 
same order and tyj)e. That one of them, which lies as much 
inside the solid as outside it, cuts the boundary of the solid in 
a line (or group of lines) — the mean level line of the surface of 
the solid. This line lies on the mean spherical surface, and 
therefore (§ 780) it constitutes the nodes of each of the two 
harmonic spheroidal surfaces which cut one another in it. If i 
be the order of the harmonic, the deviation of the level spheroid 


is (§§ 645, 815) just 


of the deviation of the bounding 


spheroid, each reckoned from the mean spherical surface. 

Thus if ^ = 1, the level coincides with the boundary of the 
solid : the reason of which is apparent when it is considered 
that any spherical liarmonic deviation of the first order from a 
given spherical surface constitutes an equal spherical surface 
round a centre at some infinitely small distance from the centre 
of the given surface. 

If i =z 2, the level surface deviates from the mean sphere 
by f of the deviation of the bounding surface. This is the 
case of an ellipsoidal boundary differing infinitely little from 
spherical figure. It may be remarked that, as is proved readily 
from § 522, those of the equipotential surfaces . relative to 
a homogeneous ellipsoid which lie wholly within it are exact 
ellipsoids, but not so those which cut its boundary or lie wholly 
without it; these being approximately ellipsoidal only when 
the deviation from spherical figure is very small 

790 . The circumstances for very high orders are sufficiently 
illustrated if we confine our attention to sectorial harmonics 
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(§ 781). The figure of the line in which a sectorial harmonic Harmonic 
spheroid is cut by any plane perpendicular to its polar axis is feJlSrof*** 
[§781 (1)], as it were, a harmonic curve (§ 62) traced from a*'’®*'®”'®”* 
circular instead of a straight line of abscissas. Its wave length 
(or double length along the line of abscissas from oiie zero or 

nodal point to the next in order) will be y of tlie circumference 


of the circle. And when i is very great, the factor siii*^ makes 
the sectorial harmonic very small, except for values of 6 differ- 
ing little from a right angle, and therefore a sectorial harmonic 
spheroid of very high order consists of a set of parallel ridges 
and valleys perpendicular to a great circle of the globe, of 
nearly simple harmonic form in the section by the plane of 
this circle (or equator), and diminishing in elevation and 
depression symmetrically on the two sides of it, so as to bo 
insensible at any considerable angular distance (or “ latitude ”) 
from it on either side. The level surface due to the attraction 
of a homogeneous solid of this figure is a figure of the same 
kind, but of much smaller degree of elevations and depressions. 


that is, as we have seen, only 


of those of the figure : or 

2^-|-l 


approximately three times the same fraction of the inequalities 
of figure that the half-wave length is of the circumference of 
the globe. It is easily seen that when i is very large the level 
surface at any place will not be sensibly affected by the in- 
equalities in the distant parts of the figure. 

791 . Thus we conclude that, if the substance of the earth Undulation 


were homogeneous, a set of several parallel mountain- chains 
and valleys would produce an approximately corresponding un- 
dulation of the level surface in the middle district : the height 
to which it is raised, under each mountain- crest, or drawn down 
below the undisturbed level, over the middle of a valley, being 
three times the same fraction of the height of mountain above 
or depth of valley below mean level, that the breadth of the 
mountain or of the valley.is of the earth's circumference. 

792 . If the globe be not homogeneous, the disturbance in 
magnitude and direction of gravity, due to any inequality in 


of level due 
to X)arallel 
niountaiu- 
ridgea and 
valleyB. 


the figure of its bounding surface, will (§ 787) be ~ of what it 
would be if the substance were homogeneous ; and further, it 
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Practical mav be remarked that,. as the disturbances are supposed to be 

conclusions ^ 

as to disturb- small, we may superimpose such as we have now described, on 

ancesofsoa f j sr r ^ > 

amoun”^d other small disturbances, as, for instance, on the general 
^wction of oblateness of the earth's figure, with which we shall? be occupied 
presently. 

Practically, then, as the density of the upper crust is some- 
where about J the earth's mean density, we may say that the 
effect on the level surface, due to a set of parallel mountain- 
chains and valleys, is, of the general character explained in 
§ 791, but of half the amounts there stated. Thus, for instance, 
a set of several broad mountain-chains and valleys twenty 
nautical miles from crest to crest, or hollow to hollow, and of 
several times twenty miles extent along the crests and hollows, 
and 7,200 feet vertical height from hollow to crest, would 
raise and lower the level by 2| feet above and below what 
it would be were the surface levelled by removing the elevated 
matter and filling the valleys with it. 

Determin- 793 . Green's theorem [App. A. (c)]^ and Gauss's theorem 
potentia”^ (§ 497) sliow that if the potential of any distribution of matter, 
space froiA attracting according to the Newtonian law, be given for every 
overevery point of a surface completely enclosing this matter, the poten- 
suSicef^ tial, and therefore also the force, is determined throughout all 
space external to the bounding surface of the matter, whether 
this surface consist of any number of isolated closed surfaces, 
each simply continuous, or of a single one. It need scarcely 
be said that no general solution of the problem has been ob- 
tained. But further, even in cases in which the potential lias 
been fully determined for the space outside the surface over 
which it is given, mathematical analysis has hitherto failed to 
determine it through the whole space between this surface and 
the attracting mass within it. We hope to return, in later 
volumes, to the grand problem suggested by Gauss's theorem 
of § 497. Meantime, we restrict ourselves to questions practi- 
cally useful for physical geography. 

Example (1.) — ^Let the enclosing surface be spherical, of radius 
a ; and let F{0y <f>) be the given potential at any point of it, 

^ First apply Green’s theorem to the surface over which the potential is given. 
Then Gauss’s theorem shows that there cannot be two distributions of potential 
agreeing through all space external to this surface, but differing for any part of the 
space between it and the bounding surface of the matter. 
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specified in the usual manner by the polar co-ordinates 6y 0. 
Green's solution [§ 499 (B) and App. fe. (46)] of his problem for 
the spherical surface is immediately applicable to part of our 
present jproblem, and gives » 

^ _1_ (r* -- a*) F(0\ (fi) r® sin O'd 

47rajo Jo {r* — 2ar[oos ^cos sin ^ sin ^'cos (</>— <^')]+a*}^ 

for the potential at any point (r, Oy (l>) external to the spherical 
surface. But inasmuch as Laplace's equation y*w=0 is satisfied 
through the whole internal space as well as the whole external 
space by the expression (46) of App. B., and in our present pro- 
blem V®F=:0 is only satisfied [§ 491 (c)] for that part of the in- 
ternal space which is not occupied by matter, the expression (B) 
gives the solution for the exterior space only. When F{0y </>) is 
such that an expression can be found for the definite integral hi 
finite terms, this expression is necessarily the solution of our pro- 
blem through all space exterior to the actual attracting body. Or 
when F{0y <f>) is such that the definite integral, (B), can be trans- 
formed into some definite integral which varies continuously across 
the whole or across some part of the spherical surface, this other 
integral will carry the solution through some part of the interior 
space : that is, through as much of it as can be reached without * • 
discontinuity (infinite elements) of the integral, and without 
meeting any part of the actual attracting mass. To this subject 
we hope to return later in connexion with Gauss’s theorem 
(§ 497) ; but for our present purpose it is convenient to expand 

(B) in ascending powers of — , as before in App. B. (s). The 

r 

result [App. B. (51)] is 

<^.)+etc. (3 bis) 

where F^{0y <^), Fi(0y <f>), etc., are the successive terms of the 
expansion [App. B. (52)] of F(0y </>) in spherical surface har- 
monics ; the general term behig ^ven by the formula 

Fi{e, rr 4>')d0'd4>’ (4), 

where Qi is the function of (^, </>') expressed by App. 

B. (61). 

In any case in which the actual attracting matter lies all within 
an interior concentric spherical surface of radius a', the harmonic 
expansion of F {$,<!>) must be at least as convergent as the 
geometrical series 


Determina- 
tion of 
potential 
nom its 
wUue over 
a apherioal 
sunkce en- 
closing the 


mass. 
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a .a.a 


and therefore (3 bis) will be convergent for every value of r 
exceeding a\ and will consequently continue the ^ solution into 
the interior at least as far as this second spherical surface. 

Example (2.) — Let the attracting mass be approximately 
centrobaric (§ 526), and let one equipotential surface completely 
enclosing it be given. It is required to find the distribution of 
force and potential through all space external to the smallest 
spherical surface that can be drawn round it from its centre of 
gravity as centre. Let a be an approximate or mean radius ; 
and, taking the origin of co-ordinates exactly coincident with 
the centre of inertia (§ 230), let 

r=a[l+F{e,<l>)^ (5) 

be the polar equation of the surface ; F being for all values of 
0 and <f> so small that we may neglect its square and higher 
powers. Consider now two proximate points (r, 0, </>) (a, 6^ <j>). 
The distance between them is and is in the direction 

through 0, the origin of co-ordinates. And if M be the whole 
mass, the resultant force at any point of this line is approximately 


M * 

equal to — and is along this line. 
or 


Hence the difference of poten- 


tials (§ 486) between them is And if a be the proper 

a 

mean radius, the constant value of the potential at the given 

M 

surface (5) will be precisely — , Hence, to a degree of approxi- 

a 

mation consistent with neglecting squares of F(d^ <^), the potential 
at the point (a, <^) will be 

^+^F{e, <}>) ( 6 ). 


Hence the problem is reduced to that of the previous example : 
and remarking that the part of its solution depending on the term 

— of (6) is of course simply — , we have, by (3 bis), for the 
a r 

potential now required, 

U=M{^+^F,{6,<l>)+^F,ie,<l>)+etc.} (7) 


where Fi is given by (4). Fq is zero in virtue of a being the 
proper ” mean radius ; the equation expressing this condition 
being ^F{0y <l>)8mOdOd<l>^0 (8). 
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If further 0 be chosen in a proper m^n position, that is to say, 


such that 


//QtF{e, 4 ,) sin dd 0 d 4 >=O 


( 9 ) 


tion of 
potential 
mn 


vanishes and [§ 539 (12)] O is the centre of gravity of the 
attracting mass ; and the harmonic expansion of F(0, <j>) becomes 

P{e,4>)=F,{O,<l>)+F,(e,4)+Ft(0,<l>)+eiiC. ( 19 )- 

If a be the radius of the smallest spherical surface having O for tuu iurfnco 
centre and enclosing the whole of the actual mass, the series (7) miw"! 
necessarily converges for all values of 0 and </>, at least as rapidly 
as the geometrical series 


a 


a 


a 


i+7+(7) +(7) (11) 

for every value of r exceeding a'. Hence (7) expresses the 
solution of our present particular problem. It may carry it oven 
further inwards ; as the given surface (6) may bo such that the 
harmonic expansion (10) converges more rapidly than the series 

The direction and magnitude of the resultant force are of Re«nUant 
course [§§ 486, 491] deducible immeeiJately from (7) throughout 
the space through which this expression is applicable, that is all 
space through which it converges that can be reached from the 
given surface without passing tlirough any part of the actual 
attracting mass. It is important to remark that as the resultant 
force deviates from the radial direction by angles of the same 
order of small quantities as F( 0 , <^), its magnitude will differ 
from the radial component by small quantities of the same order 
as the square of this : and therefore, consistently with our degree 
of approximation, if It denote the magnitude of the resultant force 


dU M, 


i^3(^,</>)+etc.} (12). 

For the resultant force at any point of the spherical surface 
agreeing most nearly with the given surface we put in this for- 
mula r=a, and find 
M 

^{l+3i?’,(^, </»)+4F,(^, <^)+etc.) (13). 

Cl 

And at the point (r, ^, <^) of the given surface we have r=a 
nearly enough for our approximation, in all terms except the 

first, of the series (12) : but in the first term, we must put 

r = a{ 1 4* F{ 0 ^ <#»)}; so that it becomes 

2 S 


a 
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and we find for the normal resultant force at the point (^, <l>) of 
the given approximately spherical equipotential surface 

<i>)+2F,ce, <I>)+SF,(0, (15). 

Taking for simplicity one term, Fiy alone, in the expansion of 
Fy and considering, by aid of App. B. (38), (40), (/>), and 
§§ 7 79... 784, the character of spherical surface harmonics, we 
see that the maximum deviation of the normal to the surface 

r—a{l+Fi{0y <#>)} (16) 

from the radial direction is, in circular measure (§ 404), just i 
times the half range from minimum to maximum in the values of 
Fi{$y <f>) for all harmonics of the second order (case f=2), and 
for all sectorial harmonics (§ 781) of every order; and that 
it is approximately so for the equatorial regions oX all zonal 
harmonics of very high degree. Also, for harmonics of high 
degree contiguous maxima and minima are approximately equal. 
We conclude that 


794 . If a level surface (§ 487), enclosing a mass attracting 
according to the Newtoftian law, deviate from an approximately 
spherical figure by a pure harmonic undulation (§ 779) of order 
i ; the amount of the force of gravity at any point of it will ex- 
ceed the mean amount by i — 1 times the very small fraction by 
which the distance of that point of it from the centre exceeds 
the mean radius. The maximum inclination of the resultant 
force to the* true radial direction, reckoned in fraction of the 
unit angle 57°'3 (§ 404) is, for harmonic deviations of the 
second order, equal to the ratio which the whole range from 
minimum to maximum bears to the mean magnitude. For 
the class described above under the designation of sectorial 
hanmnics, of whatever degree, ^, the maximum deviation in 
direction bears to the proportionate deviation in magnitude 
from the mean magnitude, exactly the ratio ^-^(^ — 1) ; and 
approximately the ratio of equality for zonal harmonics of liigh 
degrees. 

Example (3.) — The attracting mass being still approximately 
centrobaric, let it rotate with angular velocity w round OZ, and 
let one of the level surfaces (§ 487) completely enclosing it be 
expressed by (5), §. 793. The potential of centrifugal force 
(§§ 800, 813), will be J«)®(a!?*-|-^*), or, in solid spherical har- 
monics, 
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This for any point of the given surface (5) to the degree of 
approximation to which we are bounds is equal to 

4<o*a*4-4(D*a*(4— COS* 6 ) ; f****?**®S. 

^ ^ '3 ' * level turfiiot 

which, added to the gravitation potential at each point of this 

surface, must make up a constant sum. Hence the gravitation 
potential at (0, 4>) of the given surface (5) is equal to 


a 


and therefore, all other circumstances and notation being as in 
Example 2 (§ 793), we now have instead of (6) for gravitation 
potential at («, 0, </>), the following : 

^+^F(e, oo8>0) (16). 

Cv (Z 

Hence, choosing the position of 0, and the magnitude of a, ac- 
cording to (9) and (8), we now have, instead of (7), for potential 
of pure gravitation, at any point (r, <^), 

U= - Jm(i_c08V)]+ (e. 0) + (0, 0) +... } (17). 

where m denotes a)*a-^ — - , or the ratio of centrifugal force at 

,a 

the equator, to pure gravity at the mean distance, a. The force of 
pure gravity at the point (0, <^) of the given surface (5) is conse- 
quently expressed by the following formula instead of (15) : — 

^^{l+F,{d, <#.)-3.Jm(J-oos*^+2F,(0, <i>)+SF,{e, ^)+...} (18). 

a 

From this must be subtracted the radial component of the centri- 
fugal force, which is (in harmonics) 

§(!)*« -f- <«>*«( J — cos* 6)y 

to find the whole amount of the resultant force, g (apparent 
gravity), normal to the given strface : and therefore 

lrn+F,(e, ,/,) oos»0)+2J’,((9, <i>')+ZF,ie, .^)4- . . . } (19). 
or 

If in a particular case we have 

Fi{dy <#>)=0, except for 2=2 j and F^{$y </»)=e(J— cos*^) : 
this becomes 

^=^{l-§OT-(im-c)(J-ooB*0)} (20). 

CL 

795. Hence if outside a rotating solid the lines of resultant 
force of gravitation and centrifugal force are cut at right angles 
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Eesultant 
force at any 
point of ap- 
proximately 
spherical 
level surface 
for gravity 
and centri- 
fugal force : 


Clairaut’s 

theorems. 


by an elliptic spheroid^ symmetrical round the axis of rotation, 
the amount of the resultant differs from point to point of this 
surface as the square of the sine of the latitude : and the excess 
of the polar resultant above the equatorial bears ito the whole 
amount of either a ratio which added to the ellipticity of the 
figure is equal to two and a half times the ratio of equatorial 
centrifugal force to gravity. 

For the case of a rotating fluid mass, or solid with density 
distributed as if fluid, these conclusions, of which the second 


is now generally known as Clairaut’s theorem, were first dis- 
covered by Clairaut, and published in 1743 in his celebrated 
treatise La Figure de la Terre. Laplace extended them by 
proving the formula (19) of § 794 for any solid consisting 
of approximately spherical layers of equal density. Ulti- 
mately Stokes^ pointed out that, only provided the surfaces of 
equilibrium relative to gravitation alone, and relative to the 
resultant of gravitation and centrifugal force, are approximately 
spherical ; whether the surfaces of equal density are approxi- 
mately sphericaf or not, the same expression (19) holds. A 
most important practical deduction from this conclusion is that. 


r^gurc of the irrespectively of any supposition regarding the distribution of 
detcnnjn- the carth's density, the true figure of the sea level can be 
measure- determined from pendulum observations alone, without any 
gravity. hypothesis as to the interior condition of the solid. 


Let, for brevity, 

9{}+irn{\^^ofe)}^f{e,<t>) ( 21 ) 

where m (§ 801) is and g is known by observation in differ- 
ent localities, with reduction to the sea level according to the 
square of the distance fron^the earth’s centre (not according to 
Young’s rule). Let the expansion of this in spherical surface 
harmonics be 

=/ ) ^ +/ 1(^> ^ + etc. (22). 

We have, by (19), 

(23), 

• o/o 

' Following the best French writers, we nse the term spheroid to designate any 
surface differing very little from spherical figure. The commoner English usage 
of confining it to an<> ellipsoid symmetrical round an axis; and extending it to such 
figures though not approximately spherical ; is bad. 

* “ On the Variation of Gravity at the scofface of the Earth.” — Trans, of the Camb. 
Phil. Soc., 1849. 
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and therefore the equation (6) of the level surface becomes Wgiaeofthe 

1 aealewl 

r^a{\ + 4) + J/s 4) + ®to.] } (24). 

/o measure- 

Confining our attention for a moment to the first two terms we . 

have for /a, by App. B. (38), explicitly 
/a 0) o(coB*^ — i) H” (-^1 COS sin 0) sin ^ cos ( /!> cos 20-f-.Z?a sin 20) sin*^ (26) . 

Substituting in (24) squared, putting 


cos^= — , sin^cos<^= — i sin^sin<f>=~, 
r r r 

and reducing to a convenient form, we find 
(/o+i-^o — -^3)i»®+C/o+Mo+^a)iy*+(/o — Mo)«* — B^yz — Axzx — (26). 

Ifow from §§ 639, 534, wo see that, if OX, OY, OZ are if oiiipohi 
principal axes of inertia, the terms of /* which, expressed in imoq^\*Txes 
rectangular co-ordinates, involve the products yz, zx, xy must omfoftSu 
disappear: that is to say, we must have Bi=0, Ai=0, i?a=0. witifijdsof 
But whether Ba vanishes or not, if OZ is a principal axis we 
must have both ^i = 0 and Bi=0; which therefore is the case, 
to a very minute accuracy, if we choose for OZ the average 
axis of the earth’s rotation, as will be proved in Vol. n., on the 
assumption rendered probable by the reasons adduced below, 
that the earth experiences little or no sensible disturbance in its 
motion from want of perfect rigidity. Hence the expansion (22) 
is reduced to 


/(6?,^)=/o-f Ao(cos*0— J) + (AaCOs2</>-t-Basin2<^)sin*0+/8(^,<^)+otc, (27). 
If /a (B, <!>) and higher terms are neglected the sea level is an 
ellipsoid, of which one axis must coincide with the axis of the 
earth’s rotation. And, denoting by e the mean ellipticity of 
meridional sections, e' the ellipticity of the equatorial section, 
and I the inclination of one of its axes to OX, we have 



/o 


In general, the constants of the expansion (22) ; /o (being the 
mean force of gravity), Aq, the seven coefficients in 

</>), the nine in (6, <^), and so on ; are to be determined 
from sufficiently numerous and wide-spread observations of the 
amount of gravity. 


796 . A first approximate result thus derived from pendu- 
lum observations and confirmed by direct geodetic measure- 
ments is that the figure of the sea level approximates to an 
oblate spheroid of revolution of ellipticity about iHhr- Both 
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methods are largely affected by local irregularities of the 
abto^Sjm surface and underground density, to the elimination of 

meaBure- which a vast amount of labour and mathematical ability have 

ments of ^ / 

gravity: been applied with as yet but partial success. Considering the 

general disposition of the great tracts of land and ocean, we 
can scarcely doubt that a careful reduction of the numerous 
accurate pendulum observations that have been made in locali^ 
ties widely spread over the earth ^ will lead to the determina- 
difflcuTt by ellipsoid with three unequal axes coinciding more 

nearly on the whole with the true figure of the sea level than 
does any spheroid of revolution. Until this has been either ac- 
complished or proved impracticable it would be vain to* specu- 
late as to the possibility of obtaining, from attainable data, a yet 
closer approximation by introducing a harmonic of the third 
order ^ there is "little probability that 

harmonics of the fourth or higher orders will ever be found 
useful : and local quadratures, after the example first set by 
Maskelyne in his investigation of the disturbance produced by 
SchehalUen, must be resorted to to interpret irregularities in 
particular districts ; whether of the clmount of gravity shown 
by the pendulum ; or of its direction, by geodetic observation. 
We would only remark here, that the problems presented by 
such local quadratures with reference to the amount of gravity 
seem about as much easier and simpler than those with refer- 
ence to its direction as pendulum observations are than geodetic 
measurements ; and that we expect much more knowledge re- 
garding the true figure of the sea level from the former than 
from the latter, although it is to the reduction of the latter 
that the most laborious efforts have been hitherto applied. We 
intend to return to this subject in Vol. ii. in explaining, under 
Properties of Matter, the practical foundation of our knowledge 
of gravity. 

797. During the last seven years geodetic work of extreme 
importance has been in progress, through the co-operation of 


* In 1672, a pendtdum conveyed by Richer from^Paris to Cayenne first proved varia- 
tion of gravity. Captain Kater and Dr. Thomas Young, Trans, R. S,, 1819. Biot, 
Arago, Mathleu, Bonvard, and Chaix; Rase du SysUms MitHqv^ef Vol. m., Paris, 
1821. Captain l^waW Sabine, E.E., ** Experiments to determine the Figure of the 
Earth by means of the Pendulum published for the Board of Longitude, London, 
1826. Stokes ** On the Variation of Gravity at the Surface of the Earth.” — Camb, 
Trans., 1849, 
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the Governments of Prussia, Eussia, Belgium, Fmnce, and 
England, in connecting the triangulation of France, Belgium, 
Eussia, and Prussia, wliich were sufficiently advanced for the 
purpose in^l 860 , with the principal triangulation of Great 
Britain and Ireland, which had been finished in 1851 . With 
reference to this work. Sir Henry James makes the following 
remarks : — Before the connexion of the triangulation of the 
several countries into one great network of triangles extend- 
iiig across the entire breadth of Europe, and before the dis- 
“ covery of the Electric Telegraph, and its extension from 
Valentia (Ireland) to the Ural mountains, it was not possible 
to execute so vast an undertaking as that which is now in 
progress. It is, in fact, a work which could not possibly 
have been executed at any earlier period in the history 
“ of the world. The«^xact determination of the Figure and 
“ Dimensions of the Earth has been one great aim of astrono- 
mers for upwards of two thousand years ; and it is fortunate 
“ that we live in a time when men are so enlightened as to 
combine their labours to effect an object which is desired by all, 
“ and at the first moment when it was possible to execute if 
For a short time longer, however, we must be contented with 
the results derived from the recent British Triangulation, with 
the sej)arate measurements of arcs of meridiahs in Peru, France, 
Prussia, Eussia, Cape of Good Hope, and India. The investiga- 
tion of the ellipsoid of revolution agreeing most nearly with 
the sea level for the whole Earth, has been carried out with 
remarkable skill by Captain A. R Clarke, E.E., and published 
in 1858 , by order of the Master General and Board of Ord- 
nance, in a volume (of 780 pages, quarto, almost every page 
of which is a record of a vast amount of skilled labour) drawn 
up by Captain Clarke, under the direction of Lieutenant- Colonel 
(now Sir Henry) James, E.E. The following account of con- 
clusions subsequently worked out regarding the ellipsoid of 
three unequal axes most nearly agreeing with the sea level, is 
extracted from the preface*to another volume recently published 
as one item of the great work of comparison with the recent 
triangulations of other countries — 

1 ** Comparisons of the Standards of Length of England, France, Belgium, Prussia,. 
Russia, India, Australia, made at the Ordnance Survey Office, Southampton, by 
Captain A. R. Clarke, R.E., under the direction of Colonel Sir Henry James, R.E., 
F.R.S.” Published by order of the Secretary of State for War, 1866. 


Results of 
geodesy. 
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Besults of 
geodesy. 




‘‘ In computing the figures of the meridians and of the 
equator for the several measured arcs of meridian, it is found 
“ that the equator is slightly elliptical, having the longer 
“diameter of the ellipse in 15^ 34' east longitu^le. In the 
“eastern hemisphere the meridian of 15° 34' passes through 
“ Spitzbergen, a little to the west of Vienna, through the Straits 
“ of Messina, through Lake Chad in North Africa, and along 
“ the west Coast of South Africa, nearly corresponding to the 
“ meridian which passes over the greatest quantity of land in 
“ that hemisphere. In the western hemisphere this meridian 
“ passes through Behring’s Straits and through the centre of the 
“ Pacific Ocean, nearly corresponding to the meridian which 
“ passes over the greatest quantity of water of that hemi- 
“ sphere. 

“ The meridian of 105° 34' passes near Noith-East Cape, in 
“ the Arctic Sea, through Tonquin and the Straits of Siinda, and 
“ corresponds nearly to the meridian which passes over the 
“ greatest quantity of land in Asia ; and in the western herni- 
“ sphere it passes through Smith’s Sound in Behring’s Straits, 
“ near Montreal, near New York, between Cuba and St. Do- 
“ iningo, and close along the western coast of South America, 
“ corresponding nearly to the meridian passing over the greatest 
“ amount of land in the western hemisphere. 

“ These meridians, therefore, correspond with the most re- 
“ markable physical features of the globe. 

Feet, 


“ The longest semi-diameter of the equatorial ellipse is 20926350 
“ And the shortest . . . . . 20919972 

“ Giving an ellipticity of the equator equal to . 32^^5 

“ The polar semi-diameter is equal to . . 20853429 

“ The maximum and minimum polar compressions 


“are . . . . . . 

“ Or a mean compression of very closely 


1 

285*97 




and 


1 

313*38 
1 „ 
300' 


Captaip Clarke had previously found (“ Account of Principal 
Triangulation,” 1858) for the spheroid of revolution most nearly 
representing the same set of observations,*the following : — 
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Equatorial semi axis = a = 20926062 feet, 

Polar semi- axis =h = 20855121 feet ; 

1 d 293*98 , a~5 1 

whence — = ~ ^ ; and ellipticity = ^ . 

a 294*98 ’ ^ a 294^98 

In this figure, however, the sum of the squares of the 
“ latitude corrections is 153*9939 against 138*3020 in the figure 
“ of three unequal axes.”^ 

798. As an instructive example of the elementary principles IlydroHUtlo 
of fluid equilibrium, useful also because it includes the cele> rcsuuied. 
brated hydrostatic theories of the Tides and of the Figure of 

the Earth, let us suppose a finite mass of heterogeneous incom- 
pressible fluid resting on a rigid spherical shell or solid sphere, 
under the influence of mutual gravitation ^between its parts, 
and of the attraction of the core supposed symmetrical ; to be 
slightly disturbed by any attracting masses fixed either in the 
core or outside the fluid ; or by force fulfilling any imaginable 
law, subject only to the condition of being a conservative 
system ; or by centrifugal force. 

First we may remark that were there no such disturbance 
the fluid would come to rest in concentric spherical layers 
of equal density, the denser towards the centre, this last 
characteristic being essential for stability, which clearly re- 
quires also that tlie mean density of the nucleus shall be not 
less than that of tlie layer of fluid next it ; otherwise the 
nucleus would, as it were, float up from the centre, and either 
protrude from the fluid at one side, or (if the gi'adation of 
density in the fluid permits) rest in an eccentric position 
completely covered ; fulfilling in either case the condition 
(§ 762) for the equilibrium of floating bodies. 

799. The effect of the disturbing force could be at once No mututti 
found without analysis if there were no mutual attraction tween por- 
between parts of the fluid, so that the influence tending to liquia. 
maintain the spherical figure would be simply the symmetrical 
attraction of the fixed *core. For the equipotential surfaces 
would then be known directly implied by the data), and 

the fluid would (§ 750) arrange itself in layers of equal density 
defined by these surfaces. ^ 

800. Examples of § 799. — (1.) Let the nucleus act according 

1 From p. 287 of ** Comparison of Standards of Length ” (1866). 
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to the Newtonian law, and be either symmetrical round a point, 
or (§ 626) of any other centrobaric arrangement ; and let the 
disturbing influence be centrifugal force. In Vol. ii. it will 
appear, as an immediate consequence from the^ elementary 
dynamics of circular motion, that kinetic equilibrium under 
centrifugal force in any case will be the same as the static 
equilibrium of the imaginary case in which the same material 
system is at rest, but influenced by repulsion from the axis in 
simple proportion to distanqe. 


If z be the axis of rotation, and m the angular velocity, the 
components of centrifugal force (§§ 32, 35a, 259) are and 
Hence the potential of centrifugal force is 

reckoned from zero at the axis, and increasing in the direction 
of the force, to suit the convention (§ 485) adopted for gravitation 
potentials. The expression for the latter (§§ 491, 528) is 


E 

where E denotes the mass of the nucleus, and the co-ordinates 
are reckoned from its centre of gravity (§ 526) as origin. Hence 
the level surfaces’^ (§ 487) external to the nucleus are given 
by assigning different values to C in the equation 


E 


+li»\x^+y^)^G 


( 1 ), 


and the fluid when in equilibrium has its layers of equal density 
and its outer boundary in these surfaces. If p be the density 
and p the pressure of the fluid at any point of one of these 
surfaces, regarded as functions of C7, we have (§ 760) 

p^^fpdG ( 2 ). 

Unless the fluid be held in by pressure applied to its bounding 
surface, the potential must increase from this surface inwards (or 
the resultant of gravity and centrifugal force, perpendicular as it 
is to the surface, must be directed inwards), as negative pressure 
is practically inadmissible* The student will And it an interest* 
ing exercise to examine the circumstances under which this 
condition is satisfled; which may be best done by tracing the 
meridional curves of the series of surfaces of revolution given by 
equation (1). * 

Let a and a(l— c) be the equatorial and polar semidiameters 
of one of these surfaces. We have 
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whence 


I 1 a - * ^ 

— h or = — n X 

a ^ a(l— c) 


m 


e= 




+ ^o)*a 


2 “f“ w 



No mutual 
force be- 
tween por- 
tions Of tho 
liquid : 

’ Example (!•) 


if m denote the ratio of centrifugal forc^ at its equator to pure 
gravity at the same place. (Contrast approximately agreeing 
definition of m, § 794.) From this, and the form of (1), wo 
infer that 


801 . In the case of but small deviation from the spherical 
figure, which alone is interesting with reference to the theory 
of the Earth's figure and internal constitution, the bounding 
surface and the surfaces of equal density and pressure are veiy 
approximately oblate ellipsoids of revolution the ellipticity* 
of each amounting to half the ratio of centrifugal force in its 
largest circle (or its equator, as we may call this) to gravity at 
any part of it ; and therefore increasing from surface to surface 
outwards as the cubes of the radii. The earth's equatorial radius 
is 20926000 feet, and its period (the sidereal day) is 86164 
mean solar seconds. Hence in British absolute measure (§ 225) 

the equatorial centrifugal force is (— . )^X 20926000, or *1 1 127. 

This is of 32*168; or very approximately the same frac- 
tion of the mean value, 32*14, of apparent gravity over the 
whole sea level, as determined by pendulum observations. It is 
therefore [§ 794 (20)] ggg.gQ , or approximately of the mean 
value of true gravitation. Hence, if the solid earth attracted 
merely as a point of matter collected at its centre, and there 
were no mutual attraction between the different parts of the sea, 
the sea level would be a spheroid of ellipticity xixr. In reality, 
we find by observation that the ellipticity of the spheroid 
of revolution which most nearly coincides with the sea level 
is about The difference between these, or vhr, must 

therefore be due to deviation of true gravity from spherical 

^ Airy has estimated 24 feet as the greatest deviation of the bounding surface fh)m 
a true ellipsoid. * 

3 A term used by writers on the figure of the Eaiih to denote the ratio which the 
difference between the two axes cff Ah ellipse bears to the greater. Thus if e be the 
ellipticity, and e the eccentricity of an ellipse, we have f*ss2e-f-A Hence, when 
the eccentricity is small, the ellipticity is a smail quantity of the same order as its 
square^ and the former is equal approximately to the square root of twice the 
latter. 
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force be- 
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tions of the 
liftuld: 
Example (1. 


symmetry. Thus the whole ellipticity of the actual sea level, 
may be regarded as made up of two nearly equal parts ; 
of which the greater, riir, is due directly to centrifugal force, 
^ and the less, wbir, to deviation of solid and fluid attracting 
mass from any truly centrobaric arrangement (§ 526). A little 
later (§§ 820, 821) shall return to this subject. 

802 . The amount of the resultant force perpendicular to 
the free surface of the fluid is to be found by compounding 
the force of gravity towards the centre with the centrifugal 
force from the axis; and it will be approximately equal to 
the former diminished by the component of the latter along 
it, when the deviation from spherical figure is small. And 
as the former component varies inversely as the square of 
the distance from the centre, it will be less at the equator than 
at either pole by an amount which bears to either a ratio equal 
to twice the ellipticity, and which is therefore (§ 801) equal to 
the centrifugal force at the equator. Thus in the present case 
half the difference of apparent gravity between poles and 
equator is due to centrifugal force, and half to difference of 
c distance from the centre. The gradual increase of apparent 
gravity in going from the equator towards either pole is readily 
proved to be as the square of the sine of the latitude; and 
this not only for the result of the two combined causes of 
variation, but for each separately. These conclusions needed, 
however, no fresh proof, as they constitute merely the appli- 
cations to the present case, of Clairaut’s general theorems 
demonstrated above (§ 795). 


Analytically, for the present case, we have 

dr 

if g denote the magnitude of the resultant of true gravity and 

centrifugal force ; ^ [as in App. B. (^)] rate of variation per unit 

of length along the direction of r ; and V the first member of (1) 
§ 800. Hence taking < 2 *s=r*cos®^, and sin*^ we 


find 


E 

sin*^ 


( 4 ). 


On the hypothesis of infinitely small deviation from spherical 
figure this becomes 
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6)‘asm*d (6), 

€Mf 

if in the small term we put a, a constant, for r, and in the other 
r=a(l-tw). By (1) we see that ~ is an approximate value for 

o 

r, and if we take it for a, that equation gives 

( 6 ); 

and using this in (5) we have 

2msin*0) (7), 

where, as before, m denotes the ratio of equatorial centrifugal 
force to gravity. 


803 . Examples of % 799 continued , — (2.) The nucleus being no mutual 
held fixed, let the fluid on its surface be disturbed by the l^r- 
attraction of a very distant fixed body attracting according to iiqllup 
the Newtonian law. . <* > 


Let r, 0 be polar co-ordinates referred to the centre of gravity 
of the nucleus as origin, and line from it to the disturbing body 
as axis ; let, as before, E be the mass of the nucleus ; lastly, let 
M be the mass of the disturbing body, and D its distance from * 
the centre of the nucleus. The equipotentials have for their 


equation E 


M 


r --2rZ>cos^+^*) 


= const. 


( 8 ), 


which, for very small values of ~ , becomes approximately 

Ti] M V 

— h “77 (1 + = const. (9) . 

r JJ D 

And if, as in corresponding cases, wo put r = a(l-l-w) where a is 

a proper mean value of r, and u is an infinitely small numerical 
quantity, a function of 6, we have finally 

£\ /1A\ 

W=:j^-5:r.COS^ (10). 


E,D^ 


This is a spherical surface harmonic of the first order, and 
(§ 789) wc conclude ^at 

The fluid will not be disturbed from its spherical figure, but 
it will be drawn towards the disturbing body, so that its centre 
will deviate from the centre of the nucletj^ by a distance 
amounting to the same fraction of its radius that the attraction 
of the disturbing body is of the attraction of the nucleus, on a 
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force be-^ point of the fluid surface. This fraction is about y^n A r oT r (being 

Son8“ith'e raxaVxeo ) earth and moon, as the moon’s distance is 60 

^ times the earth’s radius, and her mass about of the earth’s. 
Hence if the earth’s and moon’s centres were botl^, held fixed, 
there would be a rise of level at the point nearest to the moon, 
and fall of level at the point farthest from it, each equal to 
yznAnrcr of the earth’s radius, or about 70 feet. Or if we con- 
sider the sun’s influence under similar unreal cireutiistonces, 
we should have a tide of 12,500 feet rise on the side next 
the sun, and the same fall on the remote side [being (§ 812) 

of the sun’s distance]. 

38*7 X 10® 

Example EmmpUs of ^ 799 continued. — (3.) With other con- 

for tides: ditions, the same as in Example (2.) (§ 803), let one-half of 
the disturbing body be removed and fixed at an equal distance 
on the other side. 


The equation of the equipotentials, instead of (8), is now 
E 1 1 

-+ [^(2>*-2r2?cos0+r*) ^ (Z>’+2ri>cos6'+r»)jl~®®”®‘‘ 


and as the first approximation for ~ very small, instead of (9), 
we now have 

J'f^lH.|^3cos*^-l)]=const. (12); 

whence finally, instead^df (10), with corresponding notation ; 

(13). 


E . M.. ... , r* 




E.Z>® 

This is a spherical surface harmonic of the second order, and 
M.a^ 

EJD^ 


is one* quarter of the ratio that the difference between the 


moon’s attraction on the neard^ and farthest parts of the earth 
bears to terrestrial gravity* . Sence 

result agees The fluid will be disturbed into a prolate ellipsoidal figure, 

Sb3um“^‘ with its long axis in the line |dSiing the two disturbing bodies, 
theory, and with ellipticity (§ 801) equal to | of the ratio which the 
difference of attractions <rf one qf the disturbing bodies on the 
nearest and farthest points p| %e fluid surface bears to the 
surface value of ^he attraction^bf tihe nucleus. If, for instance, 
we suppose the moon to be dMded into two halves, and these 
to be fixed on opposite sides of the earth at distances each 
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equal to the true moon’s mean distance; the ellipticity of the 

disturbed terrestrial level would be or ^ : ordinary 

and the whole difiference of levels from highest to lowest would theory, 
be about If feet. We shall have much occasion to use this 
hypothesis in VoL ii., in investigating the kinetic theory of the 
tides. We sliall see that it (or some equivalent hypothesis) is 
essential to Laplace’s evanescent diurnal tide on a solid spheroid 
coveted with an ocean of equal depth all over; but, on the 
other haxid> we find presently (§ 814) that it agrees very closely 
with the actual circumstances so far as the foundation of the 


equilibrium theory is concerned. 

805 , The rise and fall of water at any point of the earth’s 
surface we may now imagine to be produced by making these 
two disturbing bodies (moon and anti-moon, as we may call 
them for brevity) revolve round* the earth’s axis once in the 
lunar twenty-four hours, with the line joining them always 
inclined to the earth’s equator at an angle equal to the moon’s 
declination. If we assume that at each moment the condition 


of. hydrostatic equilibrium is fulfilled ; that is, that the free 
liquid surface is perpendicular to the resultant force, we have ^ 
what is called the '' equilibrium theory of the tides.” 

806 , But even on this equilibrium theory, the rise and fall correction 
at any place would be most falsely^ estimated if we were to equilibrium 
take it, as we believe it is generally taken, as the rise and fall 
of the spheroidal surface that would bound the water were 
there no dry land (uncovered solid). To illustrate this state- 
ment, let us imagine the ocean ^ conanst of two circular lakes 
A and B, with their centres 90° asunder, on the equator, com- 
municating with one another by a na.rro\r channel In the 
course of the lunar twelve h ^ts the level of lake A would 
rise and fall, and that of lake J? would simultaneously fall and 
rise to maximum deviations from ^he mean level If the areas 
of the two lakes were equal, l^eir tides would be equal, and 
would amount in each to about one foot above and below the 
mean level; but not so jf the areas were unequal Thus, if 
the diameter of the greater _be b^t a small part of the earth’s 
quadrant, not more, let us say, than 20°, the^ amounts of the 
rise and fall in the two lakes wpl be inversely as their areas 
to a close degree of approximatioa For instance, if the dia- 
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meter of E be only ^ of the diameter of -4, the rise, and fall in 
A will be scarcely sensible ; while the level of B will rise and 
fall by about two feet above and below its mean ; just as the 
rise and fall of level in the open cistern of an ordinary baro- 
meter is but small in comparison with fall and rise in the tube. 
Or, if there be two large lakes AyA' opposite extremities 
of an equatorial diameter, two small ones By B' at two ends of 
the equatorial diameter perpendicular to that oile, and two 
small lakes (7, O' at two ends of the polar axis, the largest of 
these being, however, still supposed to extend over only a 
small portion of the earth’s curvature, and all the six lakes 
communicate with one another freely by canals, or under- 
ground tunnels: there will be no sensible tides in the lakes 
A and A': in B and B there will be high %ater of two feet 
above mean level when the moon or anti-moon is in the 
zenith, and low water of two feet below mean when the moon 
is rising or setting ; and at G and O' there will be tides rising 
and falling one foot above and below the mean, the time of 
low water being when the moon or anti- moon is in the meri- 
^ dian of A, and of high water when they are on the horizon of 
A, The simplest way of viewing the case for the extreme 
circumstances we have now supposed is, first, to consider the 
spheroidal surface that would bound the water at any moment if 
there were no dry land, and then to imagine this whole surface 
lowered or elevated all round by the amount required to keep 
the height at A and A' invariable. Or, if there be a large lake 
A in any part of the earth, communicating by canals with small 
lakes over various parts of the surface, having in all but a 
small area of watCT in comparison with that of Ay the tides in 
any of these will be found by drawing a spheroidal surface of 
two feet difference between greatest and least radius, and, with- 
out disturbing its centre, adding or subtracting from, each radius 
such a length, the same for shall do away with rise or 

fall at J.. . « 

807 . It is, however/^ly on the extreme supposition we have 
made, of one water are^ n^iich larger than all the others taken 
together, but yet itself eovering only a small part of the earth’s 
curvature, that the rise and fall can be ‘done away with nearly 
altogether in one place) and doubled in another place. Taking 
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the actual figure of the ecirth’s sea- surface, we must subtract a Thu eidM, 
certain positisre or negative quantity a from the radius of the 
spheroid that would bound the water were there no land, neglected : 
being deteri^ned according to the moon's position, to fulfil o? ole^i. 
the condition that the volume of the water remains unchanged, m»rTum”* 
and being the same for all points of the sea, at the same time. ***®®*^‘ 
Many writers on the tides have overlooked tliis obvious and 
essential principle ; indeed we know of only one sentence^ 
hitherto published in which any consciousness of it has been 
indicated. 

808. The quantity a is a spherical harmonic function of the 
second order of the moon's declination, and hour-angle from 
the meridian of Greenwich, of which the five constant co- 
efficients depend nlerely on the configuration of land and water, 
and may be easily estimated by necessarily very laborious 
quadratures, with data derived from the inspection of good 
maps. 


Let as above 

r=a(l-{-w) (14) 

be the spheroidal level that would bound the water were the 
whole solid covered ; u being given by (13) of § 804, Thus, if 
JJTdfr denote surface integration over the whole surface of the 

affudfT 


expresses the addition (positive or negative as the case may be) 
to the volume required to let the water stand to this level every- 
where. To do away with this change of volume we must suppose 
the whole surface lowered equally all over by such an amount a 
(positive or negative) as shall equalize it. Jlonce if H be the 
whole area of sea, we have 

(16). 


And r=r — o=s«{14-»— (16)* 

is the corrected equation of the level spheroidal surface of the 
sea. Hence 


A ss a{ tt 


(17), 


where A denotes the Jieight of the surface of the sea at any 


^ ** Rigidity of the Eurth,’' § 17, Phil. Trana., 1802. 

2 T 
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place, above the level which it would take if the moon were re - 
moved. 

To work out (16), put first, for brevity, 

M.a* 




^E.D^ 


(18): 


and (13) becomes 

tt=c(cos*^— J) (19). 

Now let I and A. be the geographical latitude and west longi- 
tude of the place, to which u corresponds; and ^ and 3 the 
moon’s hour-angle from the meridian of Greenwich, and her 
declination. As d is the moon’s zenith distance at the place 
(corrected for parallax), we have by spherical trigonometry 
cos^=scos/cos5cos(A— ^)+sin /sinS ; 

which gives 


3co8*d- 1 =|co8*fcoB®5c082(\- -t-68m2co828iQdcos$cos(X- -H j^(3sin^d- l){3sin®/— 1) (20). 
Hence if we take dCT <8 to denote five integrals depend- 
ing solely on the distribution of land and water, expressed as 
follows : — 


= ~^cos®/ cos 2 Acfo-, g = A^cos®/ sin 2 A, 

1 

-^in I cos I sin Xdcr^ 


ss^J/kinlcoslcosXdorj 


Q' 

£ 

I? 


® = i^(3sin*i— l)dir, 

where of course da-^aoMldk 
we have 



a— j(yhdo's=Jae(4co8*3(^coB2^ -I- ^flini^) -f- 6sin3cos3(Ccos^ -I- JlBin^) -h JdE(3Bin®5“ 1) } (22). 


This, used with (19) and (20) in (17), gives for the full conclu- 
sion of the equilibrium theory, 


Lunar or 
solar semi- 
diurnal tide. 

Lunar or 
solar diurnal 
tide. 

Lunar fort- 
nightly tide 
orsolar semi- . 
annual tide. 


^[(cos* Zcos 2 A— g,) cos 2^-1- (cos* Zsin 2 A — g) sin 2^] cos*8 . 

^ . . . . ' 

+ 2ad. [(sin I cos Zcos A — ® )oos^ + (sin I cos Zsin A — g )sin \f\ sin 8 cos 8 

-f Jae(3 sin* Z— 1 — ®) (3 sin* 8— 1) 

in which the value of e may be taken from (18) for either the 
moon or the sun : and 8 and ^ denote the declination and Green- 
wich hour-angle of one body ol the other, as the case may 
be. In this expression we may of course reduce the semi- 
diurnal terms to the form Acos(2^— £), and the diurnal terms to 
A'cos(^— s'). Interpreting it we* have the following conclu- 
sions:— 
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809 . In the equilibrium theory, the whole deviation ofThetidw, 
level at any point of the sea, due to sun and moon acting SactiSnwf 
jointly, is expressed by the sum of six terms, three for each 

cornjcted 

DO(ly. (M)[u{llbriina 

(1.) The lunar or solar semi-diurnal tide rises and falls in 
proportion to a simple harmonic function of the hour-angle from 
the meridian of Greenwich, having for period 180° of this angle 
(or in time, half the period of revolution relatively to the earth), 
with amplitude varying in simple proportion to the square of 
the cosine of the declination of the Sun or Moon, as the case 
may be, and therefore varying but slowly, and through but a 
small entire range. 


(2.) The lunar or solar diurnal tide varies as a simple har- 
monic function of the hour-angle of period 360°, or twenty- four 
hours, with an amplitude varying always in simple proportion 
to the sine of twice the declination of the disturbing body, and 
therefore changing from positive maximum to negative, and 
back to positive maximum again, in the tropical' period of 
either body in its orbit. 

(3.) The lunar fortnightly or solar semi-annual tide is a • 
variation on the average height of water for the twenty-four 
lunar or the twenty-four solar hours, according to which there 
is on the whole higher water all round the equator and lower 
water at the poles, when the declination of the disturbing body 
is zero, than when it has any other value, whether north or 
south ; and maximum height of water at the poles and lowest 
at the equator, when the declination has a maximum, whether Expiananon 
north or south. Gauss’s way of stating the circumstances on 
which secular ” variations in the elements of the solar system Bemi-amiuai 

V tld6a. 

depend is convenient for explaining this component of the 
tides. Let the two parallel circles of the north and south de- 
clination of the moon and anti-moon at any time be drawn on 
a geocentric spherical surface of radius equal to the moon’s 
distance, and let the moon’s mass be divided into two halves 
and distributed over them. As these circles of matter gradu- 
ally vary each fortnight from the equator to maximum declina- 


... 

1 The tropical period differs from the sidereal period in being reckoned from tha 
first point of Aries instead of from a line fixed in space ; the difference being only 
one day in 26,000 years. • . • 
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tion and back, the tide produced will be solely and exactly the 
** fortnightly tide," 

810 . In the equilibrium theory as ordinarily stated there 
is, at any place, high water of the semi-diurnal tide, precisely 
when the disturbing body, or its opposite, crosses the meridian 
of the place ; and its amount is the same for all places in the 
same latitude ; being as the square of the cosine of the latitude, 
and therefore, for instance, zero at each pole. In the corrected 
equilibrium theory, high water of the semi-diurnal tides may 
be either before or after the disturbing body crosses the meri- 
dian, and its amount is very different at different places in the 
same latitude, and is certainly not zero at the poles. In the 
ordinarily stated equilibrium theory, there is, precisely at the 
time of transit, high water or low water of diurnal tides in 
the northern hemisphere, according as the declination of the 
body is north or south ; and the amount of the rise and fall is 
in simple proportion to the sine of twice the latitude, and there- 
fore vanishes both at the equator and at the poles. In the 
corrected equilibrium theory, the time of high water may be 
considerably either before or after the time of transit, and its 
amount is very different for ‘different places^ in the same lati- 
tude, and certainly not zero at either equator or poles. In the 


ordinary statement there is no lunar fortnightly or semi- 
annual diurnal tide in the latitude 35° 16' (being sin”"^^-), 

and its amount in other latitudes is in proportion to the devia- 
tions of the squares of their sines from the value h In the 
corrected equilibrium theory each of these tides is still the 
same in the same latitude, and vanishes at a certain latitude, 
and in any other latitudes is in simple proportion to the devia- 
tion of the squares of their sines from the square of the sine of 
that latitude. But the latitude where there is no tide of this 

1 1 . » 1 X / 1 


class is not sin* 


^75, sin ~^(7 


-), where is the mean 


value of 3 siu^Z— 1,' for the whole covered portion of the earth’s 
surface, a quantity easily estimated by a laborious quadrature, 
from sufficiently complete geographical data of the coast lines 
*fpT the whole earth. 

« As the fortnightly and semi-annual tides most probably 
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follow in reality very nearly the equilibrium law, it becomes a The tides, 
matter of great importance to evaluate this quantity ; but we SecSSiof 
regret that hitherto we have not been able to undertake the negiecSS*: 
work. Conversely it is probable that careful determination of H^rtaace 
the fortnightly and semi-annual tides at various places, by for'eSSii* 
proper reductions of tidal observations, may contribute to nighuy and 
geographical knowledge as to the amount of water surface in 
the hi^^erto unexplored districts of the arctic and antarctic 
regions. 

811. The superposition of the solar semi-diurnal on the springand 
lunar semi-diurnal tide has been investigated above as an ” rSming”' 

• ^ And 

example of the composition of simple harmonic motions ; and ing.** 
the well-known phenomena of the “ spring-tides and ‘‘ neap- 
tides,” and of the priming ” and ‘‘ lagging ” have been ex- 
plained (§ 60 ). We have now only to add that obseiwation 
proves the proportionate difference between the heights of 
spring-tides and neap-tides, and the amount of the priming niscrc^auce 
and lagging to be much less in nearly all places than estimat-ed served re- 
in § 60 on the equilibrium hypothesis ; and to be very differ- to inertia 
ent in different places, as we shall see in Vol. ii. is to bew 
expected from the kinetic theory. 

812. The potential expressions used in the preceding in- 
vestigation are immediately convenient (§§ 802, 804) for the 
hydrostatic problem. But it is interesting, in connexion with 
this problem, to know the amount of the disturbing influence on 
apparent terrestrial gravity at any point of the earth’s surface, 
produced by the lunar or solar influence. We shall therefore Lunar and 
— still using the convenient static hypothesis of 8 804 — deter- fluenceon 

^ apparent 

mine convenient rectangular components for the resultant of the terrestrial 

o • gravity. 

two approximately equal and approximately opposed disturbing 
forces assumed in that hypothesis. First, we may remark that 
these two forces are approximately equivalent to a force equal 
to their difference in a line parallel to that of the centres of 
the earth and moon, compounded with another perpendicular 
to this and equal to twice either, multiplied into the cosine 
of half the obtuse angle between them. . . 

Eesolving each of these components along %pd perpendicular 
to the earth’s radius through the place, we obtain, by a process,^ 
the details of which we leave the student for an exercise, the 
following results, which are stated in gravitation measure : — 
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« 

Vertical component — (2 cos* sin* ^), upwards. 

CL ^ 

Horizontal component =3^(2^) sin ^ cos towards point of 
horizon under moon or anti-moon. 


Here, as before, E and M denote the masses of the earth and 
moon, D the distance between theii* centres, a the earth’s radius, 
and 6 the moon’s zenith distance. 


Or from the potential expression (12), by taking ~ and 
we find the same expressions. r r 


The vertical component is a maximum upwards, amounting to 


2^A' 


when the moon or anti-moon is overhead ; and a maximum 
downwards of half this amount when the moon is on the 
horizon. The horizontal component has its maximum value, 
amounting to 3 A/, a* 


‘ when the moon or anti- moon is 45° above the horizon. Similar 
statements, of course, apply to the disturbing influence of the 

JMi CL ^ 1 

sun. For the moon is probably equal to about 33 ^ (60 3)^ ^ 

or . ^ : and the corresponding measure of the sun’s in- 

18-2 xl0« ^ ^ 


1 27*3 * 1 1 

fluence is very approximately (1 +-) (— ) or . 

Hence, as the moon or anti-moon rises from the horizon to 
the zenith of any place on the earth’s surface, the intensity 
of apparent gravity is diminished by about one six-millionth 
part : and the plummet is deflected towards the point of the 
horizon under either moon or anti-moon, by an amount which 

reaches its maximum value, ■ of the unit angle (57°’3), 


when the altitude is 45°. The corresponding effects of solar 
influence are of nearly half these amounts. 

813 . Examples of § 799 continued, — (4.) All other circum- 
stances as in Example (2.), let the two bodies be not fixed, but 
let them revolye in circles round,,their common centre of inertia. 
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with angular velocity such as to give centrifugal force to each Real tide- 
just equal to the force of attraction it experiences from the 
other. . 

Let tiM? centre of the earth be origin of rectangular co-ordi- 
nates, and OZ perpendicular to the plane of the circular orbita, 
and let OX revolve so as always to pass through the disturbing 
body. Then, dealing with centrifugal force by the potential 
method, as in § 794; for the equation of a series of surfaces 
cutting everywhere at right angles the resultant of gravity and 
centrifugal force, we find 

v(i4M7)+vi:ar4+^ 

where w denotes the angular velocity of revolution of the two 
bodies round their centre of inertia, and b the distance of this 
point from the earth’s centre : — so that 

M{D-hy^=Eb<o*=~ (26). 




Hence 


Mx 


— eD*5a:=0. 


Using this in (24), expanded and dealt with generally as (12) in 
Example (3.), we see that the first power of x disappears ; and, 
omitting terms of third and higher orders, wo have 


, i 8.1?® ““ I -I 2/ 3 I 3\ A 

+ i — TiT-) + (* +y)= const. 


(26). 


r • D* 

To reduce to spherical harmonics we have 

x«+y=fr«-K3^>-r‘), . 

and therefore, as according to our approximation we may take 
for a>V*, we find [with the notation r=a(l+w) as above} 

or in polar co-ordinates > (27). 

«=i^(3sin>0co8*^-l)-i?^’(3co8*^-l). 

This interpreted is as follows : — 


The surface of the fluid will be a harmonic spheroid of the 
second order [that is (§ 779), an ellipsoid differing infinitely 
little from a sphere], which we may regard as the result of 
superimposing on the deviation from spherical figure investi- 
gated in § 804, another consisting of the oblateness due to 
rotation with angular velocity to round the diameter of the 
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^ 1 ^^ earth perpendicular to the plane of the disturbing bod/s orbit. 
IxpuSf^by prove this conclusion with less analysis by supposing 

the purely static system of Example (3.) to rotate, first with 
force. any angular velocity ©, about any diameter of thp earth per- 
pendicular to the straight line through its centre in which the 
disturbing bodies are placed ; and then supposing this angular 
velocity to be just such as to balance the earth’s attraction on 
the two disturbing bodies, so that the holdfasts by which they 
were prevented from falling together may be removed. Then 
it^ is easy to prove analytically that the effect of carrying either 
disturbing body to the other side, and uniting the two, will be 
small disturbance in the figure of the fluid amounting to 
some such fraction of the deviation investigated in Example 
(S.'i as the earth’s radius is of the distance of the disturber. 

814 . The purely static system of Example (3.) gives the 
simplest and most symmetrical foundation for the equilibrium 
theory of the tides. The kinetic system of Example (4.) is 
indeed not less purely static in relation to the earth, and is 
equivalent to an absolutely static imaginary system in which 
repulsion from a fixed line, on parts of a non- rotating system, 
is substituted for the centrifugal force of the rotating system. 
But it is complicated by the oblateness of the fluid surface 
produced by the centrifugal force or repulsion. This oblate- 
ness, as we see from § 801, would amount to as much as 


436;000’ eUiptidty of 

the lunar tide level for the case of the earth and moon ; although 


Augmenta- 
tion of result 
by, mutual 
gravitation 
of the dis- 
turbed 
■water. 


only to X ■— , or for the case of the earth and sun. 

815 . When the attraction of the fluid on itself is sensible, 
the disturbance in its distribution gives rise to a counter dis- 
turbing force, which increases the deviation of the equipotential 
surfaces from the spherical figure. The general hydrostatic 
condition (§ 750), that the surfaces of equal density must still 
coincide with the equipotential surfaces, thus presents aa 
exquisite problem for analysis. It has called forth from 
Legendre and I^place an entirely new method in mathematics, 
commonly referred to by English writers as “ lAplace’s^co- 
eflloients " or '** Laplace’s Functions.” The principles have been 
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sketched in the second Appendix to our first Chapter; from Aagm«at»< 
which, and the supplemeijtary investigations of §§ 778.. .784, by nraiiMl 
we have immediately the solution for the case in which the ofthimi?' 
fluid is hopiogeneous, and the nucleus (being a solid of any wafi? 
shape, and with any internal distribution of density, subject 
only to the condition that its external equipotential surfaces 
are approximately spherical) is wholly covered by the fluid. 

The conclusion may be expressed thus : — Let p be the density 
of the fluid, and let <t be the mean density of the whole mass, 
fluid and solid. Let the disturbing influence, whether of ex- 
ternal disturbing masses, or of deviation from accurate centro- 
baric (§ 526) quality in the nucleus, or of centrifugal force due 
to rotation, be such as to render the level surfaces harmonic 
spheroids of order i, when the liquid is kept spherical by a 
rigid envelope in contact with it all round. The tendency of 
the liquid surface would be to take the figure of that one of 
these level surfaces which encloses the proper volume. But 
in changing its figure, if permitted, it would increase the 
deviation of this level surface. The result is, that if the con- 
straint be removed, the level surface of the liquid in equilibriuiu 
will be a harmonic spheroid of the same type, but of deviation 

from sphericity augmented in the ratio of 1 to 1 — [ 21 + 1)<7 * 

Let the potential at or infinitely near the bounding surface be 

■ ( 1 ) 

when the liquid is held fixed in shape by a spherical envelope, of 
radius a. In these circumstances 

BSi 




( 2 ) 


is the equipotential surface of mean radius a. If now the bound< 
ing surface of the liquid be changed into the harmonic spheroid 


rss:a(l+c/Si) 

the potential (§ 543) becomes changed from (1) to 

47rwa» , , 4wpca\^ 

and the equipotential surface becomes, instead of (2), 

fi in I 1 


( 8 ). 


( 4 ), 


( 5 ). 
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Hence that the boundary (3) of the liquid may be an equi- 
potential surface, 


4irpca* 

^ 2i + 1 ^ 4^cra* 


which gives 


47rca*= i 

ff p 


3 2i+l 


whence 



1 

3/) 

(2i + l)<r 



Using this in (6), and comparing with (2), we prove the pro- 
position. 


fitability of 
the ocean. 


Augmenta- 
tions of 
results by 
mutual 
gravitation 
of water cal- 
culated for 
examples of 
§ 799 . 


816. The instability of the equilibrium in the case in which 
the density of the liquid is greater than the mean density 
of the nucleus, already remarked as obvious, is curiously 
illustrated by the present result, which makes the deviation 
infinite when i=l and <r==p. But it is to be remarked that 
it is only when the nucleus is completely covered that the 
equilibrium would be unstable. However dense the liquid 
piay be, there would be a position of stable equilibrium with 
the nucleus protruding on one side; and if the bulk of the 
liquid is either very small or very large in comparison with 
that of the nucleus, the figure of its surface in stable equi- 
librium would clearly be approximately spherical. Excluding 
the case of a very small nucleus of lighter specific gravity 
(which would become merely a small floating body, not sensibly 
disturbing the general liquid globe), we have, in the apparently 
simple question of finding the distribution of a small quantity 
of liquid on a symmetrical spherical nucleus of less specific 
gravity, a problem which utterly transcends mathematical skill 
as hitherto developed. 

817. The cases of z == 1 and 1 = 2 give the solutions of the 
several examples of § 799 when the attraction of the liquid on 
itself is taken into account, provided always that the solid is 
wholly covered. Thus [§ 799, Example (2.)] if the earth and 
moon were stopped, and each held fixed, the moon's attraction 
would still notJjpturb the figure of the liquid surface from 
true sphericity,^TOut would render it eccentric to a greater 
degree than thlit previously estimated, in the ratio of 1 to 
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1 — fL, For the earth and sea, — is about A, and therefore Angmenu- 

<r ’ tioiwof 

the spherical liquid surface would be drawn towards the moon mutnal ^ 
by 86 feet, joeing If times the amount of 70 feet foimd above ofwaferSi. 
(§ 803). And the tidal and rotational ellipticities estimated examjaM of 
§§ 800, 814, 813 would, on the supposition now made,*' 


be augmented each in the ratio of 1 to 1 — f — ; or 55 to 49 for 

P 

the case of earth and sea. The true correction for the attrac- 
tion of the sea, as altered by tidal disturbance, in the equi- 
librium theory of the tides, must be less than this, as the liquid 
does not cover more than about f of the surface of the solid. 

To find the true amount of the correction for the attraction of 
the water on itself when the whole solid is not covered, even 
if the arrangement of dry land and sea were quite symmetrical 
and simple (as, for instance, one circular continent and the rest 
ocean), belongs to the transcendental problem already referred 
to (§ 816). It can be practically solved, if necessary, by 
laborious methods of approximation ; but the irregular bound- 
aries of land and sea on the real earth, and the true kinetic, 
circumstances of the tides, are such as to render nugatory any 
labours of this kind. Happily the error committed in neglect- 
ing altogether the correction in question may be safely esti- 
mated as less than 10 per cent, (^gr being 12 '3 per cent.), and 
may be neglected in our present uncertainty as to absolute 
values of causes and effects in the theory of the tides. 

818 . But although the influence on the tides produced ^cai infiu- 
by the attraction of the water itself as it rises and falls is water on 

. , , . direction 

not considerable even in any one place; it is a manifest, of gravity, 
though not an uncommon, error to suppose that the moon's 
disturbing influence on terrestrial gravity is everywhere in- 
sensible. It was pointed out long ago by Kobison^ that the 
great tides of the Bay of Fundy should produce a very sensible 
deflection on the plummet in the neighbourhood, and that 
observation of this effect might be turned to account fot 
determining the earth's mean density. But even ordinary* 
tides must produce, at places close to the seashore, deviations 
in the plummet considerably exceeding the greatest direct 

^ Meckanicdl Philosophy , 1804. See also Forbes, Proc, R. 8, R., April 1849, 
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Attraction effect cf the inoon, which, as we have seen (§ 812), amounts 
to ig.ooV.ooo ^be unit angle (57°-3). Thus, at a point on 
sea-side. * oT not many feet above the mean sea level, and 100 yards 
from low- water mark, a deflection, amounting t^ more than 
s.ooo.oTo angle on each side of the mean verti- 

cal, will be produced by tides of five feet rise and fall on each 
side of the mean, if the line of coast does not deviate very 
much from one average direction for 50 miles on either side, 
and if the rise and fall is approximately simultaneous and 
equal for 50 miles out to sea. For, a point placed as 0 in the 

Vertical 
section 
through 0 . 



Horizontal 
section 
through 0. 


sketch will, as the water rises from low tide to high tide, ex- 
perience the attraction of a plate of water indicated in section 
by HKK'L'L. If we neglect the small part of the whole effect 
due to the long bar (extending along the coast) shown in section 
by HKLy we have only to find the attraction of the rectangular 
plate of water by hypothesis of 50 miles' breadth from KL, 

100 miles' length parallel to the coast, 
4 ^ — and 10 feet thickness (KL). This will 

not be sensibly altered if 0 is precisely* 
/ ' in the continuation of the middle plane 

EE' (instead of a few feet above it, as 

would generally be the case in a con- 

venient sea-side Cavitation observatory), 
x i *’ • •- . ..I and the whole matter of the plate were 

^ ^ condensed into its middle plane. But 

the attraction of a uniform rectangular plate on a point 0 has, 
for component parallel to AB, 

{0'A+AE)iOB+BE).OE'^ , 

.y-T etK D' \ rvipi > \* ) 


,, , (OA+AEXOB+BE).OE'* ^ 

pi log i ^ j^A'E'):{pB' +B'Ey OE^ ^ 


where p denotes the density of the water, and t the thickness 
of the plate, by hypothesis a small fraction of OE, (We leave 
the proof as an exercise to the student.) Now, taking the 
^nautical mile as 2000 yards, we have, according to the assumed 
datl^ very app|||^imately 

AE^OA OE' , OA'.^ 

OE’^OE^ 
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and By B' are at the same distances on one side of OE' as A A* 
on the other. Hence the preceding expression becomes 



which is equal to 13*5 X pt 


The ratio of this to — <rr, the earth’s whole attraction on 0, is 

O 

8x13-4 pt , t . 1 , , „ . , p . 

: which (as by hypothesis, and ^ is 

2 1 

about rr) amounts to The plummet will therefore, 

at high tide, be disturbed from the position it had at low 

tide, by a horizontal force of somewhat more than : — ^ — r 

of the vertical force ; and its deviation will of course be this 
fraction of«»57°*3, the unit angle. 

819, Eecurring to the case of p = a, we learn from § 817 
that a homogeneous liquid in equilibrium under the influence 
of centrifugal force, or of tide-generating action, has 2 J times 
as much ellipticity as It would have if mutual attraction between 
the parts of the fluid were done away with (§ 800), and gravity 
were towards a fixed interior centre of force. For a homogeneous 
liquid of the same mean density as the earth, rotating in a time 
equal to the sidereal day, the ellipticity is therefore being 

times the result, shfy which we found in § 801. This 
agrees with the conclusion for the case of approximate spheri- 
city, which we derived (§ 775) from the theorem of § 771, 
regarding the equilibrium of a homogeneous rotating liquid. 
But even for this case Laplace’s spherical harmonic analysis is 
most important, as proving that the solution is uniqtis, when 
the figure is approximately spherical; so that neither an 
ellipsoid with three unequal axes, nor any other figure than 
the oblate elliptic spheroid of revolution, can satisfy the hydro- 
static conditions, when the restriction to approximate sphericity 
is imposed. Our readers will readily appreciate this item of 
the debt we owe to the great French naturalist, when we tell 
them that one of us had actually for a time speculated on three 
unequal axes as a possible figure of terrestrial equilibrium. 

820. As another example of the result of § 817 for the case 
i = 2, let us imagine the earth, rotating with the actual angular 


AttMotton 
of bigb w»tef 
on a plum- 
met at the 
sea-side. 


Applicntinii 
of t 817 to 
theory of 
the earth’s 
figure. 
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Application velocity, to coDsist of a solid centrobaric nucleus covered/with 
theory^of a thifi liquid layer of density equal to the true density of the 
upper crust, that is, we may say, half the mean density of the 

nucleus. The ellipticity of the free surface woulc^be 

1 1 ^^1 
680^1-fxj’ °’^886' 

Or, lastly, let it be required to find the density of a super 
ficial liquid layer on a centrobaric nucleus which, with the 
actual angular velocity of rotation, would assume a spheroidal 
figure with ellipticity equal to the actual ellipticity of the 
sea level We should have 

1 _680 
_ 3 ^^'“ 296 ' 

^ 5 <r 

which gives p = *819 x o*. 

821, Bringing together the several results of §§ 801, 817, 819, 
for a centrobaric nucleus revolving with tho earth’s angular 
velocity, and covered with a thin layer of liquid of density p, 
the mean density of the whole being a, we have — 


(1.) for 

— o 

p — — 1 

^y 

TWU y 

(2.) 

P 

yy — 
<r 



(3.) 

P 

yy — 
o* 

II 


(4.) 

p 

yy — 

(T 

= •819, 


(5.) 

P 

yy — 

o* 

= 1, 



where e denotes the ellipticity of the free bounding surface of 
the liquid. The density of the earth’s upper crust may be 
roughly estimated as ^ the mean density of the entire mass, 
and is certainly in every part less than *812 of this mean 
density. The elliiDticity of the sea level does not differ from 
isvy by more than 2* or 3 per cent., and is therefore decidedly 
too great to be accounted for by centrifugal force, and ellipticity 
in the upper crust alone, bn the hypothesis that there is a rigid 
centrobaric nucl^s, covered by only a thin upper crust with 
surface on the w®)le agreeing in ellipticity with the free liquid 
surface. It is therefore quite certain that there must be on the 
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whole some degree of oblateness in the lower strata, in the 
same direction as that which centrifugal force would produce 
if the mass were fluid. There is, as we shall see in later 
volumes, a.great variety of convincing evidence in support of 
the common geological hypothesis that the upper crust was 
at one time all melted by heat. This woidd account for the 
general agreement of the boundary of the solid with that of 
fluid equilibrium, though largely disturbed by upheavals, and 
shrinkings, in the process of solidification wliich (App. D.) has 
probably been going on for a few million years, but is not yet 
quite complete (witness lava flowing from still active volcanoes). 
The oblateness of the deeper layers of equal density which we 
now infer from the figure of the sea level, the observed density 
of the upper crust, and Cavendish's weighing of the^ earth as 
a whole, renders it highly probable that the earth has been at 
one time melted not merely all round its surface, but either 
throughout, or to a great depth all round. 

822 . We therefore, as our last hydrostatic example, proceed 
to investigate the conditions of a heterogeneous liquid resting 
on a rigid spherical centrobaric core or nucleus, and slightly 
disturbed, as explained in § 815, by attracting masses fixed 
either externally or in the core (among which, of course, fall to 
be included deviations, if any, from a rigorously centrobaric 
distribution in the matter of the core). 

For any point (r, 6^ <l>) in space let 

N be the potential due to the core, 

V „ „ undisturbed fluid, 

Q „ „ disturbing force, 

U „ ,, disturbance in the distribu- 

tion of the fluid. 


Obserrstioii 
shows so 
great au 
elUpticlty 
of sea level 
that there 
must be ob- 
lateuess of 
tlie solid 
n»)t only in 
its bounding 
surface, but 
nlso in in> 
tcrlor layers 
of equal 
density. 


Equilibrium 
of rotating 
8j)heroid‘of 
heterogonc- '' 
ouB liquid, 
investigated. 


Thus the whole potential at the point in question is N+ V when 
the fluid is undisturbed, and iV'q- Q+ F+ £/ when the disturbing 
force is introduced and equilibrium supervenes. Let also p be 
the density of the undisturbed fluid at (r, Oj <^) (which of course 
would vanish if the point in question were situated in any other 
part of space than tha^ occupied by the fluid) ; and let p + o be 
the altered density at the same point (r, 0, <f>) when the fluid 
rests under the disturbing influence. It is^to be noticed that 
Vj p are functions of r alone ; while G, i7, a are functions of 

r, e, <f>. 
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008 liquid, 
investigated. 


Spheroidal 
surface 
of equal 
density. 


Expression , 
of incom- 
pressihility. 


Hydrostatic 

equation. 


Let now Br be an infinitely small variation of r. The density 
of the liquid at the point (r+8r, 0, <#>) will be />+«H — 6r, 


or simply 


p+u+pr, 


as ts is infinitely small by hypothesis. Tf we equate this to p we 


have 


and deduce 


a+^Sr-O, 

dr 


Br 


zs 


dp 

dr 


( 1 ) 


for the equation expressing the deviation from the spherical 
surface of radius r, of the spheroidal surface over which the 
density in the disturbed liquid is p. The liquid being incom- 
pressible, the volume enclosed by this spheroidal surface must be 
equal to that enclosed by the spherical surface, and therefore, 
if d<r denote an element of the spherical surface, and Jf integra- 
tion over the whole of it, 

ffBrd<T:=:zO ( 2 ). 

Hence, by (1), as ^ is independent of </>, 

ffvsdir^O (3). 

Now, as before for density, we have for the disturbed potential 
at (r-|-8r, 

NJf Q+ F4- 8r, 

dr 

or, because Q+ (7 is infinitely small, 

iVr+Q+F+C^+^^ffi28r. 

And, therefore, to express that the spheroidal surface correspond- 
ing to (1), with r constant, is an equipotential surface in the 
disturbed liquid, we have 


Un-v V) 

Q+ o+iV+ F=F(r) 

dr 


( 4 ), 


which (§ 750) is the equation of hydrostatic equilibrium. In this 
equation we must suppose N and p tp be functions of r, imd Q a 
function of r, d, ; all given explicitly : and from p we have, by 
putting i*^ (1^) (1®) 

F=4ir( r'p'dr' + jf r'*p'dr') {5), 
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where p' is th^ value of p at distance r' from the centre, and r Equilibrium 
the radius of the outer bounding surface of the undisturbed fluid, spijeiow"* 
and a that of the fixed spherical surface of the core on which it gJileaSr 
rests. To find following strictly the directions of § 545, 

we add fee potential of a distribution of matter with density p+to 
through the space between the spherical surfaces of radii a and 
r to that of the shell B of positive and negative matter there 
defined. Let the thickness of the latter at the point (r, </>) be 

called hj being the value of 8r at the surface ; and let q denote 
its density, being the surface value of p. Then, subtracting the 
jindisturbed potential F, we have 




D 


if as usual D denote the distance between the points (r, 

(r\ O', and the accented letters denote the values of the 
corresponding elements in the latter ; and if [ ] denotes surface 
values and integration. 

Let us now suppose the required deviation of the surfaces of 
equal pressure density and potential to bo expressed as follows 
in surface harmonics, of which the term JRo disappears because 
of (2) 

for the interior of the fluid, 6 r=i 2 i+^ 2 ’l--^ 8 H"Gtc., 
and for the outer bounding surface, A=|,li+Sia+ll8+etc 


rartoftho 
' potential, 
<lue to ob- 
lateness : 


} (7). 


Hence by (1) a 


= -^{R, +R,+R,+ete.) 
dr 


( 8 ). 


Using this in (6) according to §§ 544, 542, 536, we have 


developed in 
hannonics. 


47rl^^{r< r 
1 2t+ 1 Jr 






where i?/ denotes the value of Bi for the point (r', 0, instead 
of (r, 0, </>). 

To complete the expansion of the hydrostatic equation (4) we 
may suppose the harmonic expression for Q to be either directly 
given, or to be found immediately by Appendix B. (52), or by 
(8) -of § 539, according to the form in which the data are pre- 
sented. Thus let us have 




(10), Harmonic 

development 


Q=2 

trrO 8=0 of disturbing 

according to the notation of App. B. (37) and (38), Af. , potential. 

2U 
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denoting known functions of r. Using now this and (8) in (4), 
we have 


2 ■[ 2 (Af cos scfi+Bf sin 

i=i I s-O 


dr 




^1 J r‘ 

+ jr+iV+ F=i?’(r) 




( 11 ), 


where [— ,^1 denotes the value of for , =(. lienee : first, 
dr dr 

for the terms of zero order, 

^r+ivr+ F=7'’(>’) "(12), 

which merely shows the value of F{ r), introduced temporarily in 
(4) and not wanted again : and, by terms of order /, 


V) 




Equation of 
equilibrium 
for general 
harmonic 
term: 


= 2(^[*^ COS 5</) + i?f^sin 5</)) ©I* 


(13). 


Lastly, expanding Ri (as above for the i term of ^2) by App. B. 
(37), let us have 


Ri = 2 (w[*^ cos 5<^+ rf sin s<i>) ©f 


(14), 


leading tp 
equation 
for general 
coefficient, 

Uiy regarded 
as a function 
of r. 

-<?(Ar+F) 

dr 


where are functions of r, to the determination of which the 

problem is reduced. Hence equating separately the coefficients 
of cos5^©f, etc., on the two sides, and using Wj to denote any 
one of the required functions wf , vf , and Ai any of the given 
functions Af , , and w/, ui the values of ui for r = r' and r = r 
respectively, we have 


f < 


r dr Ja 


4.,— dp' >j / , . 

+g^,}=Ai 


or, as it will be convenient sometimes to write it, for brevity, (ri[iii)=^Ai 

where <r, denotes a determinate operation, involving definite in- 
tegrations, and such that <r^(u) for u any function of 7*, continuous 
or discontinuous, necessarily disappears through any range of 
values of r, for all of which m=0. To reduce this to a differ- 
ential equation, divide by r*, differentiate, multiply by and 
differentiate again. If, for brevity, we put 

( 10 ), 

the result is 
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ir-*+^iPui 
dr^ dr 


(17), E 


Equilibrium 
of rotating 


DiiTercntial 
equation to 


(18), 


grated. 


dr * dr^' dr 

a linear differential equation^ of the second order, for t/f, |grith of hetero' 
coefficients and independent term, known functions of r. The liquiir 
general solution, as is known, is of the form 

Wi=:CP+C7'P' + a " 

where a is a function of r satisfying the equation 

(ri(a)z=zAi (19), 

C and C' are two arbitrary constants, and P and P' two distinct 
functions of r. 

Equation (15) requires that (7=0 and 6^'=0; in other words, 

Viy if satisfying it, is fully determinate. This is best shown by 
remarking that if, instead of (15), we have 

a-i( w ) = /I i + KP 4- K'r-i - ' ( 20 ) 

where K' are any two constants, these constants disappear in 
the differentiations, and we have still the same differential equa- 
tion, (17); and that the two arbitrary constants C and C' of the Oetermina- 
general solution (18) of this are determined by (20) when any stuntHto 

two values are given for K and K\ In fact, the expression (18), thi* required 
used for reduces (20) to solution. 

C(ri{P) + G'o‘i{P'y^KP + K'r-^^^ (21), 

which shows tha’C o-i^P) and crj(P') must be distinct linear func- 
tions of P and and determines C and C' , 

Thus we see that whatever be Ai we liave, in the integration 
of the differential equation (19), and the determination of the 
arbitrary constants (14), the complete solution of our problem. 

Unless it is desired, as a matter of analytical curiosity, or for 
some better reason, to admit the supposition that N is any arbi- Newtonian 

1 law of force. 

trary function of r, it is unnecessary to retain both y and p as 
two distinct given functions. For the external force of the 
nucleus, or that part of it of which N is the potential, being by 
hypothesis symmetrical, relatively to the centre, it must in nature 
vary inversely as the square of the distance from this point ; that 

is to say, ^22), 

dr r* 

p. being a constant, measuring in the usual unit (§ 459) the 
mass of the nucleus. And by (5) 

^dV 4wP r /2 . / 


( 23 ). 


From this, with (22) and (17), we have 
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city. 




1 « 1 . d(\pr^) , ^ dp d^\P , .d\p 

wn;cn gives 47r/)=s ->J— ^ and ^7rJ-=r^+i- 


(24) , 

(25) . 


dr^ 


dr^ 


r^dr dr~' dr^ ‘ 'dr 

Using this last in (17), and reducing by differentiation, we have 

(»-l)(»+2) ^ i 

^i+3 




2 ^dui 


} (26). 


dr ' r' dr ‘ dr ^ dr 

Another form, convenient for cases in which the disturbing force 
is due to external attracting matter, or to centrifugal force of the 
fluid itself, if rotating, is got by putting, in (17), 

r""*’+^Wi=ei (27), 

and reducing by differentiation. Thus 


d^ei 


i+lsdci 2{i-l)d\ogxl> 


1 ^ 




dr ' r "'dr ' r dr dr^ dr 

With this notation the intermediate integral, obtained from (15) 
by the first step of the process of differentiating executed in the 
order specified, gives 


} 


dei dlogip 


dr 


dr 


ei-r-^^-^ r ( 

J a 




d[r^^Ai) 

dr 


(29). 


dr ' 'dr‘ 

Important conclusions, readily drawn from these forms, are 
that if Q is a solid harmonic function (as it is when the disturb- 
ance is due either to disturbing bodies in the core, or in the space 
external to the fluid, or to centrifugal force of the fluid rotating 
as a solid about an axis) ; then (1.) regarded as positive, and 
as a function of r, can have no maximum value, although it might 
have a minimum ; and (2.) if the disturbance is due to disturb- 
ing masses outside, or to any other cause (as centrifugal force) 
which gives for potential a solid harmonic of order i with only 
the term, and no term ei can have no minimum except 

at the centre, and must increase outwards throughout the fluid. 

To prove these, we must first remark that i// necessarily 
diminishes outwards. To prove this, let n denote the excess of 
the mass of the nucleus above that of an equal solid sphere of 
density s equal to that of the fluid next the nucleus. Then 
we may put (24) under the form 

4'=iirs-^f (s-p'y*dr'+^ (30). 

For stability it is necessary that n and s— p' be each positive; 
and the%f9re the last term of the second member is positive, and 
diminishes as r increases, while the second term of the same is 
negative, and in absolute magnitude increases, and the flrst term 
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is constant. Hence ^ diminishes as r increases. Again, when Equilibrium 

the force is of the kind specified, we must [App. B. (58)] have snil^wid"* 

Ai:=.Kr^+K'r-^-i (31), 

and therefore the second member of (28) vanishes. Hence 'if, 

for any value of r, dei _ 

T/ir — 


Proporiloii- 
ato tleviation 
for caHo «)f 


for the same, 

' dr^ r dxj^ 

and is therefore positive, which proves (1.) Lastly, when the 
force is such as specified in (2.), we have Ai = AV simply, and 
therefore the second member of (29) vanishes. This equation 
then gives, for values of r exceeding a by infinitely little, 

dCi fflogl/' Proporiloii- 

~7 - = . ~ * 6;. ato ilevlatio 

dr dr forcaaoof 

which is positive. Hence ei commences from the nucleus in- f,mv*o?or 
creasing. But it cannot have a minimum (1.), and therefore it witiloilt”' 
inereases throughout, outwards. 

823. When the disturbance is that due to rotation of the case of 
liquid, the potential of the disturbing force is 

—(oo^+y% 

which is equal to a solid harmonic of the second degree with 
a constant added. From this it follows [§§ 822, 779] that 
the surfaces of equal density are concentric oblate ellipsoids of 
revolution, with a common axis, and with ellipticities diminish- 
ing from the surface inwards. 

We have, in (10) of last section, 

<2=y(^*+y*) = -y-(©o +©8 )• 

This gives at once, by (7) and (14), 

Hence r+Sr=r(l+~02^) 

9 

=r[l -1 — — cos*^)] 
r 


Hence 


(1), 


neglecting terms of the second order because and therefore 
also ~ 1 are very small. 
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Thus the sphere, whose radius was r, has become an oblate 
ellipsoid of revolution whose ellipticity [§ 822 (27)] is 



Its polar diameter is diminished by the fraction 


( 2 ). 
3r 3 ’ 


• • • • • ^ 

and its equatorial diameter is increased by ~ ; the volume re- 

3 


maining unaltered. 

In order to find the value of Wa, we must have data or assump- 
tions which will enable us to integrate equation (15). These 
may be given in many forms ; but one alone, to which we pro- 
ceed, has been worked out to practical conclusions. 


Laplace’s 
hypothetical 
law of den- 
sity within 
the earth. 


Assumed 
relation be- 
tween den- 
sity and 
pressure. 


824 . To apply the results of the preceding investigation to 
the determination of the law of ellipticity of the layers of 
equal density within the earth, on the hypothesis of its 
original fluidity, it is absolutely essential that we com- 
mence with some assumption (in default of information) as 
to the law which connects the density with the distance from 
the earth's centre. Tor we have seen (§ 821) how widely 
different are the results obtained when we take two extreme 
suppositions, viz., that the mass is homogeneous ; and that the 
density is infinitely great at the centre. In few measurements 
hitherto made of the Compressibility of Liquids (see Vol. ii., 
Properties of Matter) has the pressure applied been great 
enough to produce condensation to the extent of one-half per 
cent. The small condensations thus experimented on have 
been found, as might be expected, to be very approximately 
in simple proportion to the pressures in each case ; but experi- 
ment has not hitherto given any indication of the law of com- 
pressibility for any liquid under pressures sufficient to produce 
considerable condensations. In default of knowledge, Laplace 
assumed as a hypothesis the law of compressibility of the 
matter of which, before its solidification, the earth consisted, 
to be that the increase of the square of the density is proportional 
to the increase of pressure. This leads, by the ordinary equa- 
tion of hydro^ljatic equilibrium, to a very simple expression 
for the law of density, which is still further simplified if we 
assume that the density is everywhere finite. 
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Neglecting the disturbing forces, we have (§5 822, 752) L.ipi»ce’s 

j ,/Tr I 7 ir\ ^ hypothetical 

dp — pd{V’\-N^ (1). law of den- 

Bat, by the hypothesis of Laplace, as above stated, h beiug some th^Mirth!*^ 

constant, dp^kpdp (2). 

hp-^G^ V+N 

iir r 


Hence 

or, bor § 822 (6), 


= 4irf r'pdr-\-^i r'^pVr'-f 

J r ^ J a 


It 

r 


Multiplying by r, and differentiating, we get 

^•^(rp) + C=47r/ r'p'dr 

d^ , V 4ir 
:5 (TP) = “ z, 


dr 


47r I 


and 

If we write 
the integral may be thus expressed — 

rp=i^sin(— + 0). 

1C 

If we suppose the whole mass to be liquid, /.e., if there be no 
solid core, or, at all events, the same law of density to hold from 
surface to centre, Q must vanish, else the density at the centre 
would be infinite. Hence, in what follows, wo shall take 


F . r 
/)= — sin — 
r K 


( 3 ). 

' ' density. 


With this value of p it is easy to see that 


/ 


r'^p'dr'== — , 

0 dr 


( 4 ), 


the common value of these quantities being 

/K^fsin cos—). 

K K K 

___ 1 « 1 1 1 . i» rtrto Determlnt- 

We are now prepared to find the value of in § 823, upon tjonofeiiip- 
which depends the ellipticity of the strata. For (15) of § 822 
becomes, by (23) of that section and the late equation (4), SeSty! 

M-At' . , 47rr , ^ u »dp' ^ ,, Aw 

'L^-ir.^£)a, + -[Pj^y^dr'+r (6) 

where p' is the mass of fluid, following the density law (3), which 
is displaced by the coref/x. In the terrestrial problem we may 
assume ft'= ft, and of course a = 0. For simplicity put 

dp 

then divide by r* and diflferentiate, and we have 


( 6 ), 
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^(l)+JLrr'>v'dr'=0. 


Multiply by r®, and again differentiate ; the result is 

The integral of this equation is known to be 

»=C'[(S-3)s*“(t+C')-5;Cos (^+C')] 


( 7 )- 


( 8 ), 


r* K" ' K ' Kr K 

so that Wa is known from (6). Now we have already proved that 
u increases from the centre outwards, so that we must have 

(7'=0, 

for otherwise would be infinite at the centre. Thus we have 
finally 


_ 

* r F 


.S Is. r 3 


. r r 
tan 

K K 


( 9 ). 


The constants are, of course, to be determined by the known 
values of the ellipticity of the surface and of the angular velocity 
of the mass. 

Now (5) becomes, at the surface. 




^ .dp r^a>® 


dTT 


f— 


( 10 ). 


We may next eliminate p, ^ , and q by means of (3), (4), (6), 

dr 

and (8), and substitute everywhere for Wa. Also, if m be the 
ratio of centrifugal force to gravity at the equator, oi is to 

be eliminated by means of the equation 




X<i) 


from which p is to be removed by (3). By the help of these 
substitutions (10) becomes transformed as follows : — 

iTrFt • r , . ivC 3 1 . r 3 

-—J^rs,n-dr+—J^r>[(-,-^)s,n---coB^]dr 


47rmF A . ^ , 


4wF . r 
tesin— 

5 K 


XX 

}f we put tan — = t, and — = the integrated expression, 

^ K 
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divided by , becomes 
6t 


6(t—d)— 




Hence at once 


5m _6*+0H+d*t‘—2t»0* 
2e —(<— 0)[(3— 3^] 


( 11 ). 


If we put 1—^ for ~ , i.e.y for 

t 


X 

K 


Laplace's 
hypothetical 
law of deii> 
elty within ■ 
the earth. 

Ratio of 
oUipiicity 
of surface to 
tlio fraction 
exprossinn 
cuutrifUgal 
force at 
equator in 
teruia of sur- 
face gravity. 


tan- 


this becomes somewhat 


simpler, and may be written 

2e z{^z — 0^) 

The mean density is, of course, 

'pr^dr ^V(8in^— Lcos-1) sin-^ 


( 12 ). 


/ 

/ 


r r 
— cos — 

K K 


r^dr 


3 


& 


Let go be the mean density, and g, as before, the surface-density, 

bF sin^ — OaofiS » 

<?0 = ~ 


6^ 


Mean 

density. 


g=~sin^. 


Hence 


£o ^ 5? . 

g tO^ 

If we put f for this ratio of the mean density to the surface- 
density, a quantity which may be determined by experiment, 


(13) gives 


/=3 


^-(9 

tO^ 


Ratio of 
mean, to 
surface, 
density. 


From this equation 0 may be found by approximation, and then 
(12) gives t in terms of known quantities. In fact, it becomes 

5m _ 9 _ f9* 3 (14). 

/(/-i) 8(/-i) / 

From (13) and (14) the numbers in columns iv. and v. of the 
following table are easily calculated. Column vii. shows the 
ratio of the moment of inertia about a me^n diameter, on the 
assumed law of density, to what it would be if the earth were 
homogeneous : — 
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Laplace’s 
hypothetical 
law of den- 
sity within 
the earth. 


1, 

11. 

111. 

IV. 

V. 

VI. 

Vll. 

-1 

e 

— 180°. 

. e. 

. /• 

r. 

G * 

C 

3-91 

140° 

2*444 

1-966 

1 

292 

9 

-00335 

•843 

4-24 

K2°-5 

2-487 

2-057 

1 

295 

-00330 

•835 

461 

145° 

2*531 

2-161 

1 

299 

-00325 

1 

•826 

5-04 

147°-5 

2*574 

2-282* 

1 

302*5 

•00321 

•818 

6-53 

150° 

i 

2*618 

2-423 

1 

306*5 

•00315 

•810 

611 

152°-5 

2*662 

2-589 

1 

311 

•00309 

•801 

6-80 

155° 

2*705 

2-788 

1 

i 315 

•00304 

•792 


D^^iamical 
origin of 
Precession 
and Nuta- 
tion. 


825 . The phenomena of Precession and Nutation result 
from the Earth’s being not centrobaric (§ 526), and therefore 
attracting the Sun and Moon, and experiencing reactions from 
them, in lines which do not pass precisely through the Earth’s 
centre of inertia, except when they are in the plane of its 
equator. The attraction of either body transferred (§ 555) 
from its actual line to a parallel line through the Earth’s centre 
of inertia, gives therefore a couple which, if we first assume, 
for simplicity, gravity to be symmetrical round the polar axis, 
tends to turn the Earth round a diameter of its equator, in the 
direction bringing the plane of the equator towards the dis- 
turbing body. The moment of this couple is [§ 539 (14)] 
equal to 


S 


3((7— -4)sin5coa6 



where 8 denotes the mass of the disturbing body, Z) its dis- 
tance, and B its declination ; and O and^-4 the Earth’s moments 
of inertia round polar and equatorial diameters respectively. 
In all probability (§§ 796, 797) there is a very sensible differ- 
ence between the moments of inertia round the two principal 
axes in the plane (§ 795) of the equator : but it is obvious, and 
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will be proved in VoL ii., that Precession and Nutation are the Dyn»mio«i 
same as they would be if the earth were symmetrical about dll Pr^ession 
axis, and had for moment of inertia round equatorial diameters, Son. ^ 
the arithmetical mean between the real greatest and least values. 

From (12) of § 539 we see that in general the differences of the 
moments of inertia round principal axes, or, in the case of 
symmetry round an axis, the value of C-^A, may be deter- 
mined solely from a knowledge of surface or external^ gravity, 
or [§§ 794, 795] from the figure of tlie sea level, without 
any data regarding the internal distribution of density. 

Equating § 639 (12) to § 794 (17), in which, when the 
sea level is supposed symmetrical, (^, 4>) becomes simply 
£(^— cos®^), we find 

whence (7— .4 = |Mr*(e— 4m) (1«^>)* 

Similarly we may prove the same formula to hold for the real 
case, in which the sea level is an ellipsoid of three unequal axes, 
one of which coincides with the axis of rotation ; provided e de- 
notes the mean of the ellipticities of the two principal sections of 
this ellipsoid through the axis of rotation, and A the mean of the 
moments of inertia round the two principal axes in the plane of 
the equator. 


826 . The angular accelerations p) rod need by the disturbing 
couples are (§ 281) directly as the moments of the couples, 
and inversely as the earth's moment of inertia round an equa- 
torial diameter. But (Vol. ii.) the integral results, observed in 
Precession and Nutation, would, if the earth's condition varied, 
vary directly as G — A, and inversely as C. We have seen 
(§ 794) that if the interior distribution of density were varied 
in any way subject to the condition of leaving the surface 
[and consequently (§ 793) the exterior] gravity unchanged, 
C — A remains unchanged. But it is not so with 0, which 
will be the less or the greater, according as the mass is more 
condensed in the centrjil parts, or more nearly homogeneoxis 
to within a small distance of the surface : and thus it is that a 


Precession 
gives infor- 
mation as 
to the (lis- 
trilmtion of 
tlie earth’s 
mass, while 
surface- 
gravity does 
not. 


comparison between dynamical theory and observation of Pre- 
cession and Nutation gives us information as to the interior 
distribution of the earth's density (just os from the rate of 
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Precession 
gives infor- 
mation as 
to the dis- 
tribution of 
the earth’s 
mass. 


The constant 
of Preces- 
sion deduced 
from La- 
place’s law. 


acceleration of balls or cylinders rolling down an inclined 
plane we can distinguish between solid brass gift, and hollow 
gold, shells of equal weight and equal surface dimensions) ; 
while no such information can be had from the figure of the 
sea level, the surface distribution of gravity, or the disturbance 
of the moon’s motion, without hypothesis as to primitive fluidity 
or present agreement of surfaces of equal density with the sur- 
faces wh^ch would be of equal pressure were the whole de- 
prived of rigidity. 

827 . But we shall first find what the magnitude of the 

C~-A 

terrestrial constant ■ ■ of Precession and Nutation would be, 

if Laplace’s were the true law of density in the interior of 
the earth ; and if the layers of equal density were level for the 
present angular velocity of rotation. Every moment of inertia 
involving the latter part of this assumption will be denoted by 
a Saxon capital 

The moment of inertia about the polar axis is, by § 281, 

+— 

(l[=2 f f pr^8m0drdOd(f>p8in^0f 
J oJ 0 Jo 

the first factor under the integral sign being an element of the 
mass, the second the square of its distance from the axis. 

For the moment of inertia about another principal axis (which 
may be any equatorial radius, but is here taken as that lying in 
the plane from which is measured), we have 

+- 

g,=2ff ^ I pr’8in0<frrf0rf<^.r*(l-sin*0sm‘<^). 

J oJ 0 J 0 

Now, by § 823, we have 

r=r[l+e,(J— cos*^)], 

where r denotes the mean radius of the surface of equal density 
passing through r, ; whence 

r*^fr=-J- ^-dr = r*dr -f- — cos*^)dr. 

ar ar 


Let 

and 


Then 





3 0 


( 16 ). 
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^ = nearly. 

+ ^ 

®— g>= 2 jjf * J^’'sin0rf0rf<^[A’+A’’,(^— cos*tf)](sin’tf— l+sin'^sinV) 

(18). 


(17). The constant 

' 'of Preoea- 

Hion deduced 
La- 
8 law. 




Now we have 


=l5^* 


Il= f pr*dr=Ff r*sin~c?r, 

Jo Jo K 


or, if we put as before » 

/ir= cos ^( — + 3 ^ 4* G ^ — G/) . 

Again Ki=P p^{r‘e,)dr=x‘tq— (%^ej^dr, 

7o ">■ Jd dr 

and this, by (10) of last section, becomes 

K,=5xHfpr^dr-^^''^^ 

J 0 


Btt 


(19). 


m- 


=5(t—^)FK>ext~e)coHe. 

/t 


Thus, finally, 

a ““r» /98-i.a/9a/-i.fi 


K 

=(e-y> 


2 

2 


e^+^OH+Qd^Qt 


6 


( 20 ). 

From this formula the numbers in Column vi. of the table in 
§ 824 were calculated. By (18) and (19) we see that 

which agrees, as it ought to do, with (15) of § 825. 

828 . From the elaborate investigations of Precession and comparison 
Nutation made by Le Verrier and Serret, it appears that the hy^mSiegis* 

C^A 

true value of — -p ^ — is, very approximately, *00327.^ This, ac- 

cording to the table df § 824, agrees with for /= 2*1, 

which gives 0 = ^ 7 . These are (§§ 792, 796, 797) about the 
most probable values which we can assign* to these elements 

1 Anmles de V Ohservatoire hnpiried de Paris, 1859, p. 324. 


with obser- 
vation. 
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Comparison 
of Laplace’s 
hypothesis 
with obser- 
vation ; 

The com- 
pressibility 
involved 
in the hypo- 
thesis. 


by observation. Thus, so far as we have the means of testing 
it, Laplace’s hypothesis is verified, 

829 . But, as a further check upon Laplace’s assumption, it 
is necessary to inquire whether the results involvp anything 
inconsistent with experimental knowledge of the compressi- 
bility of matter under such pressures as we can employ in the- 
laboratory. For this purpose the first column has been added 
to the preceding table. From it may be deduced the compres- 
sibility of the upper stratum of liquid matter, which composed 
the crust of the earth, required by the assumed law of density, 
for the respective values of 0 . In fact, tlie numbers in Col. i. 
are those by which the earth’s radius must be divided to find 
the lengths of the modulus of compression (§ 688) of the upper- 
mopt layer of fluid, according to the surface value of gravity. 

We have, by § 824 (3), 


. r 

q= — sin — 
r K 


dr r ^ 


7 ? 

r . K 


cos- 


-— )> 


whence, at the surface, [ 




e 


q dr^ t ^ t 


The con’esponding numbers* for several different liquid and 
solid substances are as follows 


Compressi- 
bility of lava 
required by 
Laplace’s 
hypothesis, 
compared 
with experi- 
mental data. 


Argument 
from ellip- 
ticity of 
earth and 
tidal fric- 
tion. 


Alcohol, . 

Water, ..... 
Mercury, ..... 
Glass, ..... 
Copper, ..... 
Iron, . . . 

Melted Lava, by Laplace’s law, with/=2T, 


37 



27 

50 

8-1 

41 

4*42 


This comparison may be considered as decidedly not adverse 
to Laplace’s law, but actual experiments on the compressibility 
of melted rock are still a desideratum, 

830 , In § 276 it was proved that the tides must tend to 
diminish the angular velocity of the earth’s rotation; and it 
will be proved in a later volume that this tendency is not 
counterbalanced to more than a very minute degree by the 
tendency to acceleration which results from secular cooling 
and shrinking. Since the printing of § 276, results of physical 
astronomy havet^ecome known to us which overthrow the con- 
clusion quoted in § 405, and so allow a practical importance 
to § 276 which that conclusion denied to it. The conclusion 
quoted in § 405 was drawn by Laplace from the agreement 
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between observation and his dynamics of the moon’s mean 
motion. In 1853 Adams pointed out an error in Laplace’s 
work, which had till then escaped the notice of physical astro- 
nomers ; and showed that only about half of the observed 
acceleration of the moon’s mean motion relative to the angular 
velocity of the earth’s rotation, was accountable for by La- 
place’s theory. In 1859 he communicated to Delaunay his final 
result : — that at the end of a century the moon is 5"' 7 before 
the position she would have, relatively to a meridian of the 
earth, according to the angular velocities of the two motions, 
at the beginning of the century, and the acceleration of the 
moon’s motion truly calculated from the various disturbing 
causes then recognised. Delaunay soon after verified this re- 
sult : and about the beginning of 1866 suggested that the true 
explanation may be a retardation of the earth’s rotation by 
tidal friction. Using this hypothesis, and allowing for the 
consequent retardation of the moon’s mean motion l)y tidal 
reaction (§ 276), Adams, in an estimate which he has com- 
municated to us, founded on the rough assumption that the 
parts of the earth’s retardation due to solar and lunar tides are 
as the squares of the respective tide-generating forces, finds 22® 
as the error by ^^hich the earth would in a century get behind 
a perfect clock rated at the beginning of the century. If the 
retardation of rate giving this integral effect in a century were 
uniform (§ 35, b), the earth, as a timekeeper, would be going 
slower by *22 of a second per year in the middle, or *44 of a 
second per year at the end, olf the century. The latter is 
unTTnyinny of the present angular velocity; and if the rate of 
retardation had been uniform since ten million centuries back, 
the earth must have been then rotating faster by than at 
present, and the centrifugal force greater in the proportion of 
64 to 49. If the consolidation took j)lace then or earlier, the 
ellipticity of the upper layers of equal density must have been 
instead of about as it certainly is. It is impossible to 
escape the conclusion tlmt the date of the consolidation is con- 
siderably more recent than a thousand million years ago. In 
Appendix D., it is shown fron) the theory of ]ihe conduction of 
heat that the date of consolidation may be about a hundred 
million years ago, but cannot possibly have been so remote as 
five hundred million years. 


Argument 
ftt>m ellip'* 
ticity of 
earth and 
tidal fric- 
tion, to de- 
termine the 
date of con- 
solidation. 
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Abrupt 
changes of 
interior 
density, 
not im- 
probable. 


Two non- 
mixing 
liquids of 
different 
densities, 
each homo- 
geneous. 


831 . From the known facts regarding compressibilities of 
terrestrial substances, referred to above (§ 829), it is most 
probable that even in chemically homogeneous substance there 
is a continuous increase of density downwards a,j3 some rate 
comparable with that involved in Laplace’s law. But it is not 
improbable that there may be abrupt changes in the quality of 
the substance, as, for instance, if a large portion of the interior 
of the earth had at one time consisted of melted metals, now 
consolidated. We therefore append a solution of the problem 
of determining the ellipticities of the surfaces of a rotating 
mass consisting of two non -mixing fluids of different densities, 
each, however, being supposed incompressible. 


Let the densities of the two liquids be p and p-{-p\ the latter 
forming the spheroid 

r=a'[l+c'(J-cos«^)] (1), 

and the former filling the space between this spheroid and the 
exterior concentric and coaxal surface 

— cos^^)] (2). 

Also let the whole revolve with uniform angular velocity w. The 
conditions of equilibrium are that the surface of each spheroid 
must be an equipotential surface. 

Now the potential at a point r, 6^ in the ouier fiuid is 




(3). 


+ Jft) V® + Jo) V®( J -jr cos* ^) . 

The first line is the potential due to a liquid of density p filling 
the larger spheroid, the second that due to a liquid of density p' 
filling the inner spheroid, the third is the potential (J(o®r®sin®^) 
of centrifugal force arranged in solid harmonics. 

Substituting in (3) the values of r from (1) and (2) succes- 
sively, neglecting squares, etc., of the ellipticities, and equating 
to zero the sum of the coefficients of (J— cos®^) ; we have two 
equations from which we find 

^+^( 2 + 8 $ 3,. 

e= ;7-— (4). 


{p+ip'){fp+^p')-^pp'^ 

The corresponding value of c' is to be found from the equation 


a 


a 


«0>+-^P')= *'{/>+ } . 
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Expressing w* in terms of the known quantity in we have 


3(i>* m 


a 


8. = 

Also, to sufficient approximation, wo have 


(5). 


Stt 


a 




a* 


4ir 

and the mean density is obviously 


( 6 ), 


P4 


a 


a* 


( 7 ). 


The numerical values of the expressions (4) and (7) arc approxi- 
mately known from observation and experiment, so that if wc 

/ 

assume a value of — wo can at once find p and p'y and, from 


them, the value of 


C-A 

C 


From the forinula 3 just given it is easy to show that results 
closely agreeing with observation as regards precession, ratio 
of surface density to mean density, and ellipticity of sea level, 
may be obtained witliout making any inadmissible hypotheses 
as to the relative volumes and densities of the two assumed 
liquids. But this must be left as an exercise for the student. 

832 . These estimates, and all dynamical investigations 
(whether static or kinetic) of tidal phenomena, and of preces- 
sion and nutation, hitherto published, with the exception re- 
ferred to below, have assumed that the outer surface of the 
solid earth is absolutely unyielding. A few years ago,^ for 
.the first time, the question was raised : Does the Earth retain 
its figure with practically perfect rigidity, or does it yield 
sensibly to the deforming tendency of the Moon s and Sun s 
attractions on its upper strata and interior mass ? It must 
yield to some extent, as no substance is infinitely rigid : but 
whether these solid tides are sufficient to be (iiscoverable by 
any kind of observation, dmect or indirect, has not yet been 
ascertained. The negative result of attempts to trace their 
influence on ocean and lake tides, as hitherto observed, and 
on precession and nutation, suffices, as we shall See, to disprove 

I '' On the Rigidity of the Earth.” W. Thomson. Trans, R. S,, May 1862. 

2X 


Two non- 
mixing 
fluids of 
different 
densities. 


Rigidity of 
the earth. 
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Rigi^ty^of the hypothesis, hitherto so prevalent, that we live on a mere 

eat enough shcll of solid substance, enclosing a fluid mass of melted 
S^negative rocks or metals, and proves, on the contrary, that the Earth as 
Seal hypo- a wholc is much more rigid than any of the rocks that consti- 

thesis of a o •/ 

thin solui tute its upper crust. 

833 . The character of the deforming influence will be 
understood readily by considering that if the whole Earth 
were perfectly fluid, its beunding surface would coincide with 
an equipotential surface relatively to the attraction of its own 
mass, the centrifugal force of its rotation, and the tide-generat- 
ing resultant (§ 804) of the Moon’s and Sun’s forces, and their 
kinetic reactions.^ Thus (§§ 819, 824) there would be the full 
equilibrium lunar and solar tides ; of 2| times the amount of the 
xlisturbing deviation of level if the fluid were homogeneous, or 
of nearly twice this amount if it were heterogeneous with La 
place’s hypothetical law of increasing density. If now a very 
thin layer of lighter liquid were added, tliis layer would rest 
covering the previous bounding surface to very nearly equal 
depth all round, and would simply rise and fall with that sur- 
face, showing only infinitesimal variations in its own depth, 
under tidal influences. Hence had the solid part of the earth 
so little rigidity as to allow it to yield in its own figure very 
nearly as much as if it were fluid, there would be very nearly 
nothing of what we call tides — that is to say, rise and fall of 
the sea relatively to the land ; but sea and land together would 
rise and fall a few feet every^ twelve lunar hours. This would, 
as we shall see, be the case if the geological hypothesis of a 
thin crust were true. The actual phenomena of tides, therefore, 
give a secure contradiction to that hypothesis. We shall see 
indeed, presently, that even a continuous solid globe, of the 
same mass and diameter as the earth, would, if homogeneous 

' It will be proved in Vol. ii. that the '^equilibrium tlieory” of the tides for an 
ocean, whether of uniform density or denser in the lower parts, completely cover- 
ing a solid nucleus, requires correction, on account of the diurnal rotation, but less 
and less correction the smaller this nucleus is ; rnd that it agrees perfectly with the 
" kinetic theory ” when there is no nucleus, always provided the angular velocity is 
not too great for the ordinary approximations (§§ 794, 801, 802, 815) which require 
that there be nJ^ op any account, more than an infinitely small disturbance from 
the spherical figure. It is interesting to remark that this proposition does not re- 
quire the tidal deformations to be small in comparison with the 70,000 feet devia- 
tion due to centrifugal force of rotation. 
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and of the same rigidity (§ 680) as glass or as steel, yield in its ^*®*^^*'*^ 
shape to the tidal influences three-fifths as much, or one- 
third as much, as a perfectly fluid globe ; and further, it will 
be proved that the effect of such yielding in the solid, accord- 
ing as its supposed rigidity is that of glass or that of steel, 
would be to reduce the tides to about J or ^ of what they 
would be if the rigidity were infinite. 

834. To prove this, and to illustrate tliis question of elastic Elastic soiui 
tides in the solid earth, we shall work out explicitly the solu- ^ 
tion of the general problem of § 696, for the case of a homo- 
geneous elastic solid sphere exposed to no surface traction ; 
but deformed infinitesimally by an equilibrating system of 
forces acting hodily through the interior, which we shall ulti 
inately make to agree with the tide- gen crating influence of the 
Moon or Sun. In the first place, however, we only limit the 
deforming force by the final assumption of § 733. 


free at. Hur- 
faco ; <lo- 
fonnctl by 
bfxlily liar- 
nionle force*. 


Following tjie directions of § 732, we are to find, for the two Homogonc- 
constituents and (a^, for the complete solution ; wXrKi?b« 

of which the first, given by (6) and (7) of § 733, is as follows : — 

, 1 }_ r rL 

^ 2(2l + 6)lm\-ii) (f.r m + 2(2t + 3) clc 

(2i + 3)(2t + 5) dx i 

with symmetrical formuh'ii for and 'y; w^hich [§ 733 (6)], 

Wi 

• \ ^ ^ I 

give 0 = . , 

.□d. (1737(28)1, 

These, used in (29) of § 737 with 2 - 1-2 for 2 *, give 


( 2 )- 


If/ MAI , (2+2)n 


(.3); 




which, reduced to harmonics by the proper formula [§ 737 (36)], 
becomes 

(2t + 3)(w2 + w)l ^ dx 24 + 3 dx f\J 

This and the symmetrical formulse ior^Gr and'//r, with r taken 
equal to a, express the components of the force per unit area 
which would have to be balanced by the application from without 
of surface traction to the bounding surface of the globe, if the 
strain through the interior were exactly that expressed by (1). 
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Huniogene* 
ouB elastic 
solid globe 
free at sur- 
face ; de- 
formed by 
bodily har- 
monic force. 


Hence, still according to the directions of § 732, we must now 
find (a^, yj the state of interior strain which with no force 
from without acting bodily through the interior, would result 
from surface traction equal and opposite to that (4). Of this 
part of the problem we have the solution in § 737 (62), the par- 
ticular data being now 


Aj m-i- (i + l)n ^ dWi+i A{+s (2i-i-b)m — .t +3 

^i+i (2£-+3)(m + n)^ dx ’ (2i -t- 3) (2i + 5) (w + w) ^ dx 

with symmetrical terms for Bi, Ci, and A+a, ; but none of 
other orders than i and 2 * 4 - 2 . Hence for the auxiliary functions 


*+i 




( 6 ). 


of § 737 (50) 

a.;,, (i+l)(2i+l)[m+(t+l)n]a»+> 

’ (2*+3)(»8+re) ‘ 

(2-|-2)[(22-f5)m— wla*‘+\ 

(2*+3)(;;,+n) ^<+.=0 

Now (52), with the proper terms for 2 * 4-2 instead of i added, is 
to be used to give us ; and through the vanishing of and 
it becomes 


1^ 1 - d^i+i Ajr^ -. . m(c^ — d'ir^ 

n — 1 2i(2i + 1) dx ^ ^ ^ [2(i+ 2)® -h 1 ]jw — (2i + 3)n dx 

1+1 ^[2(t+2;*+l]»?t— (2i+3)» (2t + 5)<I.<! U W- 

To this we must add 'a, given by (1), to obtain, according to 
§ 732, the explicit solution, a, of our problem. Thus, after 
somewhat tedious algebraic reductions in which m+n^ appearing 
as a factor in the numerator and denominator of each fraction, is 
removed, we find a remarkably simple expression for a. This, 
and the symmetrical formulae^for and y, are as follows : — 




-©<+ir»<+‘ 



dx 

rf(TFi+ir~»’~‘) 

dy 

dz 



where C-j. (»+t)[(i4-3)m-n] 

~2i»{[2(i+2)‘ + l]m- (2f+3)n} 

■ (i+2)(28+S)w-»(28+3)n 


(#<+1= 


♦ 




2(2i+3)n{[2(t+2)‘+l]m— (2i+3)n} 
(f -4 - 1 )m 


(9). 


(2i+8)n{[2(»+2)’+l]m— (2t+3)n} 

The infinitely great value of for the case f—0 depends on 
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the circumsUincc tha.t the bodily force for this C 943 e, being uniform Homogsne- 
and in parallel lines through the whole mass, is not self equili- yoHdSSSS 

brating, and therefore surface stress would be required for equi- 
librium. formed by 

The tase of 2 = I is that with which we are concerned in the ”*’*“*<' 
tidal problem. In it the formul« (9) for the numerical coeffi- 
cients become 

dF 4m— -n __ — Tm ___ 2m - 

^ n{U)m — bn)^ 10w(l9m--.On) * 6n) ^ 

To prepare for terrestrial applications we may conveniently re- 
duce to polar co-ordinates (distance from the centre, r; latitude, 

I ; longitude, A) such that 

a7=rcosZcos A, y=rcos^sinA, r=?*sinZ (H); 

and denote by p, p, v, the corresponding components of displace- 
ment. The expressions for these will be precisely the same as 

those for a, y, except that instead of , as it appears in the 

ax 

d d 

expression for a, we have — in the expression for p ; — - in that 

dr rdl 


for /X, and in that for v. Thus if we put 

(12); 

so that I mey denote the surface harmonic, or the harmonic 
function of directional angular co-ordinates A, corresponding to 
TFi+i, we have 

/» = {(* + 1 1 ^ )<#<+! — (» + 2)<i?i+ ,] r’ } r*Si+ , ' 

M={€i+,a* — (J'i+i — ^ 

whence, for p, finally, by (9), 

„ _ (» + 0 { (^’- H 1 ) [( ^‘+ — ^I0‘+ ■ a4> 

^ 2m{[2(i+2)' + l]m— (2i+3)n} ' '' 

The expressions for p and v are more conveniently left as ex- 
hibited in (12) and (9). From (13) wo have 

(^ + 0* { +[(* + 2)m n] (a* r*) } n 5A 

^[2(2-+^)* + l]m-(224-3)w} ^ 

which is always positive when r^a\ as i is at least equal to 1, 
and [§ 698 (1)] m necessarily (§ 694) exceed%^n. But although 
p therefore always increases for the successive concentric sphe- 
roids outwards, we easily sec, by writing down the expression for 
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Homogene- 
ous elastic 
solid globe 
free at sur- 
face ; de- 
formed by 
bodily har- 
monic force. 


Cases : — 

centrifugal 
force : — 


tide-generat- 
ing force. 


T P 

, that ~ , when i > 1 increases first from the centre out- 
wards, comes to a maximum at a certain distance, and diminishes 
thence to the surface. When t=l, we have 

2(4m — n)a* — (3m — n)r* .. 


2(4m — n)a* — (3m — n)r* ^ 

n(19m — 5n) ^ ^ 


and therefore in this case — diminishes from the centre out- 

r 

■V 

wards to the surface ; and its extreme values are 

1 n 


at the centre ^ , 

„ K».\ * \ ' 


r w(19m — 6n) 


19n 


76 m 
5 n 
19 frt 
6 n 


at the free surface L = (5m-n)a » ^ / j ^ _26m 

r w(19m— 5w) “ 19n^ i_A^ 

19 w 


( 17 ); 


When the disturbing action is the centrifiigal force of uniform 
rotation with angular velocity w, we have as found above (§ 794) 
for the whole potential 

Tr=u;{JcoV2+|a)V*(J-COs''^)} (18), 

where w denotes the mass of the solid per unit volume. The 

effect of the term ^wo)^r^ is merely a drawing outwards of the 
solid from the centre symmetrically all round; which we may 
consider in detail later in illustrating properties of matter in our 
second volume. The remainder of the expression gives us ac- 
cording to our present notation 

TF,=jT(a?*4-^"-2z®); or ^2 = u?t(^-cos«(9) (19), 

where T=Ja)® (20). 

For tide-generating force tlft same formulae (15) and (16) hold 
if (§§ 804, 808, 813) we take 

r=i§ ( 21 ) 


and alter signs so as to make the strain- spheroids prolate instead 
of oblate. The deformed figure of each of the concentric spheri- 
cal surfaces of the sphere is of course an ellipsoid of revolution ; 
and from (16) and (17) we find for the extremes : — 


of free surface 


8^, 

19w 

6a* 

i9ii 



i_ A 

(1+- 

76 \ 

1 

19 m 


6 n 

(1-1 — 

96 wi V 

1 A 

1 

19 m 


( 22 ). 
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Prom these results, (8) to (22), we conclude that 

835 . Tlie bounding surface and concentric interior spherical 
surfaces of a homogeneous elastic solid sphere strained slightly rSmla 
by balancing; attractions from without, become deformed into SjfSDe 
harmonic spheroids of the same order and type as the solid har- 
iiionic expressing the potential function of these forces, when 
they are so expressible : and tlie direction of the component 
displacement perpendicular to the radius at any point is the 
same as that of the component of the attracting force perpendi- 
cular to the radius. These concentric liarmonic spheroids caso of 
although of the same type are not similar. When they are ofgreogw'es 
the second degree (that is when the force potential is a solid foiiuHtlon, 
harmonic of the second degree), the proportions of the cllipti- ff/conl?? 
cities in the three normal sections of each of them are the 
same in all : but in any one section the ellipticities of the con- 
centric ellipsoids increase from the outermost one inwards to 
the centre, in the ratio of 


1 : 


6m— -n 
2(4;7i — n) 


For harmonic disturbances of higher orders the amount of de- 
viation from sphericity, reckoned of course, in proportion to the 
radius, increases from the surface inwards to a certain distance, 
and then decreases to the centre. The explanation of this re- 
markable conclusion is easily given without analysis, but we 
shall confine ourselves to doing so for the case of ellipsoidal 
disturbances. ♦ 

836 . Let the bodily disturbing force cease to act, and let 
the surface be held to the same ellipsoidal shape by such a 
distribution of surface traction (§§ 693, 662) as shall maintain 
a homogeneous strain throughout the interior. The interior 
ellipsoidal surfaces of defonnation will now become similar 
concentric ellipsoids ; and the inner ones must clearly be less 
elliptic than they were when the same figure of outer boundary 
was maintained by forces acting throughout all the interior ; 
and, therefore, they must have been greater for the inner sur- 
face. And we may reason similarly for the portion of the 
whole solid within any one of the ellijisoids of deformation, by 
supposing all cohesive and tangential force between it and the 


higher de- 
grees give 
greatest pro- 
]>ortionat>o 
deviation 
from spheri- 
city neither 
at centre 
nor surface. 


Synthetic 
proof of 
maximum 
ellipticity 
at centre, 
for defor- 
mation of 
second 
order. 
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maximum 
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for defor- 
mation of 
second 
order. 


Oblateness 
induced in 
homogene- 
ous elastic 
solid globe, 
by rotation. 


Numerical 
results for 
iron and 
glass. 


solid surrounding it to be dissolved ; and its ellipsoidal figure to 
be maintained by proper surface traction to give homogeneous 
strain throughout the interior when the bodily force ceases to 
act. We conclude that throughout the solid from surface to 
centre, when disturbed by bodily force without surface traction, 
the ellipticities of the concentric ellipsoids increase inwards. 

837 . When the disturbing action is centrifugal force, or 
tide -generating force (as that of the Sun or Moon on the Earth), 
the potential is, as we have seen, a harmonic of the second 
degree, symmetrical round an axis. In one case the spheroids 
of deformation are concentric oblate ellipsoids of revolution ; 
in the other case prolate. In each case the ellipticity increases 
from the surface inwards, according to the same law [§ 834 (16)] 
which is, of course, independent of the radius of the sphere. 
For spheres of different dimensions and similar substances the 
ellipticities produced by equal angular velocities of rotation 
are as the squares of the radii. Or, if the equatorial surface 
velocity (F) be the same in rotating elastic spheres of different 
dimensions but similar substance, the ellipticities are equal. 
The values of the surface and central ellipticities are respec- 
tively 

8 V^w , 14 V^w 

n 2n **“^33'2ri' 

for solids fulfilling Poisson's hypothesis (§ 685), according to 
which m — 2n. 

For steel or iron the values of n and m are respectively 780 
X 10® and about 1600 x 10® grammes weight per square centi- 
metre, or 770 X 10® and about 1600 x 10® gramme- centimetre- 
seconds, absolute units (§ 223), and the specific gravity (^w) is 
about 7*8. Hence a ball of steel of any radius rotating with 
an equatorial velocity of 10,000 centimetres per second will be 
flattened to an ellipticity (§ 801) of t A it . For a specimen of 
flint glass of specific gravity 2*94 Everett finds 71=244 x 10® 
grammes weight per square centimetre and very approximately 

771 = 271. Hence for this substance — =83 x 10® [being the 
length of the ritedulus of rigidity (§ 687) in centimetres]. But the 
numbers used above for steel give — =100x 10® centimetres; 
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and therefore (§ 838) the flattening of a glass globe is , or 

*83 

times that of a steel globe with equal velocities. 

838. For rotating or tidally deformed globes of glass or 
metals, tliie amount of deformation is but little influenced by 
compressibility, as we see in a moment from (22) of § 834 ; 
because for such substances (§§ 684, 694), the value of m is 
either about equal to 2?i, or still greater. Thus for any sub- 
stance for which m ^ the surface ellipticity is diminished 
by three per cent, or by less than three per cent., and the 
centre ellipticity by | per cent., or less than § per cent, if we 
suppose the rigidity to remain in any case unchanged, but the 
substance to become absolutely incompressible. For the sur- 
face ellipticity, § 834 (22) gives on this supposition 


Rotational 
or tidal 
elHptlcitiea 
but little 
influenced 
by comprea- 
atbiliiy, iu 
globea of 
metallic, 
vitreoua, or 
gelatinoua 
elastic solid. 


or with w=770x 10® as for steel (§ 837), 

ti=640x 10®, the earth^s radius in centimetres, 
and z 4?=5*5, „ „ mean density, 

we have, in anticipation of § 839, 

e=:77xlO^T (24). 


839. If now* we consider a globe as large as the Earth, and Value of 
of incompressible homogeneous material, of density equal to tlduis for 
the Earth's mean density, but of the same rigidity as steel or Szean'dSaaa 
glass ; and if, in the first place, we suppose the matter of such uon*gravitat> 
a globe to be dejmved of the property of mutual gravitation 
between its parts : the elliptici#ies induced by rotation, or by tide presaiwe,*"” 
generating force, will be those given by the preceding formulae J/^da^w 

[§ 834 (22)], with the same values of n as before ; with ~=0; 

with 640 X 10® for a, the earth's radius in centimetres; and 
with 5*5 for w instead of the actual sx>ecific gravities of glass 
and steel. 

But without rigidity at all, and mutual gravitation between 
the parts alone opposing deviation from the spherical figure, 
we found before (§ 81 9), for the ellipticity 


tf=.-^~T=l 62 xiO®.T 

^ 9 


(25). 


840. Hence of these two influences which we have con- 
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Comparison 
between 
spheroidal- 
maintaining 
powers of 
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and rigidity, 
for large 
homogene- 
ous solid 
globes. 


g, r denote 
resistances 
to defolia- 
tion due re- 
spectively 
to gravity 
and to 
rigidity. 


sidered separately on the one hand, elasticity of figure, even 
with so great a rigidity as that of steel ; and, on the other hand, 
mutual gravitation between the pa 4 :ts : the latter is consider- 
ably more powerful than the fonner, in a globe of such dimen- 
sions as the Earth. When, as in nature, the two resistances 
against change of form act jointly, the actual ellipticity of form 
will be the reciprocal of the sum of the reciprocals of the ellip- 
ticities that would be produced in the separate cases of one ^r 
other of the resistances acting alone. For we may imagine the 
disturbing influence divided into two parts : one of which alone 
would maintain the actual ellipticity of the solid, without 
mutual gravitation; and the other alone the same ellipticity 
if the substance had no rigidity but experienced mutual gravi- 
tation between its parts. Let t be the disturbing influence as 

measured by § 834 (20), (21) ; and let and — be the ellipti- 

cities of the spheroidal figure into which the globe becomes 
altered on the two suppositions of rigidity without gravity and 
gravity without rigidity, respectively. Let e be the actual 
ellipticity and let r be divided into t' and t'' proportional to 
the two parts into which we imagine the disturbing influence 
to be divided in maintaining that ellipticity. We have 

r=T -\-T 


Whence 


and 6 =-=-. 

r 0 

Whence — 

c 

or J. 

e T T 

which proves the proposition. It gives 


t +0 JL +1 

(26). 

By §§ 838, 839 we have 


19n j 2 0 

, and 0 =-~ -S- 
^ 5a w ^ 5 a 

(27), 

and ' 1= 

0 2gaw 2aw 

00 
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where n-i-g is the rigidity in gi-amnies weight per square centi- 
metre. For steel and glass as above (§§ 837, 839) the values 

X 

of — are respectively 2*1 an® *66. 

841. H8nce it appears that if the rigidity of the earth, on 
the whole, were only as much as that of steel or iron, the eai'th 
as a whole would yield about one-third as much to the tide- 
generating influences of the sun and moon as it would if it had 
no rigidity at all ; and it would yield by about three-fifths of 
the fluid yielding, if its rigidity were no more than that of 
glass. 

842. To find the effect of the earth^s elastic yielding on the 
tides, we must recollect (§ 819) that the ellipticity of level due 
to the disturbing force, and to the gravitation of the undisturbed 

globe, which [§§ 804, 808, (18), (19)] is — t, will be augmented 

9 

by -|e on account of the alteration of the globe into a spheroid 
of ellipticity e : so that if (§ 799) we neglect the mutual attrac- 
tion of the waters, we have for the disturbed ellipticity of the 
sea level (§ 785) 

(29). 


Rigidity of 
tho earUi : 


imloss 
greater tlian 
that of steel 
would be 
very im- 
perfectly 
elfective in 
niaintaii)- 
ing figure 
ogaiuet tide- 
generating 
force. 


Influence 
of elastic 
yielding of 
the.solid 
earth on the 
surface- 
liquid tides. 


The rise and fall of the water relatively to the solid earth will 
dej)end on the excess of this above the ellipticity of the solid. 
Denoting this excess, or the ellipticity of relative tides, by €, 
we have 


or by (26) and (27) 



a X 

€= — r— ; — 
9 t+0 


(30) , 

(31) . 


Hence the rise and fall of the tides is less than it would be 
were the earth perfectly rigid, in the proportion that the resist- 
ance against tidal deformation of the solid due to its rigidity 
bears to sum of the resistances due to rigidity of the solid and 
to mutual gravitation of its parts. By the numbers at the end 
of § 840 we conclude that if the rigidity were as great as that 
of steel, the relative rise and fall of the watef would be reduced 
by elastic yielding of the solid to §, or if the rigidity were only 
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Rigidity of 
the earth : 


probably 
greater on 
the whole 
than that 
of a solid 
glass globe. 


Dynamic 
theory of 
tides too 
imperfect 
to give any 
estimate of 
absolute 
values for 
main pheno* 
meiia : 


but not so 
for the fort- 
nightly and 
semi-annual 
tides. 


Amounts of 
fortnightly 
tide esti- 
mated on 
various sup- 
positions as 
to rigidity. 


that of glass, the relative rise and fall would be actually re- 
duced to I , of what it would be were the rigidity perfect. 

843. Imperfect as the comparisons between theory and 
observation as to the actual height of the tides has been 
hitherto, it is scarcely possible to believe that tlie height is 
in reality only two- fifths of what it would be if, as has been 
universally assumed in tidal theories, the earth were perfectly 
rigid. It seems, therefore, nearly certain, with no other efvi- 
dence than is afforded by the tides, that the tidal effective 
rigidity of the Earth must be greater than that of glass. 

844. The actual distribution of land and water, and of 
depth where there is water, over the globe is so irregular, that 
we need not expect of even the most powerful mathematical 
analysis any approach to a direct dynamical estimate of what 
the ordinary semi-diurnal tides in any one place ought to be 
if the earth were perfectly rigid. In water 10,000 feet deep 
(which is considerably less than the general depth of the 
Atlantic, as demonstrated by the many soundings taken within 
the last few years, especially those along the whole line of the 
iVtlantic Telegraph Cable, from Valencia to N’ewfoundland), the 
velocity of long free waves, as will be proved in Vol. ii., is 567 
feet per second.^ At this rate the time of acfvancing through 
57° (or a distance equal to the earth's radius) would be only 
ten hours. Hence it may be presumed that, at least at all 
islands of the Atlantic, any tidal disturbance, whose period 
amounts to several days or more, ought to give very nearly the 
true equilibrium tide, not modified sensibly, or little modified, 
by the inertia of the fluid. Now such tidal disturbances (§ 808) 
exist in vii'tue of the moon's and sun's changes of declination, 
having for their periods the periods of these changes. 

845. The sum of the rise from lowest to highest at Teneriffe, 
and simultaneous fall from highest to lowest at Iceland, in the 
lunar fortnightly tide, would amount to 4*5 inches if the earth 
were perfectly rigid, or 3 inches if the tidal effective rigidity 
were only that of steel, or 1*8 inches if the tidal effective 
rigidity were only that of glass. The amounts of the semi- 
annual tide, whatever be the actual rigidity of the earth, would 
of course be about "half that of the fortnightly tide. The amount 

' Airy, Tides and Waves, § 170. 
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of either in any one place would be discoverable with certainty Rigidity of 
to a small fraction of an inch by a proper application of the ’ 

method of least squares, suCh as has hitherto not been made, 
to the indjf ations of an accurate self registering tide-gauge. 

Por our present object, the semi-annual tide, though it may 
have the advantage of being more certainly not appreciably iclirned*^ftx)in 
different from the true equilibrium amount, may be sensibly t loim giving 
afPe'cted by the melting of ice from the arctic and antarctic polar ftSghtiy 
regions, and by the fall of rain and drainage of land elsewhere, *^**^*’* 
which will probably be found to give measurable disturbances 
in the sea level, exhibiting, on the average of many years, an 
annual and semi-annual harmonic variation. This disturbance 
will, however, be eliminated for any one fortnight or half year, 
by combining observations at well -chosen stations in dif- 
ferent latitudes. It seems probable, therefore, that a some- 
what accurate determination of the true amount of the Earth's 

; 

elastic yielding to the tide-gen erat^g forces of the Moon 
and Sun may be deduced from good self-registering tide- 
gauges maintained for several yea^ at such stations as Ice- 


land, Teneriffe, Cape Verde Islands, Ascension Island, and 
St. Helena. It is probable also that the ratio of the Moon llHlied at 

-I t ‘ ' t n 11 ocean «ta- 

niass to that of the Sun may be determined from such observ'^a- 
tions more accurately than it has yet been. It is to be hoped 
that these objects may induce the British Government, which 
has done so much for physical geography in many ways, to 
establish tide-gauges at propej ^stations for determining with 
all possible accuracy the fortnightly and semi-annual tides, 
and the variations of sea level due to the melting of ice in the Reduction 

of* 

polar regions, and the fall of rain and drainage of land over the by method 

^ ^ of least 

rest of the world. squares. 

846 . More observation, aAd more perfect reduction of obser- Scantiness of 

/ ^ • 1 • T 1 inforraatlon 

vations already made, are wanted to give any decided answer rcj^rding 
to the questions, how much the fortnightly tide and the semi- tides*, Either. 

^ -11 * T 1 TIT •» 1 • 1 m , • drawn 

annual tide really are. “In the Philosophical IransactionSy^r'am^vt- 
“ 1839, p. 157, Mr. Whewell shows that the observations of 
“ high and low water at Plymouth give a mean height of water 
“ increasing as the moon's declination increaseg, and amounting 
“ to 3 inches when the moon's declination is 25°. This is the 
“ same direction as that corresponding in the expression above 
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from obser- 
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known. 


“ to a high latitude. The effect of the sun's declination is not 
invest^ated from the observations. In the Philosophical 
“ Transactions^ p. 163, Mr. Whewell has given the observations 
** of some most extraordinary tides at Petropaulofsl^, in Kams- 
“ chatka, and at Novo- Arkhangelsk, in the Island of Sitkhi, on 
“ the west coast of North America. 

‘‘ From the curves in the Philosophical Transactions, as well 
as from the remaining curves relating to the same places 
(which, by Mr. Whewell's kindness, we have inspected), there 
appears to be no doubt that the mean level of the water at 
Petropaulofsk and Arkhangelsk rises as the moon's declina- 
'^tion increases. We have no further information on this 
point." — (Airy's I'ides and Waves, § 533.) 

847 . We intend, in ©ur second volume, to giy^ a dynamical 
investigation of precess»n and nutation, in 'v^ich it will be 
proved that the earth's elastic yielding influeimes tliese pheno- 
mena to the same prop^tionate degree a^it influences the 
tides. We have seen airily (§§ 825, 826^96, 797) that the 
only datum wanted for a Comparison between their observed 
amounts and their theoretical amount^bn the hypothesis of 
perfect rigidity, to an accuracy of wmlin one per cent., is a 
knowledge of the earth's nionWt of mertia about any diameter 
within one per cent. We hive se&n (§ 828) that the best 
theoretical estimates of prece^io/' hitherto made are in re- 
markable accordance with the dm^wed amount. But it is not 
at all improbable that better-folded estimates of the earth's 
moment of inertia (§ 826), am more accurate knowledge than 
we yet have from observation /6f\ the harmonic of the second 
degree in the expression of^xternVl gravity (§§ 825, 795), may 
show that the true amount of pr^ession (which is known at 
present with extreme a^ij^racy) isXsomewhat smaller than it 
would be if the rigidity ^Wre infimte. Such a discrepancy, 
if genuine, could onl^^f^ explainedXby some small amount of 
deformation experienjied^by the solid ^arts of the earth under 
lunar and solar inflmin^e. The agreement between theory, on 
the hypothesis of pejnect rigidity, and observation as to pre- 
cession and nulatj/^'^are, however, on tie whole so close as to 
allow us to iriferyxhat the earth's elastic yielding to the disturb- 
ing influence sun and moon is very small — much smaller. 
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for. instance, than 1 |L would be if its effective r^idity were no 
more than the rigiAy of steel. 

8l8 . It is intereiXng to remark, that the p/pular geological Oeoiotticai 
hypothesis^ that the \arth is a thin shell solid material, 
having a holldw space Vithiii it filled with liquid, involves two with nqufa 
effects of deviation fronlperfect rigidity, wluch would influence mument of 
in opposite ways the anient of precession. / Tlie comparatively 
easy yielding of^the Siellmust,-a& weJifchaM^q^. second count give 


VO 


render J;h|^ffe€Ake jUfcttving couille, due^o Sun andJlJS^eSJl 
M^n, much smalls th^njj^woifid be if *^;h^^vhole ihtefiol’ 
were solid, and, on this acfeunt,^ihuTt^^^tl CO* (tl 4 ftflffish *^**^** 

amount of precession and nutttion. Buf the effective moment 
of inertia of a thin solid shell contain iiw fluid, whether homo- 
geneous or heterogeneous, in its interict would be much less 
than that of the whole massX if solid throughout ; and the 
tendency would be to much Vreatey amounts of precession 
and nutation on this account, ^t scorns excessively improb- 
able that the defect of niomenl y inertia due to fluid in 
the Earth’s interior should bean iut all approximately the 
same ratio to the whole moment Yof inertia, that the actual 
clastic yielding bears to the pemctly easy yielding which 
would take place if the Earth WOTemiite fluid. But we niust 
either admit this supposition, in^rolmble as it seems, or con- 
clude (from the close agreemeiy of precession and nutation, 
with what they would be if tile Earfti were i)erfectly rigid) 
that the defect of moment oyinertia, Y)wing to flqid in the 
interior, is small in comj)ari^n with the whole moment of 
inertia of the Eaith, about an/ diameter \ and that the defer- I’roimbie 

. 11 1-Ti/i/. iV 1 1 •/! conclusion 

mation experienced by the Earth, from lunkr and solar influence, that there i« 

. •i/i • \iii •/»ji Ti -I attlo of fluid 

is small in comparison witM what it would be if the Earth the earthy 
were perfectly fluid. It is, however, certaim that there is some solid paru 

, t . • f n .t -r^ ,t I'i i‘ n *tro rendered 

fluid matter in the interior /of the Earth : witness eruptions of very rigid 
lava from volcanoes. Buy this is probabmquite local, as has pressure, 
been urged by Hopkins,/ who first addnem the phenomena 
of precession and nutalrim to disprove the hypothesis that the 
solid part of the Earth’s mass is merely a thiii shell 

849 . A curiously similar remark is axipljclble to the tides ; 
but only in virtue of tl/e greater density in tliB deeper parts of 
the hypothetical fluid./ The oblateness induced by the tide- 
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f 

generating influence ik the layer^of equal density would 
(§ 815) augmeijt the ^face ti^ ellipthSity of level; and 
thereforef^ if owing to p^^ct rigidity of fine containing shell 
the bounding surface wereN^solutely coiistant in figure, the 
tides would be greater th^fl \iGy would be if the earth were 
perfectly rigid throughout. 
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APPENDIX TO CHAPTER VII. 


Apiwodix C. 


(C.) — Equations of Equilibrium of an Elastic Solid deduced 

FROM THE Principle of Energy. 

(a.) Let a solid composed of matter fulfilling no condition of 
isotropy in any part, and not homogeneous from part to part, 
be given of any shape, unstrained, and . let every point of its 
surface be altered in position to a given distance in a given 
direction. It is required to Ifhd the displacement of every point 
of its substance, in equilibrium. Let Xy y, z be the co-ordinates 
of any particle, P, of the substance in its undisturbed position, and 
y+A ^4" 7 its co-ordinates when displaced in the manner 
specified ; that is to say, let a, y be the components of the «^i- 
required displacement. Then, if for brevity we put 


dx 




dv dv ^ ' dz^ dir idz^ ' 


( 1 ): 


dy 
da , da 




dy 

djS 

dz'dx'^^dz >dx 


^ j- 1 ^ j. ‘^7 

^ ^ ^ "rfy 

these six quantities A, P, (7, a, 5, c are proved [§ 190 (e) and 

§ 181 (5)] to thoroughly determine the strain experienced by the 
substance infinitely near the particle P (irrespectively of any 
rotation it may experience), in the following manner : — 

(d.) Let vjy f be the undisturbed co-ordinates of a particle 
infinitely near P, relatively to axes through P parallel to those 
of Xy yy z respectively; and let be the co-ordinates 

relative still to axes through P, when the solid is in its strained 
condition. Then ^ 

and therefore all particles which in the strained state lie on 
spherical surface 

V+v/ + C = r/y 
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Anticipatory 
application 
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and Clausius 
thermody- 
namic law : 


its combina- 
tion with 
Joule’s law 
expressed 
analytically 
for elastic- 
solid. 


Potential 
energy of 
deforma- 
tion ; 


a minimum 
for stable 
equilibrium. 


are in the unstrained state, on the ellipsoidal surface, 

+ 2ar]^+ + 2cf =r/. 

This (§§ 165-165) completely defines the homogeneous strain of 
the matter in the neighbourhood of P. 

(c.) Hence, the thermodynamic principles by whic^, in a paper 
on the Thermo- elastic Properties of Matter, in the first number 
of the Quarterly Mathematical Journal (April 1855), of which 
an account will be given in Vol. iii.. Green’s dynamical theory 
of elastic solids was demonstrated as part of the modern dynami- 
cal theory of heat, show that li^dxdydz denote the work required 
to alter an infinitely small undisturbed volume, dxdydz^ of the 
solid, into its disturbed condition, when its temperature is kept 
constant, we must have 

w?=/(A, P, (7, a, h, c) (3) 

where f denotes a positive function of the six elements, which 
vanishes when A — 1, B — 1, C — 1, a, h, c each vanish. And if 
W denote the whole work required to produce the change actually 
experienced by the whole solid, we have 

W^fffwdxdydz (4) 

where the triple integral is extended through the space occupied 
by the undisturbed solid. 

(</.) The position assumed by every particle in the interior of 
the solid will be such as to make this a minirnym subject to the 
condition that every particle of the surface takes the position 
given to it ; this being the elementary condition of stable equili- 
brium. Hence, by the method of variations 

IW ^^fff^wdxdydz^^ (5). 

But, exhibiting only terms depending on 8a, we have 


jdw , da 


dw da . dw da . d^a 


^ r I \ I I X f 

+ di- & + cfc 


+ {2 
+ {2 


dw da dw da dw da 
dB dy 'da dz'dc^ dx 
dw da I dw da , dw ^ da 


fi)} 


da dy db ^dx 


fi)} 


d^a 

dy 

dSa 

'dz 


dC dz 
+eto. 

Hence, integrating by parts, and observing that 8a, 8^, 8y vanish 
at the limiting surface, we have , 


where for brevity P, Q, R denote the multipliers of 


dtia 

dx 


d^ 

~dy ’ 


cf8a 

dz 
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respectively, in the preceding expression. In order that 5 IF may Appendix c. 
vanish, the multipliers of 5a, S/S, Sy in the expression now found 
for it must each vanish, and hence we have, as the equations of 
equilibrium 


+ 


d da div da. 

dx^ dA^dx"^ '"^db dz^^ dy^ 
d fc^dw da . dw da . dw,da 

d 


+ 




dB dy da dz dc^dx 
w r^dw da dx da dw .da , ^ 

^ dz^ dC dz’^d^lfy’^~db^d^^ ^^'^^' 

etc. etc. 


Efiuations 
of itiiernal 
eauilibrimn 
of ail elaetio 
solid expert- 
. ^ * encliig no 
(7), bodily force. 


of which the second and third, not exhibited, may be written 
down merely by attending to the symmetry. 

(e.) From the property of w that it is necessarily positive when 
there is any strain, it follows that there must be some distribu- 
tion of strain through the interior which shall make fffwdxdydz 
the least possible subject to the prescribed surface condition ; and 
therefore that the solution of equations (7) subject to this con- 
dition, is possible. If, whatever be the nature of the solid as 
to difference of elasticity in different directions, in any part, and 
as to heterogeneousness from part to part, and whatever bo the 
extent of the change of form and dimensions to which it is 
subjected, there cannot be any internal configuration of unstable 
equilibrium, nor consequently any but one of stable equilibrium, 
with the prescribed surface displacement, and no disturbing force 
on the interior ; then, besides being always positive, w must be 
such a function of A, i?, etc., that there can be only one solution 
of the equations. This is ob\^ously the case when the unstrained 
solid is homogeneous. 

(/.) It is easy to include, in a general investigation similar to 
the preceding, the effects of any force on the interior substance, 
such as we have considered particularly for a spherical shell, of 
homogeneous isotropic matter, in §§ 730... 737 above. It is also 
easy to adapt the general investigation to superficial data oi force ^ 
instead of displacement. 

(^•) Whatever be the general form of the function f for any 
part of the substance, •since it is always positive it cannot change 
in sign when 2 I— 1, 1, 5, c, have their signs changed; 

and therefore for infinitely small values of these quantities it must 
be a homogeneous quadratic function of them with constant co- 
efficients. (And it may be useful to observe that for all values of 


Their solu- 
tion provtMl 
poBsilile and 
unique when 

HtirfHCO dlH- 
plaeement is 
given, unless 
there can be 
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hence neces- 
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Extension 
of the ana- 
lysis to in- 
clude bodily 
force, and 
data of sur- 
face force, 
easy. 



708 


ABSTRACT DYNAMICS. 


Appendix C. 


Case of in- 
finitely small 
strains : — 
Green’s 
theory : 


dynamic 
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equilibrium : 


and relative 

kinematic 

equations. 


the variables B, etc., it must therefore be expressible in the 
same form, with varying coeflScients, each of which is always 
finite, for all values of the variables.) Thus, for infinitely small 
strains we have Green’s theory of elastic solids, founded on a 
homogeneous quadratic function of the components «f strain, ex- 
pressing the work required to produce it. Thus, putting 

^-l=2e, ^?-l=2/, (7-1=2^ (8) 

and denoting by «), i(/,/),...(e, /),... (c, a),... the coeffi- 
cients, we have, as above (§ 673), 

=i{(e,e)e *+ (/, /)/" a) a” + (J, b) 6“ + (c, c) c’ } 

+ («>/)''/ +{e. 5')«S'+(«» a)ea+(e,b)eb +{e,c)ec 
+ (/, (/,«)/«+(/, f>)fb+ {f,c]fc 

+ (ff, + (s’. + (S’.c)sc 

+ {afi)ah + (a,c)ac 
+ {bj c)bc 



(A.) When the strains are infinitely small the products 


dw da 
dA dx 


etc., are each infinitely small, of the second order. We 

db dz 


therefore omit them ; 
(7) to 

d dw 


and then attending to (8), we reduce 


, d dw ^ d dw 


dx de dy dc dz db 
d dw d dw d dw 


dx dc 
d dw 


=0 




dy df dz da 
d dw , d dw 


( 10 ), 


dx db ' dy da ' dz dg 
which are the equations of interior equilibrium. Attending to 

(9) we see that are linear functions of a, 

de da 

A, c the components of strain. Writing out one of them as an 
example we have 

^=(e, e)e+(fi,/)/+(e, 5 r) 5 f+(e, a)a+(e, b)b+{e, c)c (11). 

And, a, y denoting, as before, the component displacements of 
any interior particle, P, from its undisturbed position (a?, y, z) 
we have, by (8) and (1) 


da dp dy 


7 dz^dy* 


^ dx^ dz 


c= 


da dp 
dy dx 


( 12 ). 
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It is to be observed that the coefficieots (e, e) («,/), etc., will be Api>eiKUxC. 
in general functions of (a?, y, z)^ but will be each constant when 
the unstrained solid is homogeneous. stnUn*;— 

(i.) It is now easy to prove directly, for the case of infinitely 
small drains, that the solution of the equations of interior equi- 
librium, whether for a heterogeneous or a homogeneous solid, solution 
subject to the prescribed surface condition, is unique. For, let 
a, y be components of displacement fulfilling the equations, 
and let a', /5', y' denote any other functions of a:, y, Zy having ** or 
the same surface values as a, jS, y, and let c', w' 
functions depending on them in the same way as ..., w de- su^usedis- 
pend on a, /?, y. Thus by Taylor’s theorem, Is g^ven?^ 


where H denotes the same homogeneous quadratic function of 
e' — e, etc., that w is of e, etc. If for c'— c, etc., we substitute 
their values by (12), this becomes 



dw d{a' — a) dw d(a — a) 
de dx dh dz 



+etc.-l-//. 


Multiplying by dxdydzy integrating by parts, observing that 
a a, /?' — yS, y — y vanish at the bounding surface, and tak- 

ing account of (10), we find simply 

* Iff (*^ — w)dxdydz'=^fffHdxdydz (13). 


But H is essentially positive. Therefore every other interior 
condition than that specified by a, y, provided only it has the 
same bounding surface, requires a greater amount of work than 
w to produce it : and the excess is equal to the work that would 
be required to produce, frofii a state of no displacement, such a 
displacement as superimposed on a, y, would produce the 
other. And inasmuch as a, /?, y, fulfil only the conditions of 
satisfying (11) and having the given surface values, it follows 
that no other than one solution can fulfil these conditions. 


(/) But (as has been pointed out to us by Stokes) when the but not 
surface data are of force, not of displacement, or when force acts 
from without, on the interior substance of the body, the solution 
is not in general unique, and there may be configurations of 
unstable equilibriuift even with infinitely small displacement. 

For instance, let part of the body be composed of a steel-bar 
magnet ; and let a magnet be held outside in the same line, and 
with a pole of the same name in its end nearest to one end of the 
inner magnet. The equilibrium will be unstable, and there will 
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expressed in 
equations 
aiuoiig the 
moduli of 
elasticity 
for case of 
infinitely 
small 
strains. 
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be positions of sti^ble equilibrium with the inner bar slightly in- 
clined to the line of the outer bar, unless the rigidity of the rest 
of the body exceed a certain limit. 

(^.) Recurring to the general problem, in which the strains are 
hot supposed infinitely small ; we see that if the soli4 ia isotropic 
in every part, the function of A, By (7, a, b, c which expresses 
Wy must be merely a function of the roots of the equation 
[§ 181 (11)] 

(.A— (14) 
which (that is the positive values of () are the ratios of elonga- 
tion along the principal axes of the strain- ellipsoid. It is un- 
necessary here to enter on the analytical expression of this 
condition. For the case of .4 — 1, i? — 1, C — 1, a, c each 
infinitely small, it obviously requires that 

{e,e)={f,f)={g,gy, {f,g)={g,e)={e,f)-, (a,a)=(6,6)=(c,c); "j 
{e,a)=-{fb) = {g,c)=.0‘, (6, c)=(c,a)=(a,6)=0; and > (15). 
{e,b) = {e,c) = {f,c)={f,a) = {g,a)=[g,b)=0. ) 

Thus the 21 coefficients are reduced to three — 

(c, e) which we may denote by the single letter 

lf>9) >1 )» >. ). f. 

. (^) )> )) » 

It is clear that this is necessary and sufficient for insuring cubic 

isotropy ; that is to say, perfect equality of 'elastic properties 
with reference to the three rectangular directions OXy OY, OZ, 
But for spherical isotropy y or complete isotropy with reference to 
all directions through the substance, it is further necessary that 

. ( 16 ); 
as is easily proved analytically by turning two of the axes of 
co-ordinates in their own plane through 45°; or geometrically 
by examining the nature of the strain represented by any one of 
the elements a, ft, c (a “ simple shear ”) and comparing it with the 
resultant of c, and /=— c (which is also a simple shear). It is 
convenient now to put 

so that ^ = ^=m— w (17); 

and thus the expression for the potential energy per unit of 
volume becomes 

2m 7 = wi(e +/-i- g)^ -H «(e* H- - 2yc--2^+ a® + 6* H- c*) (18). 

Using this in (9), and substituting for Cyfy a, by c their values 
by (12), we^nd immediately for the equations of internal equi- 
librium, equations the same as (G) of § 698. 

(l.y To, find the mutual force exerted across any surface within 
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the solid, as expressed by (1) of § 662, we have clearly, by con- Appendix a 
sidering the work done respectively by P, Q, jfi, 8, T, U (§ 662) 
on any infinitely small change of figure or dimensions in the 
solid, 


dm .• ^ dw 

1 =— T— ) (fl- 




dw 

0= -V- ) 


3’=$. 




de' df' dg ' da ' ^ - db 

Hence, for an isotropic solid, (18) gives the expressions which we 
have used above, (12) of § 673. 

(m.) To interpret the coefficients m and n in connexion with 
elementary ideas as to the elasticity of the solid; first let 
a=^=c=0, and c=ys=:^=^8: in other words, let the substance 
experience a uniform dilatation, in all directions, producing an 
expansion of volume from 1 to 1+8. In this case (18) becomes 

and we have 


CpmpoBt&iii 

01 8 tn)M re* 
quired for 
inflnitely 
small strain. 


Moduli of 
rcsiRtanco 
to coiiipres- 
siou and of 
rigidity. 


dw 

~dS 




Hence {m — ^n)8 is the normal force per unit area of its surface 
required to keep any portion of the solid expanded to the amount 
specified by 8. Thus m — measures the elastic force called 
out by, or the elastic resistance against, change of volume : and 
viewed as a modulus of elasticity ^ it may be called the elasticity 
of volume, [Compare §§ 692, 693, 694, 688, 682, and 680.] 
What is commonly called the compressibility is measured by 


m — Jw 

And let next e=^f^g^b=^c^0 ; which gives 
w=^na^ ] and, by (19), 8=ina. 

This shows that the tangential force per unit area required to 
produce an infinitely small shear (§ 171), amounting to a, is na. 

Hence n measures the innate power of the body to resist change 
of shape, and return to its original shape when force has been 
applied to change it : that is to say, it measures the rigidity of 
the substance. 

(D.) — On the Secular Cooling of the Earth.' 

(a.) For eighteeiv years it has pressed on my mind, that mssipatioii 
essential principles of Thermo-dynamics have been overlooked dUregSSki 
by those geologists who uncompromisingly oppose all paroxysmal f^wen of 
hypotheses, and maintain not only that we have examples now 

^ Transactions of the Royal Society of Edinburghf 1862 (W. Thomson). 
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before us^ on the earth, of all the different actions by which its 
crust has been modified in geological history, but that these 
actions have never, or have not on the whole, been more violent 
in past time than they are at present. 

(6.) It is quite certain the solar system cannot hsfve gone on, 
even as at present, for a few hundred thousand or a few million 
years, without the irrevocable loss (by dissipation, not by anm- 
hilation) of a very considerable proportion of the entire energy 
initially in store for sun heat, and for Plutonic action. It is 
quite certain that the whole store of energy in the solar system 
has been greater in all past time than at present ; but it is con- 
ceivable that the rate at which it has been drawn upon and dis- 
sipated, whether by solar radiation, or by volcanic action in the 
earth or other dark bodies of the system, may have been nearly 
equable, or may even have been less rapid, in certain periods of 
the past. But it is far more probable that the secular rate of 
dissipation has been in some direct proportion to the total amount 
of energy in store, at any time after the commencement of the 
present order of things, and has been therefore very slowly 
diminishing from age to age. 

(c.) I have endeavoured to prove this for the sun’s heat, in an 
' article recently published in Macmillan's Magazine (Mai:ch 1862), 
where I have shown that most probably the^sun was sensibly 
hotter a million years ago than he is now. Hence, geological 
speculations assuming somewhat greater extremes of heat, more 
violent storms and fioods, more luxuriant vegetation, and hardier 
and coarser grained plants and animals, in remote antiquity, are 
more probable than those of the extreme quietist, or uniformi- 
tarian ” school. A “ middle path,” not generally safest in 
scientific speculation, seems to be so in this case. It is probable 
that hypotheses of grand catastrophes destroying all life from 
the earth, and ruining its whole surface at once, are greatly in 
error; it is impossible that hypotheses assuming an equability 
of sun and storms for 1,000,000 years, can be wholly true. 

(d’.) Fourier’s mathematical theory of the conduction of heat 
is a beautiful working out of a particular case belonging to the 
general doctrine of the Dissipation of Energy.”^ A character- 
istic of the practical solutions it presents is, that in each case a 
distribution nf temperature, becoming gradually equalized through 

^ Proceedings of Jtoga^ Soc, Pdin., Feb. 1852. ** On a Universal Tendency |n 

Nature to the Dissipation of Mechanical Energy.** Also, ''On tho Restoration of 
Energy in an Unequally Heated Space/* Phil. Mag., 1853, first half-year. 
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m unlimited future, is expressed as a function of the time, which Apptnaix 
is infinitely divergent for all times longer past than a definite 
determinable epoch. The distribution of heat at such an epoch 
is- ^aentially initial — that is to sav, it cannot result from anv 


weu caiiea an ” aroitrary initial distribution of heat," in Jb’ourier's 
great mathematical poem, because it could only be realized by 
action of a power able to modify the laws of dead matter. In an 
article published about nineteen years ago in the Cambridge 
Mathematical Journal^ I gave the mathematical criterion for an 
essentially initial distribution ; and in an inaugural essay, “ De 
Motu Caloris per Terras Corpus/^ read before the Faculty of the 
University of Glasgow in 1846, I suggested, as an application 
of these principles, that a perfectly complete geothermic survey 
would give us data for determining an initial epoch in the pro- 
blem of terrestrial conduction. At the meeting of the British 
Association in Glasgow in 1855, I urged that special geothermic 
surveys should be made for the purpose of estimating absolute 
dates in geology, and I pointed out some cases, especially that 
of the salt- spring borings at Creuznach, in Khenish Prussia, in 
which eruptions of basaltic rock seem to leave traces of their 
igneous origin in residual heat.^ I hope this suggestion may yet 
be taken up.^and may prove to some extent useful ; but the dis- 
turbing influences affecting underground temperature, as Pro- 
fessor Phillips has well shown in a recent inaugural address to 
the Geological Society, are too great to allow us to expect any 
very precise or satisfactory results. 

(e.) The chief object of the present communication is to esti- 
mate from the known general increase of temperature in the 
earth downwards, the date of the first establishment of that con- 
siatentior status, which, according to Leibnitz’s theory, is* the 
initial date of all geological history. 

(/.) In all parts of the world in which the earth’s crust has 
been examined, at sufficiently great depths to escape largo in- 
fluence of the irregular and of the annual variations of the super- 
ficial temperature, a gradually increasing temperature has been 
found in going deeper. The rate of augmentation (estimated at 
only ^ degree, Fahr., in some localities, and as much 

as -ji^yth of a degree in other, per foot of descent) has not been 
observed in a sufficient number of places^ to establish any fair 

1 Feb. 1844. — '^Note on Certain Points in the Theory of Heat.** 

9 See British Association Report of 1855 (Glasgow) Meeting. 
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average estimate for the upper crust of the whole earth. !Qut 
•^th is commonlj aceepted as a rough mean ; or, in other words, 
it is assumed as a result of observation, that there is, on the 
whole, about Fahr, of elevation of temperature per 60 British 
feet of descent. 

(pi.) The fact that the temperature increases with the depth 
implies a continual loss heat from the interior, by oonduction 
outwards through or into the upper crust. Hence, since «the 
upper crust does not become hotter from year to year, there 
must be a secular loss of heat from the whole earth. It is pos- 
sible that no cooling may result from this loss of heat, but only 
an exhaustion of potential energy, which in this case could 
scarcely be other than chemical afiSnity between substances 
forming part of the earth’s mass. But it is certain that either 
the earth is becoming on the whole cooler from age to age, or 
the heat conducted out is generated in the interior by temporary 
dynamical (that is, in this case, chemical) action. To suppose, 
as Lyell, adopting the chemical hypothesis, has done,^ that the 
substances, combining together, may be again separated electro- 
lytically by thermo-electric currents, due to the heat generated, 
by their combination, and thus the chemical action and its heat 
' continued in an endless cycle, violates the principles of natural 
philosophy in exactly the same manner, and tq the same degree, 
as to believe that a clock constructed with a self-winding move- 
ment may fulfil the expectations of its ingenious inventor by 
going for ever. 

(A.) It must indeed be admitted that many geological writers 
of the Uniformitarian ” school, who in other respects have 
taken a profoundly philosophical view of their subject, have 
argued in a most fallacious manner against hypotheses of violent 
action in past ages. If they had contented themselves with 
showing that many existing*«appearanaes, although suggestive of 
extreme violence and sudden change, may have been brought 
i^bout by long-continued action, or by paroxysms not more in- 
tense than some of which we have experience within the periods 
of human history, their position might have been unassailable ; 
and certainly could not have been assailed except by a detailed 
discussion of their facts. It would be^a very wonderful, but not 
an absolutely incredible result, that volcanic action has never 
been more violent on the whole than during the last two or three 

^ PHn^jples qf Q€olog$i, chap. xxxi. ed. 1853. 
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centuries ; but it is as certain that there is now less volcanic Appendix Xk 
energy in the whole earth than there was a thousand years ago, 
as it is that there is less gun powder, in a ‘‘Mcmitor” after she 
has. been seen to discharge shot and shell, whether at a nearly Secular 
equable^wate or not, for five hours without receiving fresh sup- of whole 
plies, than there was at the beginning of the action. Yet this 
truth has been ignored or denied by many of the leading geolo- 
^ gists of the present day, because they believe that the facts within hut not 
their province do not demonstrate greater violence in ancient admitted 
changes of the earth’s surface, or do demonstrate a nearly equable 
action in all periods. gcoiogista. 

(i.) The chemical hypothesis to account for underground heat 
might be regarded as not improbable, if it was only in isolated 
localities that the temperature was found to increase with the 
depth; and, indeed, it can scarcely be doubted that chemical 
action exercises an appreciable influence (possibly negative, how- 
ever) on the action of volcanoes ; but that there is slow uniform 
“combustion,” eremacausis, or chemical combination of any kind 
going on, at some great unknown depth under the surface every- chemical 
where, and creeping inwards gradually as the chemical affinities tlf acJIlSnt 
in layer after layer are successively saturated, seems extremely Sjjdolgrouna 
improbable, although it cannot be pronounced to be absolutely 
impossible, or contrary to all analogies in nature. The less 
hypothetical view, however, that the earth is merely a warm 
chemically inert body cooling, is clearly to be preferred in the 
present state of science. 

(y.) Poisson’s celebrated hypothesis, that the present under- 
ground heat is due to a passage, at some former period, of the 
solar system through hotter^stellar regions, cannot provide the 
circumstances required for a palaeontology continuous through 
that epoch of external heat. For from a mean of values of the 
conductivity, in terms of the thermal capacity of unit volume, of destruction 
the earth’s crust, in three different localities near Edinburgh, 
deduced from the observations on underground temperature 
instituted by Principal Forbes there, I find that if the sup- 
posed transit through a hotter region of space took place 
between 1250 and 6000 years ago, the temperature of that sup- 
posed region must H&ve been from 25° to 50° Fahr. above the 
present mean temperature of the earth’s surface, to account for 
the present general rate of underground increase of temperature, 
taken as 1° Fahr. in 50 feet downwards. Human history nega- 
tives this supposition. Again, geologists and astronomers will, 
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1 presume, admit that the earth cannot, 20,000 years ago, hp,ve 
been in a region of space 100° Fahr. warmer than its present 
surface. But if the ti;ansition from a hot region to a cool region 
supposed by Poisson took place more than 20,000 years ago, the 
excess of temperature must have been more than 100° Fahr., and 
must therefore have destroyed animal and vegetable life. Hence, 
the further back and the hotter we can suppose Poisson ^s hot 
region, the better for the geologists who require the lonj^est 
periods ; but the best for their view is Leibnitz’s theory, which 
simply supposes the earth to have been at one time an incan- 
descent liquid, without explaining how it got into that state. If 
we suppose the temperature of melting rock to be about 10,000° 
Fahr. (an extremely high estimate), the consolidation may have 
taken place 200,000,000 years ago. Or, if we suppose the 
temperature of melting rock to be 7000° Fahr. (which is more 
nearly what it is generally assumed to be), we may suppose the 
consolidation to have taken place 98,000,000 years ago. 

(^\) These estimates are founded on the Fourier solution de- 
monstrated below. The greatest variation we have to make on 
them, to take into account the differences in the ratios of con- 
ductivities to specific heats of the three Edinburgh rocks, is to 
reduce them to nearly half, or to increase them by rather more 
than half. A reduction of the Greenwich unjlerground observa- 
tions recently communicated to me by Professor Everett of 
Windsor, Nova Scotia, gives for the Greenwich rocks a quality 
intermediate between those of the Edinburgh rocks. But we are 
very ignorant as to the effects of high temperatures in altering 
the conductivities and specific heats of rocks, and as to their 
latent heat of fusion. We must, therefore, allow very wide 
limits in such an estimate as I have attempted to make ; but I 
think we may with much probability say that the consolidation 
cannot have taken place less than 20,000,000 years ago, or we 
should have more underground heat than we actually have, nor 
more than 400,000,000 years ago, or we should not have so much 
as the least observed underground increment of temperature. 
That is to say, I conclude that Leibnitz’s epoch of “ emergence ” 
of the consistentior status was probably between those dates. 

(^.) The mathematical theory on Which these estimates are 
founded is v^y simple, being, in fact, merely an application of 
one of Fourier’s elementary solutions to the problem of finding 
at any time the rate of variation of temperature from point to 
point, and the actual temperature at any point, in a solid extend- 
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ing to infinity in all directions, on the supposition that at an Appendix D. 
initial epoch the temperature has had two different constant 
values on the two sides of a certain infinite plane. The solution 
for the two required elements is as follows : — 


dv 

dx 


t? = t7o + 


V — ^ 

iKi 


Aj'lTKt 

2V 


V' 


■ : 


X 


dZ€ 




Matliematt* 
cal expres- 
sion for 
Interior 
temperature 
near the sur- 
face of a hot 
solid com- 
mencing to 
cool ; 


where k denotes the conductivity of the solid, measured in terms 
of the thermal capacity of the unit of bulk ; 

V, half the difference of the two initial temperatures ; 

Vo, their arithmetical mean ; 
the time ; 

a?, the distance of any point from the middle plane ; 

V, the temperature of the point x at time t ; 
and, consequently (according to the notation of the differential 

calculus), the rate of variation of the temperature per unit of 

length perpendicular to the isothermal planes. 

(m.) To demonstrate this solution, it is sufficient to verify — 

(1.) That the expression for v fulfils the partial differential 
equation, dv __ d'^v 

dt *^dx^ ^ 

Fourier’s equation for the “linear conduction of heat;" (2.) 

That when f = 0, the expression for v becomes ro+ 1^ for all proved. 

positive, and Vq — V for all negative values of x \ and (3.) That 

dv • • • • • 

the expression for -— is the differential coefficient with reference 

CLOO 

to X, of the expression for v. The propositions (1.) and (3.) are 
proved directly by differentiation. To prove (2.) we have, when 
/ = 0, and X positive, 

v=v„+^f dze-’^ 

or according to the known value, definite integral 


r dz€ 

J 0 




r=i?o+ V ; 


and for all values of /, the second term has equal positive and 
negative values for equal positive and negative values of x, so 
that when ^ = 0 and x negative, 

V=:Vo — V. 
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Expression 
for interior 
temperature 
near surfisee 
of allot body 
commencing 
to cool: 


jiroved to be 
practically 
approximate 
for the earth 
for 1000 mU- 
lion years. 


Distribution 
of tempera- 
ture 100 mil- 
lion ye&rs 
after com- 
mencement 
of cooling 
of a great 
enough mass 
of average 
rook. 


Th^ admirable aiial 3 r 8 i 8 by which Fourier arrived at solutions ;n- 
diuding this, forms a most interesting and important mathematical 
Study. It is to be found in his Thtorie Amd^tique dt la Chaleur, 
Paris, 1822. 

(n.) The accompanying diagram (page 719) represents, by two 

dv ^ 

curves, the preceding expressions for and v respectively. 

ClOu 

(o.) The solution thus expressed and illustrated applies, for a 


certain time, without sensible error, to the case of a solid sphere, 
primitively heated to a uniform temperature, and suddenly ex- 
posed to any superficial action, which for ever after keeps the 
surface at some other constant temperature. If, for instance, 
the case considered is that of a globe 8000 miles diameter of 
solid rock, the solution will apply with scarcely sensible error for 
more than 1000 millions of years. For, if the rock be of a 
certain average quality as to conductivity and specific heat, the 
value of /c, as found in a previous communication to the Royal 
Society,^ will be 400, for unit of length a British foot and unit of 
time a year ; and the equation expressing the solution becomes 


^ F £ 


. e 1600 « 


and if we give t the value 1,000,000,000, or anything less, the 
exponential factor becomes less than (which being equal to 
about may be regarded as insensible), when x exceeds 

3,000,000 feet, or 668 miles. That is to say, during the first 
lOQO million years the variation of temperature does not become 
sensible at depths exceeding 568 miles, and is therefore con- 
fined to so thin a crust, that ^the influence of curvature may be 
neglected. 

(p.) If, now, we suppose the time to be 100 million years from 
the commencement of the variation, the equation becomes 

dv V ^ 

_ 160000000000 

dx 354000" 

The diagram, therefore, shows the variation of temperature which 
would now exist in the earth if, its whole mass being first solid 
and at one temperature 100 million years ago, the temperature of 
its surface had been everywhere suddenly lowered by V degrees, 
and kept permanently at this lower temperature : the scales used 
being as follo^Hl 


^ **On the Periodical Variations of Underground Temperature.” Trans. Roy. 
Soc. Edin.f March 1860. 
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INCREASE OF TEMPERATURE DOWNWARDS IN THE EARTH. 


0*V=.«: 


■ -t:. # 
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as=2VKt. 
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Diatiilmtioii 
of tempwft- 
turo 100 mU- 
lUm yeu« 
after o<Hn< 
mencement 
of cooling 
of a great 
enough maas 
of arenige 
rook: 


graphically 

roprusentra. 


OPQ curve showing excess of temperature above that of the surface. 
APP curve showing rate of augmentation of temperature downwards. 
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Distribution 
of tempera- 
ture in a 
great enough 
mass of aver- 
age rock, 100 
million years 
after com- 
mencement 
of cooling 
from a tem- 

? ierature of 
000 ". 


Terrestrial 
climate not 
sensibly in- 
fluenced by 
underground 
heat. 


(1.) For depth below the surface, — scale along OXy lengia a, 
represents 400,000 feet. 

(2.) For rate of increase of temperature per foot of depth, — 
scale of ordinates parallel to OY, length b, represents 
F per foot. If, for example, F=:7000°, this scale ^will be such 
that b represents of a degree per foot. . ^ 

(3.) For excess of temperature,: — scale of ordinates parallel to 


OF, ^ength 5, represents 


V 


or 7900°, if F=7000°. 


Thus the rate of increase of temperature from the surface 
downwards would be sensibly of a degree per foot for the 
first 100,000 feet or so. Below that depth the rate of increase 
per foot would begin to diminish sensibly. At 400,000 feet it 
would have diminished to about ^ degree per foot. At 

800,000 feet it would have diminished to less than of its 
initial value, — ^that is to say, to less than of a degree per 

foot; and so on, rapidly diminishing, as shown in the curve. 
Such is, on the whole, the most probable representation of the 
earth’s present temperature, at depths of from 100 feet, where 
the annual variations cease to be sensible, to 100 miles; below 
which the whole mass, or all except a nucleus cool from the 
beginning, is (whether liquid or solid), probably at, or very 
nearly at, the proper melting temperature for the pressure at 
each depth. 

( 5 ^.) The theory indicated above throws light on the question 
so often discussed — Can terrestrial heat have influenced climate 
through long geological periods ? and allows us to answer it very 
decidedly in the negative. There would be an increment of 
temperature at the rate of 2° Fahr. per foot downwards near the 
surface, 10,000 years after the beginning of the cooling, in the 
case we have supposed. The radiation from earth and atmo- 
sphere into space (of which we have yet no satisfactory absolute 
measurement) would almost certainly be so rapid in the earth’s 
actual circumstances, as not to allow a rate of increase of 2° Fahr. 
per foot underground to augment the temperature of the surface 
by much more than about 1° ; and hence I infer that the general 
climate cannot be sensibly affected by conducted heat at any time 
more than 10,000 years after the commencement of superficial . 
solidification^ No *doubt, however, in particular places there 
might be elevation of temperature by thermal springs, or by 
eruptions of melted lava, and everywhere vegetation would, for 
the first three or four million years, if it existed so soon after 
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the epoch of consolidation, be influenced by the sensibly higher Appeadfac D. 
temperature met with by roots extending a foot or more below 
the surface. 


(r.) Whatever the amount of sucTi effects is at any one time, Rates of in- 
it would go on diminishing according to the inverse proportion of SSIJSroture 
the square roots of the times from the initial epoch. Thus, if at 
10,000 years we have 2° per foot of increment below ground, 

A . , -I , ,n at various 

At 40,000 years we should have 1 per foot. times after 

,, lo0,000 ,, ,, ^ ,, mentofcool- 

„ 4,000,000 „ „ vV » ISfimuTe* 

„ 100,000,000 „ „ jV" ,, 


mass of aver- 
age rock, 
at various 
times after 
commence- 
ment of cool- 
ing frimi a 

t inmitive 
emperature 
of 7000 *. 


It is therefore probable that for the last 96,000,000 years the 
rate of increase of temperature under ground has gradually 
diminished from about ^^th to about ^V^h of a degree Fahrenheit 
per foot, and that the thickness of the crust through whieh any 
stated degree of cooling has been experienced has gradually 
increased in that period from ^th of what it is now to what it is. 

Is not this, on the whole, in harmony with geological evidence, 
rightly interpreted ? Do not the vast masses of basalt, the 
general appearances of mountain-ranges, the violent distortions 
and fractures of strata, the great prevalence of metamorphic 
action (which must have taken place at depths of not many miles, 
if so much), ^11 agree in demonstrating that the rate of increase 
of temperature downwards must have been much more rapid, and 
in rendering it probable that volcanic energy, earthquake shocks, 
and every kind of so-called plutonic action, have been, on the 
whole, more abundantly and violently operative in geological 
antiquity than in the present age ? 

(5.) But it may be objected to this application of mathematical objecUona^ 
theory — (1), That the earth was once all melted, or at least application 
melted all round its surface, and cannot possibly, or rather can- removed, 
not with any probability, be supposed to have been ever a uni- 
formly heated solid, 7000° warmer than our present surface 
temperature, as assumed in the mathematical problem ; and (2), 

No natural action could possibly produce at one instant, and 
maintain for ever after, a seven thousand degrees’ lowering of 
the surface temperature. Taking the second objection first, I 
answer it by saying, what I think cannot be denied, that a large 
mass of melted rock, exposed freely to our air and sky, will, after 
it once becomes crusted over, present in ft few hours, or a few 
dayS) or at the most a few weeks, a surface so cool that it can be 

2 z 
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Present 
underground 
temperature 
probably due 
to heat gene- 
rated in the 
original 
building of 
the earth. 


walked over with impunity. Hence, after 10,000 years, or, 
indeed, I may say after a single year, its condition will be sensibly 
the same as if the actual lowering of temperature experienced by 
t&e surface had been produced in an instant, and maintained 
constant ever after. I answer the first objection by gay ing, that 
if experimenters will find the latent heat of fusion, and the varia- 
tions of conductivity and specific heat of the earth's crust up to 
its melting point, it will be easy to modify the solution given 
above, so as to make it applicable to the case of a liquid globe 
gradually solidifying from without inwards, in consequence of 
heat conducted through the solid crust to a cold external medium. 
In the meantime, we can see that this modification will not make 
any considerable change in the resulting temperature of any 
point in the crust, unless the latent heat parted with on solidifi- 
cation proves, contrary to what we may expect from analogy, to 
be considerable in comparison with the heat that an equal mass 
of the solid yields in cooling from the temperature of solidifica- 
tion to the superficial temperature. But, what is more to the 
purpose, it is to be remarked that the objection, plausible as it 
appears, is altogether fallacious, and that the problem solved 
abovfi corresponds much more closely, in all probability, with the 
< actual history of the earth, than does the modified problem sug- 
gested by the objection. The earth, although once all melted, or 
melted all round its surface, did, in all probability, really become 
a solid at its melting temperature all through, or all through the 
outer layer, which had been melted ; and not until the solidifica- 
tion was thus complete, or nearly so, did the surface begin to 
cool. That this is the true view can scarcely be doubted, when 
the following arguments are considered. 

(^.) In the first place, we shall assume that at one time the 
earth consisted of a solid nucleus, covered all round with a very 
deep ocean of melted rocks, and left to cool by radiation into 
space. This is the condition that would supervene, on a‘ cold 
body much smaller than the present earth meeting a great number 
of cool bodies still smaller than itself, and is therefore in accord- 
ance with what we may regard as a probable hypothesis regarding 
the earth's antecedents. It includes, as a particular case, the 
commoner supposition, that the earth was once melted through- 
out, a condition which might result from the collision of two nearly 
equal masses. But the evidence which has convinced most geolo- 
gists that the edrth had a fiery beginning, goes but a very small 
depth below the surface, and affords us absolutely no means of 
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distinguishing between the actual phenomena, and those which Ap^ndlx n. 

would have resulted from either an entire globe of liquid rock, 

or a cool solid nucleus covered with liquid to any depth exceed- Primitive 

ing 50 or 100 miles. Hence, irrespectively of any hypothesis havebeS*^ 

as to eantecedents from which the earth’s initial fiery condition 

may have followed by natural causes, and simply assuming, as SSjpSciai 

rendered probable by geological evidence, that there was at one 

time melted rock all over the surface, we need not assume the ^*‘***‘** 

depth of this lava ocean to have been more than 50 or 100 miles ; nlcMus?*** 

although we need not exclude the supposition of any greater depth, 

or of gn entire globe of liquid. 

(u,) In the process of refrigeration, the fluid must [as I have 
remarked regarding the sun, in a recent article in Macmillan ^ b 
M agazine (March 1862), and regarding the earth’s atmosphere, in 
a communication to the Literary and Philosophical Society of 
Manchester be brought by convection, to fulfil a definite law 
distribution of temperature which I have called “ convective equi- 
librium of temperature.” That is to say, the temperatures at fined; 
different parts in the interior must differ according to the different 
pressures by the difference of temperatures which any one portion 
of the liquid would present, if given at the temperature and pres- 
sure of any part, and then subjected to variation of pressure,* but 
prevented from losing or gaining heat. The reason for this is 
the extremc^lowness of true thermal conduction ; and the conse- pwxinmteiy 

, , . . « /. 1 , fulfilled 

quently preponderatine influence ot great currents throughout a until soiidi- 

• jx •• xi ;i*x*ii* flcatloncom- 

continuous fluid mass, in determining the distribution of tem- mencetU 

perature through the whole. 

(t?.) The thermo-dynamic law connecting temperature and 
pressure in a fluid mass, ifbt allowed to lose or gain heat, in- 
vestigated theoretically, and experimentally verified in the cases 
of air and water, by Dr. Joule and myself,^ shows, therefore, 
that the temperature in the liquid will increase from the surface 
downwards, if, as is most probably the case, the liquid contracts 


1 ProceedingSy Jan. 1862. ** On the Convective Equilibrium of Temperature in 

the Atmosphere.” 

* Joule, On the Changes of Temperature produced by the Rarefaction and Con- 
densation of Air,” PhU. Mag. 1846. Thomson, ** On a Method for Determining 
Experimentally the Heat eveflved by the Compression of Air ; Dynamical Theoiy 
of Heat, Part IV.,” Trans. R. S. E., Session 1850-51 ; and reprinted PkU. Mag. 
Joule and Thomson, On the Thennal Effects of Fluids in Motion,” Trans. R. S. 
Lmid., June 1853 and June 1854. Joule and Thomsom '‘On the Alterations of 
Temperature accompanying Changes of Pressure in Fluids,” Proceedings R, 
Lond.y June 1857. 
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pressure on 
the tempera- 
ture of soli- 
dification. 


Question 
whether 
solidifica- 
tion com- 
menced at 
surface or 
centre or 
bottom. 


in cooling. On the other hand, if the liquid, like water near ifs 
freezing-point, expanded in cooling, the temperature, according 
to the convective and thermo- dynamic laws just stated (§§ w, i?), 
would actually be lower at great depths than near the surface, 
even although the liquid is cooling from the surfaces; but there 
would be a very thin superficial layer of lighter and cooler liquid, 
losing heat by true conduction, until solidification at the surface 
would commence. 

«' 

(w.^ Again, according to the thermo-dynamic law of freezing, 
investigated by my brother,^ Professor James Thomson, and 
verified by myself experimentally for water, ^ the temperature of 
solidification will, at great depths, because of the great pressure, 
be higher there than at the surface if the fiuid contracts, or lower 
than at the surface if it expands, in becoming solid. 

(a?.) How the temperature of solidification, for any pressure, 
may be related to the corresponding temperature of fiuid con- 
vective equilibrium, it is impossible to say, without knowledge, 
which we do not yet possess, regarding the expansion with heat, 
and the specific heat of the fiuid, and the change of volume, and 
the latent heat developed in the transition from fiuid to solid. 

(y,) For instance, supposing, as is most probably true, both 
that the liquid contracts in cooling towards its freezing-point, 
and that it contracts in freezing, we cannot tell, without definite 
numerical data regarding those elements, whether the elevation 
of the temperature of solidification, or of the actual temperature 
of a portion of the fiuid given just above its freezing-point, pro- 
duced by a given application of pressure, is the greater. If the 
former is greater than the latter, solidification would commence 
at the bottom, or at the cei^r^ if there is no solid nucleus to 
begin with, and would proceed outwards ; and there could be no 
complete permanent incrustation all round the surface till the 
whole globe is solid, with, possibly, the exception of irregular, 
comparatively small spaces of liquid. 

(z^ If, on the contrary, the elevation of temperature, produced 
by an application of pressure to a given portion of the fiuid, is 
greater than the elevation of the freezing temperature produced 
by the same amount of pressure, the superficial layer of the fluid 
would be the first to reach its freezing- {/bint, and the first actually 
to freeze. ^ 

' Theoretical Considerations regarding the Effect of Pressure in lowering the 
Freezing-point of Water, jPmTW. R. S. Jan. 1849. 

* Proceedings R. S. E. y Session 1849-50. 
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(aa.) But if, according to the second supposition of § v, the Appendix D. 
liquid expanded in cooling near its freezing-point, the solid would 
probably likewise be of less specific gravity than the liquid at its 
freezing-point. Hence the surface would crust over permanently 
with a trust of solid, constantly increasing inwards by the freez- 
ing of the interior fluid in consequence of heat conducted out 
through the crust. The condition most commonly assumed by 
^ geologists would thus be produced. 

(bd.) But Bischof’s experiments, upon the validity of which, importance - 
so far as I am aware, no doubt has ever been thrown, show that menSi hi- 
melted granite, slate, and trachyte, all contract by something of contmc” 
about 20 per cent, in freezing. We ought, indeed, to have more panailnfof 
experiments on this most important point, both to verify Bischof’s iS^JoiidfSca-'* 
results on rocks, and to learn how the case is with iron and other tion. 
unoxydised metals. In the meantime we must consider it as pro- 
bable that the melted substance of the earth did really contract 
by a very considerable amount in becoming solid. 

(cc.) Hence if, according to any relations whatever among the 
complicated physical circumstances concerned, freezing did really 
commence at the surface, either all round or in any part, before 
the whole globe had become solid, the solidified superficial layer 
must have broken up and sunk to the bottom, or to the centre, 
before it could have attained a sufficient thickness to rest stably Bwchors 
on the lighter^iquid below. It is quite clear, indeed, that if at 
any time the earth were in the condition of a thin solid shell of, JnSc™it*****' 
let us suppose 50 feet or 100 feet thick of granite, enclosing a 
continuous melted mass of 20 per cent, less specific gravity in its 
upper parts, where the pressure is small, this condition cannot lowed to 
have lasted many minutes. * ^he rigidity of a solid shell of super- goHdifloa- 
ficial extent so vast in comparison with its thickness, must be as ve^ nSriy 
nothing, and the slightest disturbance would cause some part to through\iie 
bend down, crack, and allow the liquid to run out over the whole ^“t®***®*'- 
solid. The crust itself would in consequence become shattered 
into fragments, which must all sink to the bottom, or to meet in 
the centre and form a nucleus there if there is none to begin 
with. 

(dd,) It is, however, scarcely possible, that any such continuous 
crust can ever have formed all over the melted surface at one 
time, and afterwards have fallen in. The mode of solidification . 
conjectured in § y, seems on the whole the most consistent with 
what we know of the physical properties of.the matter concerned. 

So far as regards ^le result, it agrees, I believe, with the view 
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adopted as the most probable by Mr. Hopkins.^ But whether 
from the condition being rather that described in § z, which 
seems also possible, fo^ the whole or for some parts of the hetero- 
geneous substance of the earth, or from the viscidity as of mortar, 
which necessarily supervenes in a melted fluid, coiflposed of in- 
gredients becoming, as the whole cools, separated by crystallizing 
at different temperatures before the solidification is perfect, and 
which we actually see in lava from modern volcanoes ; it is pro- 
bable that when the whole globe, or some very thick superficial 
layer of it, still liquid or viscid, has cooled down to near its tem- 
perature of perfect solidification, incrustation at the surface must 
commence. 

(ee.) It is probable that crust may thus form over wide extents 
of surface, and may be temporarily buoyed up by the vesicular 
character it may have retained from the ebullition of the liquid 
in some places, or, at all events, it may be held up .by the 
viscidity of the liquid ; until it has acquired some considerable 
thickness sufficient to allow gravity to manifest its claim, and 
sink the heavier solid below the lighter liquid. This process 
must go on until the sunk portions of crust build up from the 
bottom a sufficiently close ribbed solid skeleton or frame, to allow 
fresh incrustations to remain bridging across the now small areas 
of lava pools or lakes. 

Q^.) In the honey-combed solid and liquid mass thus formed, 
there must be a continual tendency for the liquid, in consequence 
of its less specific gravity, to work its way up ; whether by masses 
of solid falling from the roofs of vesicles or tunnels, and causing 
earthquake shocks, or by the roof breaking quite through when 
very thin, so as to cause two such hollows to unite, or the liquid of 
any of them to flow out freely over the outer surface of the earth ; 
or by gradual subsidence of the solid, owing to the thermo- 
dynamic melting, which portions of it, under intense stress, must 
experience, according to views recently published by Professor 
James Thomson.* The results which must follow from this 
tendency seem sufficiently great and various to account for all 
that we see at present, and all that we learn from geological 
investigation, of earthquakes, of upheavals, and subsidences of 
solid, and of eruptions of melted rock."^ 

1 See Repqrt on “ Earthquakes and Volcanic Action." British Association 
Report for 1847. ’ 

* Proceedings of the Society of London, 1861, ** On Crystallization and 

Liquqfi^tion as influenced by Stresses tending to Change of Fonn in Crystals.” 
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igg,) These conclusipiis, drawn solely from a consideration of Appendix d. 
the necessary, order of cooling and consolidation, according to 
Bischof ^s result as to the relative specific gravities of solid and 
of melted rock, are in perfect accordance with §§ 832... 849, 
regard!^ the present condition of the earth’s interior, — that it 
is not, as commonly supposed, all liquid within a thin solid crust 
of from 30 to 100 miles thick, but that it is on the whole more 
rigid certainly than a continuous solid globe of glass of the same 
^diameter, and probably than one of steel. 
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